Types of Integrals

1 Mark Questions

1. Fi djsmx coixdx.
sin®xcos? x Delhi 2014C

viid 2

sin” X COoS” X

R
SiN“ X COS~ X siN“ X COS“ X

- J sec’ dx —-J cosec’x dx

= tanx + cotx +C (1

2. Find ﬂ—xd
J cos® x All India 2014C



sin® x

Let/ = dx = [ tan® x sec? xdx
'[ cos® x J
Put tanx =t
= sec® xdx = dt
7 7
1= [t dt =L potL L e ()
7 7
3. Evaluatej : zdx ,
sin® xcos? x

Delhi 2014C; Foreign 2014

£ Firstly, divide numerator and denominator by |
T cos*x and use sec’x=1+tan’x then put.
. tanx=tand integrate.

dx
ot i [y
sin“ cos” x
On dividing the numerator and denominator
by cos”® x, we get

2 2
sec” x - sec” x
I=J dx

tan?® x

1+ tan? x) - sec? x
= I=J( 2), dx
tan” x
Put tanx=t = sec’ xdx = dt

!:J1+t2dt=j1dt+jj5_—dt

$e t
1
= ’:t_E+C
= [=tanx — cotx+ C (1)

4. Evaluate | cos™(sinx
J (sinx)dx. Delhi 2014C



Let | = j cos (sin x) dx

= [ cos™ [cos (E - x)] dx
2

= [— — x| dx [ cos '(cos 6) = 6]

[ X

2

o - T X

== |dx=|xdx==x—-—+C
ZJ- " 2 2

5. Write the anti-derivative of [3J;+ -,—1;)
vV X

Delhi 2014
1
Anti-derivative of [Nx + m)

Jx
_j(3\/;+\/;)dx-3j~/—dx+j—~dx

1/2+1 [ -12+1
=32 ] 2 el O
1/2+1) | =1/2+1
=20 +x"H+C (1
6. Evaluatej(l—x)fdx

{ ;’ F:rstly, muitlply the two functions and then use

n+1
jx dx = -
n+1

Letl=-[(1-x)yj;dx =j(~/§-x\/;)dx

_ J'(sz 3 _23_)(3;'2 _ %xsfz L C

HOTS Delhi 2012

R

+C,n#-1

n+1

['.‘Jx"dx: : ,n;t—1](1)
n+1




7. Given, _[e" (tanx + 1)sec xdx = e* f(x) + C. Write

f(x) satisfying above.
All India 2012; Fore:gn 2011

3 Use the relaton | ¢ [F(0 + (0 dx=e' £ +C

Given that, j e*(tanx+1) secxdx = e*-f(x) +C

= J e*(secx + secxtanx)dx=e* f(x) + C

= e’ secx+C=e"f(x)+C
[ e {f 0+ (0} dx = e f(x)

d
and — (secx) = secx tan x

ax
On comparing both sides, we get
f(x) = secx (1)
8. Evaluate j—dx.
1+cos2x Foreign 2012
ot [t
Y 14+ cos2x
= 2 ; dx [- c0s20 =2 cos’ 6 —1]
v 2cos°x
= | sec? xdx = tanx +C (1)
9. Write the value of j X050k dx.

3x%+sin6x All India 2012C



Letlzj x;—cos6x &
3x° +sin6x
Put 3x’+sinbx=t
= 6X+6C056X=g£=}(X+C056X)dx=ﬁ
dx 6
dt 1 1
= —==—log|[t|+C | —dx = log|x
&~ Dogld+c [ 8/
— [ log|3x* + sin6x)|] + C (n
10. Write the value ofj
X +16 Delhi 2011
dx dx
Let/ = 2 | ———
Ix2 +16 I;<;~’+(4)2
:ltan_'i-kC
4 4
dx 1 1 X
[J. T A 1 }(1)
X“+a a a
11. Writethevalueofj sec’ L+z:I
cosec? x

Delhi 2012C, 2011

{_1 }
SEC X i = J‘ COS X i
_J‘ Slﬂ X dx

Let/=| —
. 1
sinzx
cos? x

cosec” X
=.|.tan X dx :J.(senc2 x —1) dx
[ tan? x + 1= sec? x]
=J‘sec2xdx-'[1dx=tanx—x+C
fiie _[ sec’ x dx = tan x] (1)



12. Write the value of jm dx.

oS x Delhi 2011

mu:jalﬁﬂﬁm:j(z -f“mqﬁ

cos2 X o::os2 X C052 ¥

= _[(2 sec? x — 3 sec x tan x)dx
= 2_[ sec? x dx — 3 [ secxtan x dx

=2tanx—3secx+C (1)
[ sec? x dx = tan x

and | sec x tan x dx = sec x

2
1-x © Allindia 2011

=sin” x+C

= sin"! ](1)

[ Jf—
2
14. Evaiuatej gx)

All Indla 2011

' The differentiation oflog xis in denominator. So,
firstly put logx=t and adjust the integral m
terms of t and then integrate.

Let iﬂjuog” dx
X
Put logx=t = la’xzdt
X
(log x)*
l= dx=| t? dt
= J
=t3 (log x)

—+C=

C 1
: 3-1- (1)




ta n_1 X

e

15. Evaluatej - dx. All India 2011
1+ x :
etanhI X
Let I = dx
I 1+ x?
Put tan'x=t = ] ; dx = dt
1+ x
eh?:lnq1 X
= dx= | e'dt
‘[ {45 j
=e'+C [ [ e dx=e
— tan” x +C (1)
3
16. Evaluate j(ax+b) dx. All India 2011
Let | = J(ax+b)3 dx
Put t=ax+b
dt dt
— —=a = —=dx
dx a
3 4
;=Jt_dt=l.£_+ r
a a 4
4
il (ax+ b) i 1)
4a
2
1'7. Evaluate I(l +log x dx.
X

Foreign 2011; Delhi 2009

2
’;I£1+Iog><_)_dx
X

Let

"1 5
Put 1+logx=t = —dx=dt
X -

2 3
::j“_*l‘-’g") dxzjtzdtzt—+C
X 3

3
_(+ log x) -
3

# (M




18. Evaluate jz—e— dx.
+é Foreign 2011
2x —-2x
e’ — e
let = | ——————dXx
j e2x_+ e—lx

Put e + e ™ =t

= (e” -2 dx=dt [ 4 (e™) = aeax]

dx
_— {e2x__e—2x)dx=g
2x —2x
— 1 ¢ dt
=[S dk= [
Y 27t
1
=—logl|t|+C
5 g|t]
=%|og|e2*+e*2*[+c (1)
19. Evaluate_[ SJ_
Foreign 2011
cosv’:
Let = — dXx
=
Put&zt
1
= dx=dt = —dx=2dt
2( Jx
I—J‘COSIdx=2J‘costdt
=251nt+C:25in\/;+C (1)
20. Evaluatej cosxdxl
sin’ x

All India 2011C, 2009, 2008



2 COS X
Let /=] —
sin” X

= —2cosecx+C

dx= _[ 2 cosec x cot xdx

(1)

[ J cosec x cot xdx = —cosecx]

2

P —xtex-1

dx.

21. Evaluatej

X—l

Delhi 2011C

p. Firstly, factorise numerator and cancel out
common from numerator and denominator and

then integrate.

7

=4
Letr=jx3 I
x—=1
-—I Xx—=1) +1(x A.I}dx
X =
_ (AN x-1 x = [ (e +1) dx
%=1
3
:x——-{-f\’ﬁ-c )
3
22. Write the value of E_—SZIH dx.
- CosT X All India 2011C

T—sin x
let |= I e

dx= |

= J sec?x dx — _[ sec X tan x dx

=tanx — secx + C

2cosx
3sin? x

23. Evaluatej

(1

All India 2011C



Let ]_I 2—9%-{(1
3sin? x
L& Sing =& = cosxdx=dt
Zdk_2ode AT
32 3442 3 (-1)
=~ (sinx) ' +C = —2— + C (M)
3 3sinx
Alternate Method |
[k ;_j‘z_cﬂd J _.1.._.59?_de
3sin® x 37 sinx sinx
=ijc05ecxcotx dx
3
= 2 —{-cosecx)+C= ——2_4 +C (1)
3 3sinx
x3 —
24. Evaluatej 2

i . 3
Let I= _x_____1 dy= J (x" - 17) dx

=£-+-]+C (1
2 X

25. Evaluate Jsecz (7 - 4x) dx.

Delhi 2010C

Delhi 2010; All India 2010

let /= j sec? (7 — 4x) dx
_tan(7 - 4x)

+C
-
[ J sec’ ax dx = --tafﬁﬂ
: a
=—tdn(7?4X)+C )

4



26. Evaluate jloﬂ dx.
X

Let !:J log X
X

All India 2010C

1
Put Iogx:t - =gy =l
X

2

1= "’fxdx:j { dt =%+c

(log x)*
2

+C (1)

) X
2. E\»*'c?tlu'cltE!f2 dx. All India 2010C

Letlz_[Z"dx

2% f
= -+ C j a’dx =2
log 2 log a
Alternate Method
let [= j 2%dx

Again, let 2% =t
On taking log both sides, we get
xlog2 =logt

dt

=3 Iog2dx=1dt =5 dx=
t tlog2

_ ¢ tdt 1
fﬂjtlog2_log2'fdt

log 2 log2
log (sin x)

28. Evaluate -
J tan x HOTS; All India 2009C



) The differentiation of log(sinx) is tan x, which |
exists as denominator. So, solve it by
substitution method.

