Maximaand Minima

4 Marks Questions

1. The sides of an equilateral triangle are
increasing at the rate of 2cm/s. Find the rate
at which the area increases, when the side is

10 cm. All India 2014C
Let the side of triangle be a.
_(ia_ =2 cm/s [given] (1)
dlt

Now, area of equilateral triangle having side a

is given by

' [1g° :

Ao L0 (1)
4

On differentiating w.r.t.t, we get

dA _ N3 92 (1)
dt 4 dt

On putting g—% =2 cm/s and a =10 cm, we get
t

fou:
OA _¥3 2% 10%2=10{83cm?/s (1)
dt 4

2. The sum of the perimeters of a circle and
square is k, where k is some constant. Prove
that the sum of their areas is least, when the
side of the square is double the radius of the
circle. Delhi 2014C; All India 2008



Let r be the radius of circle and x be the side of
a square. Then, given that

Perimeter of square + Circumference of circle
= k (constant) (1)

= 4x + 2mr=Kk

k ~2 B
L, (k-2 e
4
Let A denotes the sum of their areas.
A=x"+mrt i)

-+ area of a square = (Side)
and area of circle = 7tr?

On putting the value of x from Eq. (i) in Eq.(ii),

we get
k- 2mrY’ 2
4 |

On differentiating w.r.t. r, we get

O_‘A =2 (k__ 21“')(_- gnJ + 21r
dr 4 4

:»—%(k—Qnr]+2nr (1)

, " dA
For maxima and minima, put -—— =0
r

sy -{-i-(k-2nr)+2nr:0



2
% =R L]
4 2

= —Eipagj=Zp
2 4
= r= k .. (i)
2t +8
d’A d (dA) d T ]
Now, —=—]| —I|=—|21r-— (k- 2%r)
dr?  dr\dr dr 4
2 2
=2n+—%§—=2n+n—>0
4 2
2
g——?— >0 = Ais minimum.
dr
From Eq. (iii), we get
k
Fi=
2m+8
= 2rm+8r=k
= 2rm+8r=4x+27nr [ k=4x+ 27
=5 8r=4x orx=2r

i.e. Side of square = Double the radius of circle

Hence, sum of area of a circle and a square is
least, when side of square is equal to
diameter of circle or double the radius of
circle. %)

6 Marks Questions

3. If the length of three sides of a trapezium
other than the base are each equal to 10 cm,
then find the area of the trapezium, when it
is maximum. All India 2014C, 2010; Delhi 2013C



Let ABCD be the given trapezium in which
AD =BC =CD =10 cm.
Let AP = xcm
AAPD = ABQC
QB =xcm (1)

Deuu10 oM C

10 cm ‘\wcm

R .

Ae—— xXcM— =—10cm———+ «— xcm—B
P Q

In AAPD,
DP = +10? — x? [by Pythagoras theorem]
Now, area of trapezium,

A= % x (Sum of parallel sides)x Height

=~21—><(2x+10+10)>(\f100—x2
= (x + 10)v100 - x? OG)

On differentiating both sides of Eq. (i) w.r.t. x,
we get

A _x+100— 22 4 Vhoo -

dx 2100 - x2
B —x? —10x+100 - x*

B V100 — x2

_ =2x*—10x +100
V100 — x2

(1) (1)

For maximum, put Lia =0
dx

~2x* —10x+100

100 - x?
= 2x+10)(x=5)=0=x=50r-10 (1)

Since, x represents distance, it cannot be
negative. So, we take x = 5.

On differentiating both sides of Eq. (ii) w.r.t. x,
we get

0

r

-



V100 - x?(—4x —10)

—~(-2x% - 10x +1 00)[ miiell )
d’A _ 24100 - 2
dx? (\h 00 — x%)?

[by quotient rule]
(100 — x*)(—4x — 10)
~(=2x*~10x + 100)(—x}]
(100 — x2)3f2

[_400x — 1000 + 4x° + 10x2:|

+=2x" —10x* +100x)
(100 — xz)sfz
_2x° = 300x ~1000
o 100 — xz)sfz
d?A _ 2(5) - 300(5) - 1000
d 100 - (5)21
_ 250 -1500 ~1000 _ ~2250

: <0
(100 — 25)%2 75+/75

Thus, area of trapezium is maximum at x =5
and maximum value is

A = (5 + 104100 — (5) [put x = 5 in Eq. ()]
=154100 =25 =15v75 =753 cm? (1)

4. A window is of the form of a semi-circle with
a rectangle on its diameter. The total
perimeter of the window is 10m. Find the
dimensions of the window to admit

maximum light through the whole opening.
Foreign 2014; All India 2011
Let the dimensions of the window be 2x and
2y, i.e. AB=2x and BC =2y. Again, let P
denotes the perimeter of the window and A
denotes its area.