Let /= j'ﬂg X 1
tan x
Put log (sinx) =t
= el cosxdx=dt = cot xdx=dt
Sin X
1 1
= —— dx =dt [ cot x = ]
tan x tan x
log (sin x)
[= — dx t dt
'[ tan x J
2 2
L +C = (Iog_,sm X)* L C )
2 2

2 X
29. Evaluate‘[(cosec x — cot x} e* dx. Delhi 2009C

Let | = j(coseczx — cot x) e* dx
— I (cot x — cosec’x) e* dx

=— J. [ cot x + (- cosec?x)] e dx

=—e*cotx+C
[ [ e+ £ (0} dx = e - f] (1)
'y
30. Evaluate [2C
J Jx All India 2009
Do same as Que 19. [Ans. 2 tan S .l
sin \/_
31. Evaluate
J. Jx All India 2009
Do same as Que 19. [Ans. — 2 cosx + C]
5 _
32. Evaluatej ﬂdx.
3+ tan’ x Delhi 2009



SGCZ X

Let ['= | —=

—fx
3 + tan® x

Put tanx=t = sec’ xdx=dt

:J...__";?_c,z_’f“__dxz-l" dt _:I“_—dt

3 + tan® x 3+t 7 (3 12
1 = t : dx 1 -1 X
=—tan" [—=|+C|v | ——=—tan'Z
3 («.@) [ 5 e @ a]
1 _1(tanx
=—tan | — [+ C 1
\/E V@} 0
i
33. Evaluate_[ S dx.
1+x Delhi 2009
2
X
Let | = dx
j]+x3
Put1+ x> =t = 3x% dx = dt
= xzdx:gE
3
I:J_j{_z_-_dx:l dt
1+ x° 34 1
1
=—log|t|+C [ %:Iog|x|]
3 X
1 3
=3—Iog|1+x |+ C )]

-3
34. Evaluate jsm xdx. HOTS; All India 2009

Let /= j sin® xdx = I el x; SIT% dx

== %J‘B;sindx——l:_[ sin 3x dx

1
I [_3mgx+mﬁ)+c )
4 3



4 Mark Questions

35. Evaluatej 1=coséx dx.
1+cos2x All India 2009
Letfz‘[ ‘IH COSZX —j 2 sin? x
\ 1+ cos2x 2 cos? x

[ cos20=1-25in%0
[ =2c0s°0 -1
:jtanxdx=|og(secx)+c (1)

2
36. Evaluate I (x —3) \/x +3x — 18 dX. 5 i 9014
> Here mtegral is of the form ] 1
(px—q)Vax’ + bx+ ¢, so firstly write x—3 as

X—3= Aj(x +3x—-18)+ B and fmdAandB..;
™ ;

_The__h_,_'l_ntegrate by using suitable method.

Let 1= | (x=3)x* +3x - 18 dx
Here, we can write (x — 3) as

x—3=A-g——(x2+3x-18)+B
X

= X-3=A2x+3)+8

On equating the coefficients of x and constant
term from both sides, we get

2A=1and3A+8=-3

=t A_land3><1+8——
2 2 :

= Azlande—i—Bx
2 2

— 2 o Gt B =2 (1)
2 2

Thus, the given integral reduces in the
following form

o



{ x+3)—-?—} Jx% +3x— 18 dx

= —-;—'[2x+3)\/x +3x——18dx

—-z—j\/x2+3x~—18 dx

1 9
ity e D)
21 9°¢

where, |, =I(2x+3} \/xz +3x - 18 dx

Put x* +3x-18 =t
= (2x + 3) dx = dt
12 3/2
1—Jt de== 0"+ C (1)

i 2 (2 +3x— 1892 4 C,

~and lzzj\-/x2+3x—18 dx

i o
= [x+§- —18_2dx
<N 2 4

i N
\/(Hé 81y
29 2. 4




el
X+
:————ﬁ-‘\frx2+3}("18

-—%Iog [x+2J \/x +3>u:—1BI+C2

|
_[ N dx;é-\/xz—az

2
- -92—|0g|x+ vx? - a’|

=2X:3\/;2+3x~—18

432 +3x—18

_."; } +Cy

2x+3 |
8 2 I
(1
On putting the values of I, and I, in Eq. (i), we
get .

| = F (x? + 3x —18)%2 +C1]

L
213

2
x“+3x—-18
2 4 v

|2x+3

__‘_3‘_[2x+3 r

-..__.|

8 w2318 |+ C]

oy %(ﬁ +3x 182

—3(2“3) Jx¥+3x—18

5 l2)':+3+x/x2+3x—18|+C
6 | |
(1)
where, C =&—?—C—2
2 2
3 Evaluatef Ktk dx.
\/ X“+5x+6 All India 2014



Let!=j e dx

\/x2+5x+6

Here, (x + 2) can be written as

x+2=Ai(x2+5x+6)+B
dx

=% ‘Xx+2=A@2x+5)+8B

On equating the coefficients of x and constant

term from both sides, we get
2A=1and5A+B=2

= Az-l—andthenB:-—l (1)
2 2
{1(2x+5]—~1}

Inj 2 2 i
Jx2+5x+6
1 ) 2Xx+5

= — dx
27 Ix2+5x+6
1

_lj
2 '\/x2+5x+6
1 1

:-:> ]:‘_!1 """“.’z u.(i)

dx

2 2
where, [, =J i dx
\/x2+5x+6
Put  x*+5x+6=t
= (2x +5)dx =dt
I1=_|-%dt:2\/f+c1

=2 X2 +5x+6 +C, ...{ii) (1)

and I 1

g = dx
\/x2+5x+6




:I L - dx
\/x2+2x5><x+6—25+ 2
2 4 4

=I L dx

=¢12=§03| ><A|-E+xx‘7'+5x+6|+C2 .. (1)

|2 I
(1)



On putting the values of /; and 1, from Egs. (ii)
and (iii) in Eq. (i), we get

1:%{2 Jx2 45546 +Cjl

) |

= \/x2+5x+6 +%

~;l:loglx+-§—+\/x2+5x+6|+(f2:|

_llog
2

x+g+x/x2+5x+6 ’—%

= I={x2+5x+6

1
-—lo +C (1
2 @ M

x+—;~+\/x2+5x+6

where, C = G 5
2 2

38. Evaluate J (3x-2) 1{,x2 + x + 1 dx.

Foreign 2014



Let/= | (3x~2) {x* +x+1dx
Here, (3x —2) can be written as

3x—2=Adi(x2+x+1)+B=A(2x+1)+B
X

On equating the coefficients of x and constant
term from both sides, we get 2A=3,
A+ B=-2, then

= A=éandB=-— (1)
2 2

i:%j(zxﬂ)\/x? + x +1dx
—2ZJVX2+X+1dx

- I=t -1, 0
where, I =-§1I(2x+1wx2 + X + 1dx

Put X2+ x+1=t

= 2x+1=gt—

=32 =(x2 +x+"t)3f2 + C,

(M

and 12=—2zjx/x*2+x+1dx'

=—Zj\/(x2+x+l)+§dx
2 4 4




2 2
log (x+-1~ + [x+l) + 3/——31 +C,
, 2 2 2
=:-7~[2x+1\/x2+x+1+
2 4
%Iog{2x2+1+\ﬁx2+x+1}]+cz

L ox e +x+1-
—lo

v g2x2+1+\}x2+x+1
{'.’J’\/xz +a2dx=%\!x2 +a’

X+ Vx2 + a2

A +C,

+a’log

+C|m

On putting the values of I, and I, in Eq. (i), we
get

1= +x+ 12 —§(2x+1)\/x7‘+x+1
210gl2 0D (e

- —I
16 "B
where, C =C, +C, (1
39. Find I (x +3) \[3 — &4x — x* dx.

+C

Delhi 2014 C



Let/ = [ (x+ 313 - 4x - x"dX
Here, (x + 3) can be written as
(x+3)=A-—d—(3—4x»-x2)+B
dx

— (x+3=A(-4-2x+B (1

On comparing the coefficients of x and
constant term, we get

2A=1land-4A+B=3

— A=:—1and—-4x—_1+8=3
2 2
= A=—landB=1
2
(x+3):—=;—(-~4—-2x)+1 (1

Then, I:J‘{—%{—4-2x)+1} 3 — 4x — x°dx

1 ’—“
= —— | (~4—2xV3-4x- 2d
2J( X) X — X°dXx

+‘[ 3 - 45( — x*dx

:_%J\/fdt+j\]7—(4x+x2+4)dx

(1
[put 3 — 4x — st

[ e J\[\F — (x + 2)%dx
2
=L(3—4x—x2)3’2+E(x+2)\/3—4x—x2

3
7 . _1[?(4"2]
+ —sin +C
2 J7

2
[ I a2« % dX-~ \!az—x +§;— 51n1£j|

d

(1



40. Find | S A Sdx.
1+2x+3x Delhi 2014C; Delhi 2013

5x—2 )
__J' ..(i)
1+2x+3x

Let

Here, (5x —2) can be written as

5x-2=Ai(1+2x+3x2)+B
dx

[ numerator = A - g— (denominator) + B]
X

= 5x-2=AQ2+6X)+B

On comparing the coefficients of x and
constant terms, we get

5=06A =:>A=E
6
and ~2=2A+B = B=-2A-2

. ) S [':A=§]
3 3 6

Then, from Eq. (i), we get

5 11
(2 +6X) [3)
i dic— f s oly (1)

1+2><—|~3x2 1-!-2><+3}x;1

= =1 -1, ... (i)



where, l1=—5—_[ e 5 dx
67 1+ 2x+3x
Put 1+2x+3x* =t = Q2+6Xdx=dt
11=E gi:£lnt+C1
6°t 6
:g—lnji+2x+3x2|+(f1 (1)
~and lzn—u 2dx
37 3x“ +2x+1
_ 1 dx
9 (x2+x+1+1—1J
3 3 9 9
[making a perfect square in denominator]
_1 dx
9 ( 1)2 2
X+ - | +=
3 9
><+1
11 1 o 3
= —.— tan +C
9 V2 |2 T
3 3
1 1 -1 X
di=—tan | =
[ J‘)«2-%32 d (aH
i - (3x+1)J
=—=tan || —|{+C (1)
342 V2 )|

On putting the values of /; and I, in Eq. (ii), we
get

=g|n|1+2x+3x2f--—t "1(3x+1)+C

372 V2

whereC =C, +C, (1)



2

41. Fmdj dx.
x* +3x%+2 All India 2014C

- {9 Flrst!y, putx® = t and use partial fraction to write |
- * integral and in simplest form, then integrate by
Il  using suitable formula.

X
Let ] = dx
J x* £3%% 4 2
Put x> =t
= 2y = it =X = a (1)
dx 2x
1 tdt
1=_j7m
27 t“+3t+2

| dt
27 @t+2)t+1)

_1 Ldt_ —_*ldt
2(t+2 t+1

(1%)

[by partial fraction]
21[2 log|t + 2|~ log|t +1[] + C

X* w2

%2 1

—logtt2) 4 C = log +C

vt +1

(1%)

Xcos  x

1-x*
All India 2014C; Foreign 2014

42. Evaluate j dx.



Let dx

-1
X COS ™' X
I= =2
V1-x?
Put cos™' x =t
On differentiating both sides w.r.t. x, we get

-1
dx =dt
V1-x°

!=—Jtcostdt (1)

Applying integration by parts, we get

I= —[t_[ costdt - j[g—t (t)J cost dt) dt}

= —[t sint —Jsintdtlz —tsint - cost + C

(1%)
Substituting the value of t, we get
i

I = - cos™ xy/1 = cos?(cos~ x)

— cos(cos™ x)+C
[ sint = v1-cos?t }

= J1- cos¥(cos~' ¥)

=>I=—(v1-x2 ]cos*‘x+C

(1%)

- 6
in°+cos” x
> ax.

sin xcos® x ~ Delhi2014C

43. Evaluatej



A ’

) Firstly, use a®+ b’ =(a+ b)’ —3ab(a+ b) t
- *write numerator of integrand in simplest form
and then integrate by using suitable method. |

KRSl

i n
Let fom sin” x + COS X dx

sin? x cos? x

- (sin x)® + (cos? x)?
dx

sin? x cos? x

(sin® x + cos? x)?
2

2 ) 2
X COS” x (sin“ x+ cos xil
) dx (1)

sin? x cos? x

[+ a®+b® =(a+b)® —3abla + b)]

J‘ -3sin

J ay - 3 sin? x cos x il
B sin? x cos” x
[ sin? x + cos® x =1] (11/2)
sin® x cos” X dx

j dx—j —
sin? x cos’ X sin” X COS~ X
:j sin? x+c05 X _31-10,)(
sin? x cos” X
2
COS” X
=_[ sin? x - : 5
sin? x cos>x  sin“ x cos” x

—3j1dx
=j(sec2x + cosec’x) dx — SI 1dx

=Jsec2xdx+Jcoseczxdx~3j1dx

—tanx — cotx—=3x+C (1‘/&)

(35|nx 2)cos x dx.

44. Evaluate
'.-5 —cos? x—4sinx Delhi 2013C




(3sinx — 2) oS X dx

Let | =
J.S coszx-v4sinx

(35|nx— ) COS X
_j dx
—(1-—sm X) — 4sinx

Put sinx=t= cosxdx=dt

I= 3"22 dt (1)
: —(1—t) 4t
I 4+t° - t—2
=-3t 6+24d j3(i-—2)-|2-4dt o
(t —2) (t=2)
3 4
= dt + dt
j(t-2) I(t—z)2
_ 9y-2+1
=310glt—2|+4{t L (1
2 +1
n+1
{Jx”dx=x ,n;ﬁ—{\
n+1
=3log|t - 2| - +C
- 2)
: 4
=3log |sinx = 2| ————= +C
| (sinx —2)

[putt = sinx] (1)

45. Evaluate _[ez" [m)dx.

1-cos2x Delhi 2013(:

g) Firstly, use tngonometnc formulae |
1 sin 20 = 2sinBcosO and cos20=1- 2sin’@ to
g write integral and in simple form, then apply
]' integration by parts to integrate. |



let 1= ezx(l-_s_'ﬂ?i) o
1- cos2x

-Jez"[ 25mxcosx)dx )

2 sin” x
+1— cos2x = 2 sin’ X
and sin2x = 2 sin X COS X

= % j eX(cosec *x — 2 cotx)dx  (1%2)

1
s j e cosec *xdx — I e2* cot x dx
| I

= l[-—ez" cotx + j 2e* cotxdx]+C

_j e cot xdx
2x

:_.“i_cotx+Jle?"c cot x dx
-—J e?* cotxdx + C
er
=_-2—cotx+C (1%%)

46. Evaluate_[( 3;);(1 3)dx.
X+ X +.

Delhi 2013C



3x +1

Let/= dx
I (x +1)%(x +3)

Again, let 3x2+1
(x +1)“(x + 3)
A B (. .
— + + _—

x+1) (x+1)7 (x+3)

o 3 +1= AKX +1)x+3) +Bx+3)
+C(><+1)2

—  Ix+1=AKx* +4x+3) +B(x+3)
+COG +1+ 2%

—  3x+1=(A+O)x* +(4A + B +2C)x
+3A+3B+C (1)

On comparing like powers of x from both sides,
we get
A+C=0
4A +B+2C =3

and 3A+3B+C =1
On solving, we get
A=2B=-1andC =-2 (1

. Eq. (i) becomes

3x +1 2 1 2
5 = - v (§))
x+1*x+3 x+1) (x+1) (x + 3)




On integrating both sides, we get

":j 3x2+1 i
(X+T) (x + 3)

—j Tl e | 2 dx
(x +1)° (x +3)
241
=2 log| +]|_(x_+1) —2log|x+3|+C
(=2 +1)
!
=2Io,x+1'+ LI

['.'Iogm logn = log ](1)

47. Evaluatejsmx a)dx.

sin{x+a) Delhi 2013
Let f e J. Md}(
sin(x + a)

Put x+a=t
= x=t—-a = dx=dt

I:J-sm(t‘*Za)dt 1
sint
" ’=j smtcosZa’—- costsm2adI )
sint
[ sin(x —y) = sinx cosy — cosx siny]
- ’=j smt-cos}.‘ad J-cost5|n2a
sint sint
= cos2aj dt — sinZaI cottdt (1)

=tcos2a —sin2aln|sint|+ C

=(x+ a)cos2a -sin2aln
|sin(x + a)|+ C (1)



2

48. Evaluatej dx.
(x? +4)(x2+9) Delhi 2013
Let | j X d
et |=
(x* + A(x* + 9) ”

IZx +4+4+9-4-9
X2+ 4H(x*+9)

x* + 4 1 x> +9
:_J x+-~J. - = dx
(x%2+4) (x* +9) (x“+4)(x“+9)

dx

dx(1)

__J.x+4(x +9)
lJ‘ dx "']I dx

273249 270244
1 13

e d
J(x2+4)(;.<2+9) X




11 _1(x) 11 _1(x]
B-s=fdl | =|t—-—fan" | —
2 2 3) 2 2 2

t
113 1 1
LR . dx (1
5 ((x2+4) (x2+9)] il
;

-1X and apply partial
a

2
dx
j 5 2=—tan
X"+ a a

fractions in third term

an
2 3
= tan™’ (i) (i + E) # tan"‘(i) (l - EJ 0,
3J\6 30 2)\4 20
=tan”’ [EJ (5 i 3) +tan™ (i) [5—:—1—?-’- +C
3 30 2 20
s tan X