=

(1

At x=5,




A Ox . B
Given , P=10m
To find dimensions of the window, so that

maximum light pass through the whole
opening.

From the figure, we can see that perimeter of
the window is given by

P=2x+2y+2y+ X
[ in the semi-circle, 2x is the diameter,
so radius is X]

— P=2x+ 4y + mx
= 2x+4y+nx=10 [ P=10 m]
= ,,:10"2“"2" oYe)

Also, area of the whole window is given by
2

A=(2x 2y) + %
[ area of window = area of rectangle ]

+ area of semi-circle
2

s A=4xy+1“;— ...Gi)
On putting value of y from Eq. (i) in Eq. (ii), we
get
. - 2
P (10 X 2x)+ X
_ 4 2
2 2 nx?
=3 A=10x — x* — 2x +—2—
) TCX2
= A=10x—-2x" - — (1
2
On differentiating w.r.t. x, we get
A 30 e 2™
dx 2
=10 - 4x — 1x 4);

For maxima and minima, put %_f\— =0
X



=5 10-4x—mx=0

- = (1)
n+4
On putting value of x in Eq. (i), we get
10 — 1t _]_O_ i _10
B T+ 4 n+4
r= 4
g tom _ 20
n+4 nw+4
=
4
20 5
= y: s (1)
4m+4) Tn+4
X= 19 andy =
n+4 T+ 4
2
Now, d—Az-d—(gé]_:i(w—M—nx)
dx? dx\dx/ dx

=-4-7n<0
s Als maximum.

Hence, maximum light passes through the
window.

And dimensions of window are

2x = L and 2y = 10
T+ 4 T+ 4

(M

5. Find the point p on the curve y* = Lax, which

is nearest to the point (11 g, 0).
All India 2014C



Let the point on y*=4ax be (x,y,). Then,
yf = 4ax;. wekl]

Distance between (x,, y,) and (11a,0) is given
by

D =(x, 112 +(y, - 0)2

= \/(x1 -—11&)2+y12

= \/(x1 ~11a)* + 4ax, [from Eq. ()] (1)

On differentiating both sides w.r.t. x;, we get
dD 1

dx 22\/(>~:1 —11a)? + 4ax

[2(x, — 11a) + 4ax,] (1)
dD 2y =.illa+4a
dx; ) 2\ﬁx1 ~11a)* + dax
dD X, —9a

=) =
dx J(x1 -11a% + 49x,

=0




dD

= Put —=0 = x;,-9a=0
dx,
= X;=9a
If x,=9a, then y; =36a° |
= y; =t b6a (1)

Hence, required points are (9a, 6a) and
(9a,—6a).

Now,

(1)

d’D _d [dD
dx?  dx | dx

_d X, —9a
d | J(x, —112)2 + 49x, )

1.[2(x —11a) + 4
\/(Xl ~11a) + 4ax, —(x, —9a) - - [ %=1 a)+a]

2,/ —112)2 + 4ax,

(x, —11a)% + 4ax,
2
At 9a, 6a), d——?—>0 (@)
dx; |
So, at(9a,64a), D is minimum.

Hence, required point is (9a,6a). (M



Let r be the radius of the base, h be the height,
V be the volume, S be the surface area of the
cone and 0 be the semi-vertical angle.

0
h /
§))
Then, V= -;— nr’h
= 3V =nr’h
= 9v? = n%*h? [squaring on both sides]
2 9V? .
= H = 3 (1) (1)

and curved surface area, S = ntrl

= S =nr\r’ + h? [.o]=+h* + ij
= S =n’*(r?* +h?)
[squaring on both sides]

2
5 gl _ 0. (9\/ 4 rZJ [from Eq. (i)]

X

2
— §? = Ay + (i)

r2



When S is least, then S? is also least. (1)

o 18V? ) -
Now, —(°)=- + 4n’’ (i)

dr P
For maxima or minima, put (;i 5)=0 §))

r
2
*18r3V +4n’r =0 = 18V* = 4n%°

= 9v? =2n%° ..(iv) (1)

Again, on differentiating Eq. (iii) w.r.t.r, we
get

d? 54V2
42 5% = 4
dr r
At 9v? =2x%4°,
d2 2 54 271'.2!'6 22
— ) =— +127t°r
dr? r* ( 9
_12n4°
r4
So, S% and S is minimum, when
9v? =21 %® )]
On putting 9V? = 2n%® in Eq. (i), we get

2130 = n¥*h?