2
_1()() 2 _1()()
=—tan | -|—-—tan | = [+C 4))
5 3/ 5 2

49, Evaluate_[ 2¢°+1 —2 i

x%(x% +4) Delhi 2013



IR 4
Let/= e
X“(x* +4)
Put x*> =t and then using partial fraction, we
get

2t +1 _ﬁ+ B
' tt+4 t t+4
= 2t+1= At + 4) + Bt (1/2)

On comparing the coefficients of t and
constant terms, we get "

2=A+B and 1:4A=>A=%

D (1)
4 4
2
Then, 2x° +1 _ 1 " 7

><2(x2 +4) 4% 4(}(2 + 4)

dx
l4j —jx+4 (1)

= ——1—+Z><ltan"(i)+c
2 2

4x 4

- dx 1 =
ol
a +X a

)

- _.l+ztan_] (i)-{-C (1%)
8 2

4x

x°+1

50. Evaluatej

(x* +4)(x* +25) * Delhi 2013



2
Letl= [ 1 dx
(x“+ 4 (x“+25)
X% +1 A B
Again, let — 5 = ———t—
(X“+4)(x“+25) x"+4 x"+25

[by partial fraction] (1)

Atx =0, AL B o T
4 25 100
= 25A+4B =1 LD (1)
At x =1, - =é+ﬁ—
526 5 26
- A B i
= —_—t— =
5 26 65
= 13A+EB=1
2
=% 26A+5B=2 i) (1)
On solving Egs. (i) and (ii), we get
A=-1, g=2
7 7

o] dx 8 dx
'___.[ R I
Xx°+4 77 x°+25

s T (X]+§-ltan" (x]+c
. 2 7 9 5
|:... I 2dx 5 - _1_ tan;‘ (i(_)] (1)
| a‘+x* a a
Wl tan'(i) gl tan”(‘x) +C
14 2 35 5

51. Evaluate Icos2x-c052cx dx.

COsx—cost All India 2013




» COS2X— COS20
dx

COS X — COSOL

- (2 cos® x—=1)—(2 cos’a—1) dx

v COS X — COS QL
['ccos20=2 cos?0—-1](1)

2 (cos® x — cos® o)
= j -— dx
(cos x — coso)
B J- 2 (cos x — cos o) (Cos x + cos ) d

(cos x — coso)
[.-a2 - b%=(a+b)a-b)] (1)

= _[ 2(cos X + cos o) dx
= 2[_[ cosx dx + cosoc_]. dx]

= I=2(sinx+xcoso)+C (2)

X+2
52. Eva!uatej dx.
JXZ+2x+3 All India 2013



X+ 2

Let = dx

T YK +2x+3

- X+1 dx
= | = =X +

T +2x+3 '[\/x2+2x+3
=3 I=1+1, (1) (1)
where, [, = Lol dx

\/7+2x+3

=j-t-dt=j'dt=t+c,

pu’tt2 = x?+2x+3=2tdt = 2x+2)dx
=t dt = (x+1)dx

:\/[x2+2x+3 +C, )

Al 12 =J' dx ZJ' dx L
X2 +2x+3 \/(;+1)2+(J2)2

=log {(x+1) + \,U<12+2>»c+3}~+(f2
[ j ——d}i—~ = log(x + Vx? + 32)} (1)
Jx? + a2
On putting the values of I, and /, in Eq. (i), we

get
I =+/x" +2x+3 +C,

+log {(x+1) + \/x_2+2x+3} +C,

x?+2x+3
[ 2
+logdx+1) + Yx“+2x+3;: +C (1)

“where, C =C, +C2

53. Evaluate .
J x(x +3) HOTS; All India 2013



i i Ix(x + 3) j

% mult;plylng numerator and
denominator by x*]

Put t=x" = dt=5x*dx

—Jm&+$

54311 1+3

54. Evaluatej 1)
x(x> +

5 T{x'+3|

(1)

(1)
(1)

All India 2013



dx

lat J=|—"
x (0 +1)
= dx
XX+ (x*=x+1)
[ a®+ b =(a+b)a? + b? -ab)]
Again, let
1 A B Cx+D
=—+ +

Xx+DE=x+1 X x+1 x2—=x+1

T=x+D (> = x+DA+Bx (x> —x+1)

+x(x+1)(Cx+D)
-X+1A +B(x3—x2+x)

+(x% 4+ xHCx + D)
= 1=AC+1) +B0C —x* +x)

+(Cx® +Dx? +Cx% + Dx)

=5 1= (0 = x2 + x+ x?

= 1=(A+B+ O + (=B + D + O)x?

+B+D)x+ A1)

On comparing the coefficients of different
powers of x from both sides, we get

A+B+C=0 -..(1)

~-B+D+C =0 (i)

B+D =0 sk )
and A=1 .(iv)
From Eqgs. (ii) and (iii), we get

C-2B=0 elV)

From Egs. (i) and (iv), we get
B+C=-1 . ce(vi)



From Egs. (v) and (vi) we get

Bl B land Cmes )
3’ 3 3
2x _1
- dx 3
Lo = e
I X(x° +1) I 3(x+1 x‘?_xﬂ
dx 1-2x
= =] e g —
Jx x+1 j x+‘l
1 2x—1
wHi=lg x—-—Io x+1|==|— dx (1)
Bl x| - Slog|x+1]-2 | 5=
Put E:XQ—X—F]
= dt = (2x—1)dx
1 dt
. I=log|x| ——lo x+1—— T
gl x| : glx+1| Ak

= log| x| - %logjxw —%Iog|t|+C

= log| x| - -%Iog[xﬂ] —%log|x2—x+'1]+(f
[putt = x2 — x+1]

= log| x| - %Iog|(x+1)(x2—x+1)|+C
[-logm + logn = logmn]
:log;x\-%|og|x3+1|+c
| x]
———+C
[ +1|"

[ logm — logn = log E} (1)
n

=log|x|—log|x* +1] *+C =log

55. Evaluate j

x(x +8) All India 2013



Let lzj dxm:J_w. dx
X (x> +8) x(x3 +23)

=] i)

x(x+2)(x2 = 2x+4)

o +ad=(x+ a)(x? + a? — ax)]

Now, for partial fraction method, write
1 A B s Cx+D

{x+2)(x *2x+4) X X+2 x°-2x+4

= 1=AKX+2) 0> -2x+4) +Bx(x*-2x+4)
+(Cx+ D) (x* +2X)

= 1= A( -2x*+4x+2x% - 4x+8)
+BOG —2x% + 4% + (O +2Cx* + Dx? +2Dx)
1= AOC +8)+ B =2x7 +4x)
+(CF +2Cx% +Dx* +2Dx) (1)

s 1=(A+B+O)X +(=2B+2C +D)x*
+(4B + 2D)x + 8A

On comparing the coefficients of different
powers of x from both sides, we get

A+B+C=0 seckil]
-2B+2C+D =0 kbt
AB+2D =0 (iv)
and 8A =1
' A 1
8

From Egs. (iii) and (iv), we get
_2842C-2B=0 = -4B+2C=0
o) G=22B (V)
On putting the values of C and A in Eq. (i),
we get
14+B+2B=0

8
=" B=——]—andC=—i
24 12
1



(1)

—r

and L=
12

Now, substituting the values of A, B, C and D

in the given integral, we get
1

x(x + 2)(x* =2x + 4)

-1 1
- X+
1 1 12 12

T 8x  24(x+2) X2 —2x+ 4

j —x 1]
1 1 12 712
—t = dx

2x—2
.y dx
24‘[ x% = Fx 44




1 1
=—lo ——log|x+2
5 gl x| 240gl1 |
——-log|x* -2x+4|+C
53 gl x |
flet x? —2x + 4=t =(2x -2)dx=dl]
1 1 , '
= _log|x|--—log|(x+2)(x" —2x+4)|+C
= g| x| o g_l l
[ logm + logn = logmn]
1 1 3
— _ log! x| = — log|(x’ +8)|+C
~log|x| - o2 log|0? +8)+C
['.'(a+b)(a2—ab+b2)=aj+b3]

:{—l-{loglx]— ;-Iog|x3+81} +C
{

IOB‘—‘“—'-—*_—.| +C (1)

56. Evaluate Ismx -sin2x- 5|n3xdxHOTS; Delhi 2012



() Itisa product of three trigonometric functions. .
So, firstly we take two functions at a time and
use the relation 2sinAsin8 .
= cos(A — B) — cos(A + B) and then integrate it.

let I= j sin x sin2x sin3x dx
_ %—Isinx& sin2x sin3x) dx

[multiplying numerator and denominator by 2]

= ;—J sinx[cos(2x — 3x) — cos(2x + 3x)] dx

['-2 sinA sinB = cos(A —B) — cos{A + B (1)

1
— — | sinx[cos(=x) — cos5x] dx
> [ sinx ]
= %j sin x (cos x — cos5x) dx [+ cos(—X) = €Os x]
=ljsinxcosxdx——ljsinxcoshdx (1)
2 2

3_1_-[2 S]nxcosxdx—lj(z sin x cos 5x) dx
4 4

[multiplying numerator and denominator by 2]
1 . [ .
= EJ. sin2x dx — 2 J {sin(x + 5X)

-+ 2 sinx cosx = sin2x and
2 sin A cosB = sin(A + B) + sin(A — B)
1

= 1 j Gridndks=] [sin6x + sin(—=4x)]dx (1)
4 4+

1 . 1 |
= EJ- 5|n2xdx—z | (sin6x — sin 4x) dx
[ sin(—B) = — sin@]
-1 cos2x 1|-cos6x cos4x
+ +C

4 2 4 6 4
[...I Sina.XdX = = COs ax
a
—Cos2x cosbx cos4
- v = e W)

8 24 16



P,
ax.
5%. Evaluate j - x)(l P ki 03

B Here denominator is a product of two afgebrah.
= functions. So, firstly we use partial fraction
~method and then integrate it.