+121%?

+12n%? =24n%?>0

= 2r2=h* = h=2r
- LN SR
r
[from the figure, cot8 = ﬁ]
.
- 8 =cot™' V2

Hence, the semi-vertical angle of the right
circular cone of given volume and least curved
surface area is cot™ /2. (1

Hence proved.



7. Of all the closed right circular cylindrical cans
of volume 1287 cm?, find the dimensions of
the can which has minimum surface area.

Delhi 2014

Let r cm be the radius of base and h cm be the
height of the cylindrical can. Let its volume be
V and S be its total surface area. Then,

\\_‘—’/dk

h
T =y _
Can (1)
V=128 cm’ [given]
- nr’h=128n
- L 0
2
;
Also, S =2mnr? + 2nrh .. (i)
= S=2nr’ +2mr (Bzﬁ) [using Eq.(i)]
r
(1)
= 5 =P D (i)
r
On differentiating Eq. (iii) w.r.t. r, we get
g£c=4nr—25?n (iv) (1)
dr r

. i 3 dS
For maxima or minima, put o =0.
r

- s 25?7:
r
4

= P =64



Taking cube root on both sides, we get
r= 64"
= r=4cm . (1)

Again,on differentiating Eq. (iv) w.r.t. r, we
get

d’s 5121

5" =47 +

dr P
At r=4,

d’ 512n

: = + 47

dr? 64

=8n+4n=12n>0 (1)
2

Thus, §—§>Oatr= 4, so the surface area is
r

minimum, when the radius of cylinder is 4 cm.
On putting value of r in Eq. (i), we get

fes 128

(4)2
=—=8cm
16

Hence, for the minimum surface area of can,
the dimensions of the can are r=4 cm and
h=8cm. (1)

8. ABis a diameter of a circle and C is any point
on the circle. Show that the area of AABC is
maximum, when it is isosceles. Allindia 2014C

Let the side of AABC be x and y and r be the
radius of circle.

Also, ZC =90° [ angle made in semi-circle]




\/ (1)

In the AABC, we have
(AB)? = (AC)? + (BC)?

= 20% =% + (y)?

= 4 = x% +y? (1)
Area of AABC (A) = -;—x- y

On squaring both sides, we get

1
A2 T 2R
2 Y
Let A?=S
1
Then, S = — x%?
1 Y

From the Eq. (i), substituting the value of y?,
we get

S = 2 x2(4r? — x?)
4

1

— 5= = (dx’r® = x°) (1)
On differentiating w.r.t.x, we get
D _ 1 gy — axd)
dx 4
; . ds
For maximum and minimum, put i =10,
X
= 0= %(Br?‘x — 4°)
— 8rix = 4xX = 8r=4x’
— =22 = x=+2r

Then, from the Eq.(i), we get
y? = 4r? = 2r* = 2r?

— Y= J2r (1)

i.e. x =y, so triangle is isosceles.



2
Also, ZT“E jx[ 8r’x — 4x )] (1)
= Z[Sr2 ~12x*1=2r% - 3
2
At x:@,%—§=2r2—3x2<0
X

= Area is maximum.

Hence, area is maximum, when triangle is
isosceles. (1)

9. Show that the altitude of the right circular
cone of maximum volume that can be

inscribed in a sphere of radius r |s 5 Also

show that the maximum volume of the cone

S 3 of the volume of the sphere.
7 All India 2014



Let R be the radius and h be the height of the
cone, which inscribed in a sphere of radius r.

OA=h-r
In AOAB, by Pythagoras theorem, we have
rP=R*+(h-n?
= o= R+l w1 -2
= R*=2rh—h’ (D)(1)

The volume of sphere = gnr3

and the volume V of the cone,
1

V == aR%*
3
=5 V= % nh(2rh - h* [from Eq. (i)]
= V=%n(2rh2 - K ... (ii)
On differentiating Eq. (ii) w.r.t. h, we get
%:%n(%—%% (i)

: s dv
For maximum or minimum, put p7y =0.