2
Let [ = dx
ju X) (14 x%)
Again, let LI S
A=x0+x3) 1-x 1+ x2
(1)
2 A+ xH+Bx+0C) 1= %)
= — =
1= x 1+ x°) 1= (14 x?)
= 2=A0+x)+Bx+C)(1-x)
— 2=A+Ax2+Bx+C—Bx2—Cx
= 2=(A-Bx*+B-Ox+(A+0O)
(1)

On comparing coefficients of x? x and
constant terms from both sides, we get

A-B=0 ()
B-C=0 -..(1ih)
and A+C=2 W (iv)
On adding Eqgs. (ii) and (iii), we get
A-C=0 (V)
On adding Eqgs. (iv) and (v), we get
2A=2=3A =1

On putting A =1in Eq. (ii), we get B =1.
On putting B =1in Eq. (iii), we get C = 1.

Hence, A=1B=1andC =1 (1)
Now, Eq. (i) becomes
2 _ 1 X+

MT=Xx0+x%) 1-x 1+ x2



On integrating both sides w.r.t. x, we get

J‘ 2 _dy = _,1_.¢__d J‘x+] e
(1—=x)(1+ x9) 1—x 1+ x?2

X 1
=—logll— x|+ dx + dx
F | J.1+x2 j1+x2
=—I0g11—x’ Iog|1+x‘+tan'x+C
putl+x? =t
= 2xdx=dt = xdx=dt/2
dt 1 1 2
2 d—— — =—logl|t| = —log1 + x
e 1% < it Do
(1)
58 E Iatej 1+sinx e*dx
Vet 1+cosx All India 2012C



. Let I:j Lsinx e* dx
1+ cos x

o X X
14+ 2 sin - cos -
=I — 2 . eXdx Q)

2 cos? X
2

[ .m m |

“sinm = 2 sin— CoSs —
2 2

and 1+ cos m =2 cos? ™
| %
—I( sec —+tan—;~)e dx (1)
-—J- (tan— — secC —) dx (1)
2
On comparing it with
J e [f(x) + f'(N]dx = e* f(x), we get
X 1 X
fx)=tan= = f'(x) = —sec? >
(x) - ) 5
1=e"tan§+C (1
52
; luate dx.
il Bt J. (xsinx+cosx)? All India 2012C
2
Let Izj - ; dx
(xsinx+ cosx)
=5 I=—222%_xsecxdx ...()1)
(xsinx + cos x)
Again, let  xsinx+ cosx=t
=3 (x cos x + sin x — sin x) dx = dt
= x cosxdx =
=,[ X COs x dx
(xeinx+ cos x)?
-1
j (1)

XSI[’IX+C05X



Now, integrating Eq. (i) by parts, we get
X COS X
I=]

X SeC X —— > dX |
| (x sin x + COS X) ‘
I

(-1)

X Sin X + COS X

=Xsecx-

—dXx
—j(1-‘secx+xsecxtanx)- - (1)
X sin X + COS X

—X Sec X XSin X dx
= +jsecx 1+

X 6in X + COS X cos X /] xsin x+ Ccos X
—X secx
= — +Jsec2xdx
X Sin X+ COS X
—X secx -
- +tanx+C (1)

X SiN X + COS X

2X
60. Evaluate Je sin x dx. Foreign 2011



Let !—Ie smxdx

On taking sinx as | function and e as
Il function and integrating by parts, we get

[ =sinXx J e dx — j {% (sin X) j ez"dx} dx (1)

2X

: 2x )
g |- Sinx e _Jcosx e” i

2 2

2X i
= e Smx—ljezxcosxdx

2

2x _:
= :=i‘9-——5513—l:1 L) ()
| 2
where, flzje cosxdx

On integrating by parts again by taking cos X
as | function and e as Il function, we get

Il=cosxje dx

= j{ (cos¥ [ e 2"dx} dx

2x

cosx-e (—sinx)-e
2 2
2x
i .
= !1:E—C9—‘c’—i+—jez"smxdx
2
2x
oy oo T o ...(i)

1
2 2
[ jez" sinxdx = I] §))



On putting the value of /; from Eq. (ii) in
Eq. (i), we get

e sinx 1{e*cosx 1
=2 | ——+ —
2 2 2 2

eXsinx e cosx 1
= = - - —1
2 4 4
ol ]+lI:egx(smx_c05x]
4 2 4
Mt Ezezx(z sinx—cpsx)
4 4
iy ,:ﬂezx(QSIHX"COSX}
5 4
= I=1/5 e* (2 sin x — cOs X) (1)
61. Evaluatej s B,
VX —8x+7 Foreign 2011



Let !=I r3x+5 dx

\/x2 —8x+7
Here, (3x + 5) can be written as

3x+5=A-§4#~8x+m+B
dx

= 3x+5=A@2x—-8)+B i)
By 3x+ 5 =2Ax + (B —8A) (1/2)

On comparing the coefficients of x and
constant terms from both sides, we get

2A=3 - seakil)
and -8A+B=5 . (i)

From Eq. (ii), we get A = %

On putting A = —3— in Eq. (iii), we get

—8(23—)+B=5
| 2

= ~12 4 B=b
= B=17 (1/2)

On putting the values of A and B in Eg. (i), we
get

3x+5=-;—(2x—8)+17 ... (iv)
Hence, the given integral can be written as
-3(2x—8)+17
I=j 2 dx  [using Eq. (iv)]
1/x2 -8x+ 7
i = 2x -8 dy
2 \/xz —-8x+7
+17I dx
\/xz ~8Bx+ 7
3
= I=>h+17, V)

. T7v — R



where,

Put

and

I = . dx
J x> —8x+7
x? —8x+ 7=t
2x 8) dx = dt
I—j = [t dt
1!’2
,FL_
142
L=2t" = | =2t (1/2)
!1=2\/x2—8x+7
i s dx
, =
) \/x2—8x+7
dx
’2:. >
VA —8x+7+16-16
= dx
Jix— 22 -9

L =log|(x— 4 +(x— 9% - (3)? |

j\/*dx—log|x+{x - a’l| ()
X" —a

Hence, putting the values of I, and 1, in Eq.
(v), we get

-

1=~. Jx2=8x+7)

+17|0g](x—4)+\/(x—4)2—9|+C

I=3x%—8x+7 +17log|(x - 4

Fylx=292-9|+C (1/2)



2z
X+ 4 .
x"" +16 All India 2011C

62. Evaluatej

.——_'_" i P —

, "“> Firstly divide n numerator and denominator byx
_°andreduce the integrand in standard form.

X+ 4
Let !=Jx4+16dx

On dividing numerator and denominator by

xz, we get

4
&
dx=_[ & dx (1)

Put X——=t = [1+i2)dx=dt
X
dt dt
= = (1)
J‘t2’+8 Jt2+(2\/§)2

YA (2\{5 )
T (2]

X — —
=1 ¢

1
= ——tan

%fd 242
\
-1 (XZ -4

1
=——1tan
22 ka X)

(2)

+1
dx.
X +1 Delhi 2011C

63. Evaluate j



x2+1

x* +1

Letl=_[ dx

On dividing numerator and denominator by

2
1
[1 i Xz)
d

X", we get

(1+ J ]
.
— " dx=
1

=J 5 X (11%2)
(x_ ‘.) +W2)?
X/ .
1 1
Putx~—=t:>(1+—2)dx-—-dt (1)
X X

:J_ dt = L tan_'(L]ﬂ-C
tfe IR 0 2

( 1
1 7 &
= — tan~ +C (1)
<2 v2
\
(2
T 11 X -1
| = — tan +C (1/2)
N )
in x —CoS X
64. Evaluate jSi dx.

Jsin 2x HOTS; Delhi 2011C



) In this type of integral, first we make a term in

denominator such that whose differential
coefficient present in numerator and then

integrate it.

¢ SiN X — COS X

Let/= — X

Put
—

e sin 2x

* SIN X — COS X

= dx (1)

. \/1+ sin2x -1
SIN X — COS X

= dx

17T .
\sin 2 x + cos® x+2 sin x cos x—1
[ sin’0 + cos?0=1]
Sin X — COS X

:j dx (1)

f
VGsin x + cos X% —1

sinx+ cosx=t
(cos x — sin x) dx = dt

f=j —dt =—loglt+t>’ =N +C

JE—1

jw_#gf_%_r_—log(x+ x? = a%)| (1)
Jx -’

= [ =—log]| (sin x + cos x)

4-\/(sinx—iu(:osx)2 —1]+€

[t = sin x + cos X]

= —log| (sin x + cos x) + 4/sin 2x | + C (1)



2X

65. Evaluate dx.
! j (x* + 1) (x* +3) Delhi 2011
2X
Let /= dx
Ju+x%w2+3
Put x*> =t
- 2x dx = dt (1)
’:J‘ dt
t+1)3+0
Again, let ] . i (i)

C+D0B+0 a+0 3+t
(1
= 1=A3+t)+B(1+1t)



On putting t = -3, we get
1=-2B= B=~l
| 2
Now, on puttingt = — 1, we get
1=2A = A=1/2

On putting A =E] and B=—% in Eq. (i), we

get
1 _1f2+—1f2
1+t)3+t) 1+t 3+t

On integrating both sides, we get

-[ ! dt:l Ldt—l ___l_dt
1+63+1t 271+t 273+t

(1/2)

1 1
=—log|1+t]l=—log| 3+t
; gl1+t] ] g| |

[ j%":loguq

=%|og]1+x2|~2llog|3+x2|~+«C

[t =x"]
T4 22
3+ x?

1
l=—lo
5 g

+C

{ logm —log n=log ~n1:| (1%)
n

Delhi 2011; All India 2010
Do same as Que 37.
[Ans. 5\/x2 +4x+10

-7I0g|x+2+vfx2+4x+10|+C]

1 + sin 2x

67. Evaluate jez" (-—-——-———)d :
1 + cos 2x All India 2010C



Do same as Que 45. [Ans. % e tanx + C]

dx
(x2+1)(x2+2) Delhi 2010C

Do same as Que 65.

P 1 X
Ans. tan”'x — — tan”(—w) 3
[ 2 V2

1
69. Evaluate j[tog (log x) + ~—~——] dx.

68. Evaluatej

(log x)° |
HOTS; Delhi 2010C

. {) Use integration by parts i.e.

u-vdx=jujvdx— | {—u|vdxdx| and alsoé
fovte=|fo= [{afo]a] nd a0

remember ILATE whenever use it.

1
d
(log X)z] '

—jlog(logx 1dx+I

Let I=_[ [Iog (log x) +

dx (1/2)

(og )



Using integration by parts in first integral, we
get

| =log (log x) I1dx - J.[g—— log (log x) j1dx] dx

+ j 5 dx +C (1/2)
Iogx
:logtlogx)ox—j -l-xdx
log x x
+ I dx+C
(|ogx
= x log (log X) — J(Iog X 1 dx
+j dx+C (1)
|ng

Again, applying integration by parts in the
middle integral, we get
I =xlog (log x) — [(log )™ I1dx

14 dog - j1dx}dx:| |

dx +C

(log x)?

(1
~ (log x™%- 1.x dx:l
X

=x|0g([0gx}—|: 5
log x

+ J dx + C
(log x)2
= x log (log x) — - dx
5 1% Iog X J‘(Iog x)2
+ dx +C
J.(Iog x)?
= xlog (log x) — +C (1)

log x



X+ 2
dx.
2) (x — All India 2010

-2

+4f(x = 2)(x -3)1 " C]

0. Evaluate J'
\F

Do same as Que 61.

[Ans. X2 —5x+6 + %Iog

2

dx.
x(1 — 2x) Delhi 2010

71. Eva|uatej

_ 2 - 2
Let I=J‘ Uit dx=j 155 dx
(1= 2x) X — 2x?

Given integral can be rewritten as

RIS
I={ |=+——2—|dx (1)
2 x(1-2x)




= Al

1
(1——x) A 5
T I S 5
X

x(1=2x) It 1-2x

= 1—%X:A(1—2x)+8x L) (1)

On putting x =0 and x = % in Eq. (iii), we get

1-0=A(1-0)+0

= A=
and 1—1(-1):/% 1—2[—1) +B(1)
2.2 . %2 2
I 1= an-n+ls
4 2
=y Ele
4 2
=5 B=E (D
2

On putting the values of A and B in Eq (i), we
get

1——1--x
9 3+ 3/2

x1-2x) x 1-2x
Then, from Eq. (i), we get

3/2
—jdx+j dx+j1_2x

3 |og|12 .2><|‘|_C

[‘.’Jaixdx-—-—%log\a—x[]

=%x+|og|x|—%10g|1—2x|+C (1)

=L t10g| x|+
2




Lx — b
12. Evaluate [’ [_.__)d

— COs 4X Delhi 2010
let [= ] ex M dx
v 1 1-cos4x

/ ;
s 25|n2xcc2)52x 4 iy (1)
" \ 2 sin” 2%

1l [2 sin 2x cos2x il 4 )dx )

2 sin? 2% 2 sin® 2x
j e* (cot2x -2 cosec 2x) dx

On comparing with
j e[f(x) + f" (1 dx = e*f(x) + C, we get
f(x) = cot 2x
= f’(x) = — 2 cosec? 2x
I=e*cot2x+C | (2)

sin X + COS X
( )dx.

Jsin2X  HOTS; All India 2009C
Do same as Ques 64.

3. Evaluatej

[Ans. sin”'(sinx — cos x) + C]

usej d =sin ' x
V1-x?
4. Evaluatej 2hts zdx-
J7-6x—x Delhi 2009C



And

—I - dx
\/7—6x—x2
7—6x—x2=t
(-6 -2x)dx=dt |
dt .
!: —= = i dt
1 th

=2Vt =27-6x-x* (1)

dx
j\/Y-—ﬁx—xz
- dx
S -7 +6x+x2+9-9)
dx

Y- Ix+ 32 =16]
dx

=sin”| (ﬁ-—?)) +C (1)




On putting the values of I, and /, in Eq. (i), we
get

I:—Z\/I’-—ﬁx-xz L (-’i}i]+c (1)

5. Evaluatej

dx
J5 - bx - 24 All India 2009

") Firstly, make a perfect square in denominator
~ * partandthen integrate it using suitable formula.

. dx
75 - ax — 22

Let /=

b

+C (1)



1 .
= —=5IN
V2

X
J' = - dx.
\[5 — 4e* —e™ HOTS; Delhi 2009
Firstly, put e* =t = e'dx = dt, Then, do same

%76. Evaluate

as Que 75.
I:Ans. sin’[e fol. ] + C]
3
X+ 3

77- Evaluate I—E—"—' dx.

x&=2x =5 All India 2008C
Let I;J B --'

X“—=2x—-0

Here (x + 3) can be written as

x+3=A+B2 (- 2x—5)
cx
= X+3=A+B2x-2) (1
On equating the coefficients of like terms
from both sides, we get

2B=1 = B8=1/2

and A-2B=3
= A—2><lz3
_ 2
= A=3+1=4 (1)
4+—21-(2x—2)
I= dx
j:~<2*2x—5
1
= I=4.]— dx
| '[x‘z—2x 5

1 2x —2
+;_["2 — :dx (1)




Fa A T LA T I

On putting x* —2x-5=t = (2x-2)dx=dt
in second integral, we get

1=4| -
v (x——1 e '[
- dx
=4 Iog t]|+C
VRN !
1 |x—1——f’
=4.—— |log
246 | X x—1++/6 |

+Elog|x2—2x-5|+C

+Eiog|x2—2x—5|+c (1

8. Evaluate jx sin™t x dx. All India 2008C

? Use integratlon by parts | ]



Let ] = Ix sin”' x dx

Taking x as 1st function and sin™' x as 2nd

function and using the rule of integration by
parts, we get

2 : 32
!=51n‘x~———_[ — .- —dx+C
J1-x° 2
2 ) 2
=2 sin”! x - LY dx + C (1)
: 27 1-x°
2 2
= Bl Nk X et
~ 1-x2
2 | 2
X i i 11— x 1 dX
=—sin" X+ — =dX = — | —
- 1-x* 2Jv1-x2

— X
2
andJVaZ—xzd =ixfa2—x2+i— sin_ji
2 2 a
=l xzsin‘1x+£-\;1—x2——1— sin"'x{+C
2 2 2
2

I=——5in'1x+i T2 —-1—sin‘1x+C (1)
2 4 4

79. Evaluate J.x-log |(x + 1)|dx. Delhi 2008C



Let I:jx-log|{x+1)|dx
I |

Using integration by parts, we get
I=log |(x+1)]| [ xdx

_-[Iig; |0g|(x+1)jxdx]dx (1

2 2
1 X
=log|(x+ 1 — -] —— —dx
8l =] +1 2
2 2
X X
=—Ilog|(x+1)|~—| ——dx
2 8! | J.>(+1
X2{0g|(x+1)l 1j(x 1+ ])dxﬂ’/)
=— - — - — 2
2 S X+1
- _
X+1}) y2
X2 +x
_x'
—x—1
o
1

2

X 1

=" log|(x+1)|-—
5 gl | ;

2
|i3{——x+|og|(x+1)]]+C|:'.'jg—)f=log\x|]
2 X -

2 2 X

X X
= Il=—log|x+1|-—+—
2 gl | 4 2

—%Iogl(x+1)| +C

S r=l|(x2~1)||og|(x+1)|-x—2+i+c (1%)
2 4 2

6 Mark Questions

dx.