= %n(4rh-w3h2)=0
= 4rh=3h*> = 4r=3h

- h:% | [-h 0] (1)



Again, on differentiating Eq. (iii) w.r.t. h, we

get
2
i vzln(‘#—ﬁh)
dh?* 3
2
Ath=£, gy =1n(4r—6><£)
3° | dh* |, _ar 3 3
3
=Z =Yg
3
: : 4r
= V is maximum ath = T (1)

On substituting the value of hin Eq. (ii), we get

2 3
()
3 3 3
Bl ok s Sl Eoaldl B9
319 27 3 9 27

239[96—64 =Er3[£]
3 27 1" \27

_8 X (f mﬁ] e B x (Volume of sphere)(1)
27 3 27

. . 8
Hence, maximum volume of the cone is = of

the volume of the sphere.

10. If the sum of the lengths of the hypotenuse
and a side of a right-angled triangle is given,
then show that the area of the triangle is
maximum, when the angle between them is
60°. All India 2014



Let ABC be a right angled triangle.

Given, AC + BC =constant = k (D)
A
X
B :hiNe (1)

Let ZACB =06 andAC = x.
Then, BC = x cos8 and AB = x sin@
Let y be the area of AABC.

Then, y=%BC-AB=%xc05(—)-xsinB

=21x2 sin© cos B . (1)
From Eq. (i}, x + x cos® = k
- X = k manig
1+ cosO

On putting the value of x in Eq. (ii), we get
B k? sin@ cos
i (1+ cos 6)*
On differentiating w.r.t. 8, we get
—(1 + c0s0)? (cos? 8 — sin? 6)

dy Kk?|-sin®cos62 (1+ cosb) (- sin6)

dx 2 (1+ cos 0)*

[(1+ cos 8) [(1+ cos 8) (cos® 6 — sin’ e)}

k2 +2 sin’0 cos 0]

- L

7. (1+ cos 0)*

(1

3]
+2 cos0sin’8

cos20 —sin2 0+ cos’ 8 — cos 8 sin’
k2

2 (1+ cos 6)’

k%2 cos?8 — 1+ cos’ B + cos 0 sin’ 6)

2(1+ cos 0

£ sin2@ =1— cos’ 6]

k2[2 cos2@ — 1+ cos 8 (cos? 8 + sin” 0)]



I

2(1+ cos 8)°

2
- a 3(2C0529+C059—1)
2(1+ cos©)

[ cos’ 0+ sin6 =1} (1)

: T k?
Since, 0<B<— = 3>0
2 2(1+ cos ©)
: dy :
Sign of —~ will be depend on
X

2 cos>0 + cosO -1
Now, 2 cos’0 + cos®—1=0

= (2 cos®—1)(cos8+1)=0

- cosG:-;- [ cosO = —1]

=5 0=60° [-0<H6<90°](1)

Then, sign scheme for gz,, i.e. for
X

(2 cos’0+ cosO —1) is

yis yis
increasing  Ma@X  decreasing
! =0
0° +ve 60° =S 90°

Thus, y has maximum value, when® = 60°.(1)

11. Show that the semi-vertical angle of the cone

of the maximum volume and of given slant
height is cos™ 1/+/3- Delhi 2014

Let O be the semi-vertical angle of the cone.

It is clear that® € (O, ;)

Let r, h and | be the radius, height and the slant
height of the cone, respectively.

A

0
{




B = §))
The slant height of the cone is given, i.e.
consider as constant.
Now, in AABC, r=1sinfandh=/cos6

Let V be the volume of the cone.

Then, V=2r%h
3
= V=%n(lz sin?@) (I cosH)

. V:%m’?‘ sin’@ cosO (1

On differentiating w.r.t. 8 two times, we get

3
Ej-“i—'!T[m 0 (—sinB)

do

+ cos 0 (2 sin O cos 0)]
3

—?’E (—sin° @+ 2 sin® cos’ 0)

2 3
andd—v I—( 35in20 cos@+ 2 cos O
de? 3
— 4sin*0 cos 0)
2 3
= d——\;:’—EQ cos’ 8 — 7 sin’8 cos ) (1)
do 3
For maxima or minima, put QK =0.
do
— sin@=2sin0cos’® = tan’0=2
— tan8=+2 — 0=tan"' V2 (1)
Now, when 0 = tan™' v/2, then tan® 6 =2
N sinZ@ =2 cos* O
Then, we have
dv  Pr

G = = 1‘4cos36)
de? 3

=—4nl® cos’0<0, forﬁe( ) (1)