1
sin® x + sin? x cos? x + cos” x
All India 2014

80. Evatuatej



> Firstly, diwde numerator and denommator by
cos'x to convert integrand in terms of tanx and
then put tanx=t and convert integrand into
standard form which can integrate easily. |

1
2

sin® x + sin? x cos® x + cos* x

dx

Let f=j

On dividing numerator and denominator by_
cos? x in RHS, we get

4

sec” x

f= dx (1)
J.tan”‘ X+ tan2x+1

_j sec X) ( sec? X) b )
tan® x + tan? x + 1
Put tan x =t = sec” x dx = dt and
sec’x=1+tan’x=1+t2 (1)
1
2 1+ 3
= [t = [
t" +t°+1 2 4 '2'”
t
144
2
- I:j dt (1)



Again, put u=t——g=>[1'+—15)dt=du
t
du
1={-
Ju2+<\/§)2
1 -1 UJ
= |]=—tan" | —={+C (1
V3 V3
(1)
- ]
= [=-—tan"'|—L|+C u=t——:|
V3 V3 [ t
\ )
O L ] Ll
V3 L V3t
1 _1('tan2x—1
= J=—tan  |— +C [t =tan x]
V3 m/?:tanx]

(1)

81. Evaluate j{,/cot X + 4/tan x) dx.

All India 2014; Delhi 2010 C



Let | = _[ [y cot x + /tan x] dx

=I tan x (1+ cot x) dx

Put tan x =t = sec’ x dx = 2t dt
2t
1+4t?
[T+ tan?x=sec? x = 1+ t1 = sec? ¥

] 2t
I=] t|T+ — dt
j ( tzJ(1+t4)

t+1
= f—zj = +1 (1)

(1

or dx =

On dividing numerator and denominator by
t? in RHS, we get

Again, putt—%=y=>(i+i)dt=dy
: t

=]
‘[Y +(f
=5 J'=\5’[an1 4 (1

+C

e ] |
=2 tan™ 1=l +C [‘.‘y=t-—gj|(1)

=2 tan™ 71 +C
| V2t

(
:ﬁtan“ ke 1}+C [-.-tzztanx]

U/2 tan x

(1)



. Evaluate dx.
A jcos"+ X +sin” x All India 2014

Letfzj : dx

cos? x + sin? x

On dividing numerator and denominator by
cos” x in RHS, we get

4 2 2
J- sec’ X dx = fzj-(sec X) (sec” x) d

1+ tan® x 1+ (tan? x)?

J=

’I_[ sec? x (1+ tan? x)

= g (1)
1+ (tan” x)
Put tanx=t = sec’xdx=dt
1+t
| = dt (1
j1—+~t4

Again, dividing numerator and denominator
by t% in RHS, we get

1 1
b Trke
1:]’ t dt:j " _dr (1)
3 . 1 1\
U tegiah 2 =2 (t—~) +2
t t
Put t—J:u
t
= (1+—15)dt:du (1)
t
du
Then, ] =
J.U2+(\/5)2
(u
= |=—tan" —)+C
2 W2
/
1 t"g 1
= J=——tan | —=L|+C ['.'u=t~—-](1)
V2 J2 t




1 a1t ~1
2 (V2 J

(
1 tan® x — 1

V2 \ V2 tan x

]+C [t = tan x]

(1

83. and dx.
j (x +1) x% + 4) Delhi 2014C



6D F"Sﬂ% PUtX —-tand appw pmtmlﬁacmontoé
* convert integrand into some standard form
which can integrate easily.

2
X
I (x% +D(x? + 4) o
Let x* =t, then
t _A L, B

= ssil1)
t+Nt+4 t+1 t+4
= t=At+4 +Bt+1)
= t=(A+Bt+4A+B (1)

On comparing the coefficients of like powers
from both sides, we get

A+B=14A+B=0 (1)
On solving these equations, we get
A=—1 andB=i (1)
3 3
From Eq. (i), we get
1=
sty d (1)
t+Nt+49 t+1 t+4
2 1
(x° +D(x +4) x? +1

i dx [-x%=t] (1)
3Jx2+4
=—ltan_‘x+%tan‘1i+(ﬁ

3 3 2

["‘J = tan ’*x]m
x+a d a

1
sin~/x —cos lfdxxe[O 1]
sin~tv/x +cos t/x
All India 2014C

84. Find j



%P Firstly, use the identity sin'0+ cos_lﬂzg to

convert integrand in terms of sin”? only. Then,
integrate by using substitution. -f

sin”' vx — cos™" /x
sin”' Vx + cos'Vx
We know that, sin™' Vx + cos ' v/x = /2

Let :=j

e T o
=  cos ' Jx == —sin/x

sin”' v/x — (; — sin™ J;)

= dx
j /2
S i o 5 i
- ey = —J [2 sin”"' x/;(——)dx
i n 2
2 i



= ﬂj sin”' v/xdx — j1dx=ijsin_1 Vxdx — x
T T
=5 l—il —x+C LD ()

where, [, = jsm " Jx dx

Put x=tz = x=t% and dx=2tdt
zjsin* tztdtzz_[sin“t-tdt

.—2 sin"zﬁﬁ 1 -fdt (1)
2 T\1-¢* 2
[using integration by parts]
2 42
Gt =tZsin” t—jwdt
\{1—t 1-t?
—tzsinit+jxf1-t2dt--[\/172 dt (1)
T1—t
tN1—-t2 1
=t2sin "t + - in”’ in"'t

+ —sin” t —sin
2 2

[t2—1]sin1t+1r [ m
2 9

s

- %[(2): —1ysin”'Vx + Vxv1=x]
=~21[(2x—1)sin"]x/;+VX—x2] (D

On putting the value of /; in Eq. (i), we get
J- sin”' vx — cos™'Wx e
sin”' vx + cos™ vx
= ;21;[(2%:—1)9,5:1‘1 Ix +Vx=x*1=x+C (1)

X2+ x+1

. Find dx.
s Fln J (x+2)%(x+2) Delhi 2014C




dx

J~ %2 4% 31
(x +1D%(x +2)

2
The integrand A +2x+1 is a proper
(x+1)%(x+ 2)

rational function.

X2+ x+1 A B C .
: — — 2+ =01}
(x+D(x+2) x+1 (x+1 X+ 2

(1)
= X +x+1= Alx+Dx +2) + Bx +2)

+C(x + 1)
= x> +x+1=AX> +3x +2) + B(x + 2)
FCOE +2% 4 1)°

= x2+x+1=(A+O)x%>+ BA + B+ 20)x
+2A+2B+C)(1)

On comparing the coefficients of like powers
from both sides, we get (1)

A+C=13A+B+2C=1and2A+2B+C =1
On solving these equations, we get (1)
A=-2,B=1andC =3

From Eq. (i), we get
2

X“+x+1 -2 1 3
= = + ks (1)
x+1D(x+2) x+1 (x+1) X+ 2
2
) J X +2x+1 A de
(x+1D(x+2) X+ 1

dx
+
'[(x+1 I(X+2)
=_2|og|x+1|—%+3log[x+2|+C(1)
X +

[.2 2 ok
x° + 1(log(x” + 1) — 2log x) p

86. Find | ; -
X All India 2014C




foa 2 3
Let=lj x~ + flog(x 4+1) 2 log x] 5

2
Vx? +1 Iog(ﬁ ;HJ
= J 5 X L

X

[ logm — alogn = log _n_z_] (1)
n

1 1
X, |1+ : Iog[H ~2)
X X
dx (1)

X4
b o1+
_ JV x? x? dx
x3
T -2 dx dt
Put1+ — =t , then —dx=dt = —=—-—(1)
Ny x> X X 2

.
s l=——|+tlogtdt
szog

i £3/2 B2
=——|logt X —— | — x -dt
st
[using integration by parts] (1)
= -—:;;-[F“'2 logt — [ Vedt].

. t:'”leog:t-—E:-ijri +C (1
3 3/2

= —ltm[logt - %] +C
3 3



2
1-x Delhi 2012

\> F1rstly, put x= smt and then use mtegratmn by
*  partsand simplify it.

i ]

Let |'= X—SID—w—de

Put 5in"x—t=>x=sint

= ey (1%)

\h—x

I=jtsintdt

Using integration by parts, taking t as the first
function and sint as the second function,
we get

l:tjsintdt-—‘[[%(t)-_[sintdt}dt (11%)

=5 !=—tcost~—_f(1><—cost}dt
:-tcost+jc05tdt
= |=—tcost+sint+C (1%2)

= lzﬂt\f1—sin2t+sint+C

[ cosit =1—sin*t = cost =v1- sin®t]
[=—sin” x\H—xz +x+C

[.- t =sin~" xand x=sint] (1%)

X2 +1
88. Evaluate J( i 3)dx. Delhi 2012
x — 1) (x +




pUSmgpam - ﬁactmnsu{:hthat
; * 1 A B C

e = + +

(x—a)? (x+b) (x—a) (x—a)* (x+b)

and then integrate it to get the desired result.

Let 1= "_ZH dx
(x=1*(x+3)
Again, let
! = A S 'B"'E + _E_ (D
(x-1x+3 x-1 (x-=-1 X+3
x? 41
—

(x =172 (x+3)

Ax=1)(x+3)+Bx+3)+C (x~1?
(x—1?%(x+3)
= x2+1= Alx = (X + 3) + B(x + 3) + C(x = 1)?
= x> +1=AK*+2x-3) +B(x+3)
+C (2 +1-2x%
= x*+1=(A+C) x> + QA+ B-20) x
+(-3A+3B+ ()
On comparing the coefficients of x?, x and

constant terms from both sides, we get

A+C=1 woslgbl)
2A+B-2C=0 ..(i1)
-3A+3B+C=1 {iv) (1)

On multiplying Eq. (iii) by 3 and subtracting it
from Eq. (iv), we get
—9A+7C =1 ... (V)
On multiplying Eq. (i) by 7 and subtracting it
from Eq. (v), we get
-16A=-6 ..(vi)
6 3
=-—=— (1)
16 8
On putting A = E_;B“ in Eq. (ii), we get

3 3 5

1 A SR, |



et ot TR I CR Al Bttt s

8 8
. 3 5. |
On putting A = = and C = = in Eq. (iii), we get

Eq. (i) becomes
x? + 1 3/8 12 5/8
2 = N 2t
x—1*(x+3) x—-1 (x-1)° x+3
On integrating both sides, we get

2
’=_[ X“+1 d 3 __di
(

X -1 (x +3) 87 x-1

1 dx
e — 1
+2j{x T}z x+3 (1)

3 1 =1
== | ~1|+=— +—~Io x+3|+C
~log|x~1 2( 1) ~ log|x+3|

1
2(x—-1)

Hence, I=§log|x—1|—

+§Iog|x+3|+C(1)

ex+7
— 5) (x - 4) All india 2011

89. Evaluate j
\f(x

? If the mtegral is of the form _[ gx v

dx,

Jaxt +bx+ ¢

then ‘we taheg’“*d:’”“-:—*(ax +bx+c)+B§
X ;

_and then integrate it.

(6x+7 dx e j (6x + 7)dx
Vlx=5) (x - 4 VX2 —9x+20

Here, (6x + 7) can be written as

Letlz_[

bX + 7:A-i(x2—9x+20)+8
X

p— Ay 4+ 7= ADv_QYL R HEE )



— wFL

LA A L P [ R B = ARV LWLV
On comparing the coefficients of x and
constant terms from both sides, we get

2A=6 = A=3 and -9A+B=7

e -93)+B=7 Be Az 3]
= -27+B=7
B=34 §))

On putting the values of A and B in Eq. (i),
weget 6x+7=32x-9)+34

. Given integral can be written as

!=I3(2X_9)+34dx
\/x2—9x+20
:»!=3j 59 dx+34j ax
\/x2~9x+20 \/x2—9x+20
= =3I, + 34l, 10) (1)
where,hzj. { X9 dx
VX2-9X+2O

Put x?-9x+20=t = (2x-9)dx=dt
dt .. 12 I
L=]—==|t dt =2t"° =24/t
‘ Iﬁ J

=2x* = 9x+20 ...(ii) (1)
and I‘?:I dx
Jx2 = 9x + 20
dx

\/xz—9x+20+iii1



~ I, =log

-

On putting the values of [, and I, from Egs. (iii)
and (iv) in Eq. (ii), we get

I=32x* - 9x + 20)

+34[Iogi (xz)+v{[x-2—J2—% i]+C
. 1=64/x> —9x+20

| 2
+ 34 log| x—z+\/(x——29—) —:1 |+C (1)
| |

(92 -G

%:lommwz —azq (1
X —a

x2+x+1 4
(x+2) (x> +1)  Allindia 2009C

9(. Evaluate J



- ) Flrstly, use the method of partial fractlon and
~© thenintegrate it. :

Let =] X ik A ¥
x+2)(x*+1
2
Again, let s ME— -5};+(~:~(1)

X+2(x> +1) x+2  x241
AR +1) + Bx+C) (x +2)
- (X +2) (X2 +1)
SX A+ X+TI= A+ +Bx - i ix+2) ..00)
=x2+x+1=(A +B)x* + (C + 2B)x+ (A + 20)
On putting x = - 2 in Eq. (i), we get
4-24+1=A4+1)+0 =23=5A =2A=3/5

On equating the coefficients of x* and
constant terms, we get
- A+B=t (1)

A+2C =1 - (i)




On putting A= % in Eq. (ii), we get

E+B=1 —— B—1-~-3~~-g
5 5

5
On putting A = % in Eqg. (iii), we get

i+2C=1 —" 2C=1—§~
5 5

= 2C=2/5 = C=1/5 (2)

2 1

3/5 Xt
| = dx+ [2-—2d 1
'[x+2 +'[ x2 +1 ’ i

B Jx+2 _I xdx __J-

X% +1

x? +1
Put X2 +1=t =>2xdx—dt

__-[x+2 54 ¢ *I +(1)

1 1 X
lo X+ 2 + Io § g R il
=% g| | glit| ] :

dx 1. X
*.'_[-——:l()g\ 2 2=—tan —
X +x° a a

=-§-1og1x+z|+5ilog|x2+1|

+—;—tan"x+ C (1)

3
tan x + tan® x
91. Evaluatej dx.

3
1+1tan” X Yorts; Delhi 2009C




) Flrstly, snmphfy the given mtegrand in |n|tlal ieve!
and then apply the method of partial fraction |
after that integrate it and get the desired result

3
nx+tan x
mu:jm dx

1+ tan3 X

1 n x sec’
_J-tanx( + tan? x)dx=J-ta se;: xdx
1+ tan’ x 1+ tan” x

[ 1+tan® x = sec’ x] (1)

Puttanx =t = sec’ xdx =dt

j= t dt
148
[ (a® + b%) =(a + b) (a® - ab + b?)]
A+0(0+t°=1t)
Let t _ A 5 Bt+L

A+ 0+t2—t) 1+t 2 —t+1

= t=A?—t+D+Bt+ O 0+
= t=(A+Bt* +(~A+B+Ot+(A+C)

On putting t = -1, we get
-1=A0+1+1)+0
= A:j
3

On equating the coefficients of t* and
constant terms from both sides, we get
A+B=0

= :§]+B=O:58:% and A+C=0

=5 —-1—+C=0 =5 C=l (1)
3 3

1 1
-T.+

_ (=173 3" 3
’“I T+t de z+1dt

ﬂ'*'-I_[ t+1

— = - dt
371+t 377 -t +1

- . - L T8 4 « "




ac _Ié[ I:j-dt

& -t+1
_ 1 at _“-[ 2t -1
14 t-+—1
dt
+*j M

1
CHCTE LN
4 4

Let z=t"—t+1
— Xl (2t - 1)dt in middle integral, we get

I=—— ?-'E +j —dz 1j_~———~§
[t_z...)+4

1 1
=l=——log|1+t|+ —logz
: g1+t ¢ los

+%J : 20‘t £2(1)
(2] (2)

=--—lo 1+ tanx| + — lo t*=t+1)
- g | z 108

1

= 2 | L C[-t=tanx]

11
+— == tan
2 .J3 J3/2

=—%|og11+tanx\+ %Iog‘tanzw— tanx+1i

1 -
+ —tan™" [-——2 anx 1) + C(1)

V3 V3

92. Evaluatej —-——Z——dx.
x*+x+1 HOTS Delhi 2008C

X
let |I=| ———Mdx =—
Jx4+x +1 J.;4: + x? +1
1 par® 3 T x? i)
= [== dx
2'[ x4+x2+1
1 X% +1 2 _
= t== [ XL gl =l g
x* +x +1 27 %"+ x° +1

2



= =gty (i) (1)

2 2
2
x° +1
where | =} ———dx
: ‘[J-c4 EpeE O
On dividing numerator and denominator by
x°, we get
(Xﬁ " _1_]
g
X
s dx (1)
L .[ 4| T2 g
et
T 12J
= [, = A dx
= Jetts
(x + 1+ é)
X
(-
(x - ) 241
X
1+ —15-
e
X




. s o Tl o |
On dividing numerator and denominator by

X X
dt dt
- -
2 .[tz__1 .[tz (1)2
_[ dx 1 1 Iogx——a
' x2—32 2a X+ a
1 t—1
=— o 1—] (4))
2x1 2| (41
3
; | x+1)—1 1
=_logj —2 g
2 ( 1) X
X+~ |+1
k: X
—llog x2+1-x|
2 x2+1+x[

Now, on putting the values of I, and /, in
Eq.(i), we get

2 1)
s ~1—tan“[x ]

2 B




I= J tan™ Mew.
2\5 tx«/gJ
l xz—x+1‘

Iog' 24 x+1]

| %

+ + C (1)

Note In this type of integral, we cannot use the
method of partial fraction directly.
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