. Vis maximum, when 0 = tan™' v2 or
1 I 11



0= cos™ j_?: t cosf = —IEJ

Hence, for given slant height, the

semi-vertical angle of the cone of maximum
: R

volume is cos™ —. (1)
v3

12. Prove that the height of the cylinder of
maximum volume that can be inscribed in a

sphere of radius Ris 2{2 - Also, find the
3

maximum volume. |
All India 2014,2012C,2011; Delhi 2013

Let h be the height and a be the radius of base
of cylinder inscribed in the given sphere of
radius (R).

o
C
i\
R
\\
¥ 5
I-'Fé—hw
In AABC,
AB* + AC® = B4 by Pythagoras theorem]
2 | ) 2
= a‘3+(f]] =R’ = angz*b— (1)
2 4
Volume of cylinder, V = na“h
- 2 3 p z
= 1th (RZ ~ 'L’J =T @R - ) (1)
4 4
On differentiating both sides two times w.r.t.
h, we get
dvV._m

—— 2 R ")
A A



i -+

d?V w 3nh
and —— = — (-~ 6h) = - ~—- L)@
I R ) 5 (0 (1)
- : . d
or maxima or minima, put -—- = ()
dh
=  T@r?-3pY)=0
4
- h* = ki R
3
- h= 2R (1)
3

[ height is always positive, so we
do not take ‘~’ sign]
On substituting value of h in Eq. (i), we get
dV =3n 2
e B v e o BR2 B D
dh* 2 3 \
= V' is maximum.

Hence, required height of cylinder is Q—R
||J
\-’..‘)l

Now, maximum volume of cylinder

:ﬂjh[Rz_h;]:an[RzliRz)

4 V3 4 3
V3
_2mR 3R* =R} 4nR’ _
= = Cu units (1)

‘\fllr?) 3 B 3\@
Hence proved.

13. Show that a cylinder of a given volume which

is open at the top has minimum total surface

area, when its height is equal to the radius of
its base. Foreign 2014; Delhi 2011C, 2009



Let r be the radius, h be the height, V be the
volume and S be the total surface area of a
right circular cylinder which is open at the top.
Now, given that
5 1% .
V=nrh = h=— () (D)
e :
Also, we know that, total surface area S is
given by
S =2nrh+ r?

[~ cylinder is open at the top, therefore

S = curved surface area of cylinder
+ area of base]

= 5=lm _\(‘a ] +
e
[puning s V’ from Eq. (i)]
J
s ]
= 5 = G + Jre (1
r
On differentiating w.r.t. r, we get
dS 2V
=S 2
dr re
. - dv
For maxima and minima, put s =0
r
=3 — 2—1{ +2nr=0
.2
== V=nr
= nreh=nr’ [V = nr’h, given]
=3 hi=r (1)
le { i
Also, d.? _d [05_) _d (__EV + 2nr]
dr* dr\dr) dr\ r?
d2
= 5:4;‘/ +2m (1)



On putting r = h, we get

2
[ij—g} g%¥.+2n>0ash>0 (1)
r

r=nh

2
Then, ——g— >0 =S5 is minimum.
dr
Hence, S is minimum, when h=r,i.e. when
height of cylinder is equal to radius of the base.

(1
14. Find the area of the greatest rectangzle that
2

can be inscribed in an ellipse ¥ opd =1

a? b’
All India 2013
Let ABCD be a rectangle having area A
2 2
inscribed in an elli‘:)sex—2 e o] (D)
at b’

Let the coordinétes of A be (a, B).
Then, coordinates of B = (o, — B)

L= (&1 R B)
Area, A = Lengthx Breadth = 20 x 2
= A= 4o
f 2
— A = 40.. :b2[1—i] (1)
| a2
[ -+ (o, B) lies on ellipse]
2 Q2 | 2
ey B _qiep= 552(1 =
a- b* \ a4




[on squaring

= A2=] 6’3:(32012 -at)
i
¥ 3
(o BJ(//j (o B
£ A
- N
X' - » X
N
' B
Colp T @B
f

On differentiating w.r.t. o, we get

2 2
1 ) :
22 6? (2a% o — 4o)
d o a
For maximum or minimum value, put
dA’
L =
do.
= 2a%0 - 40 =0
= Joda®~ 20f) =0
= a=0,0="2 (1)
2
2042 .
Again, (—]’—(Aﬂ)—) = E{L (24% —1 90"
do.” a
2 242
At o= a,:, d—Az— :
V2 \ do w2
N
2 2
160 st axloo W
q" 2

a . ; .
=5 FoE U.:T,Az i.e. Ais maximum.
\2

Then, from Eq. (i), we getp = %

\



o b
. Greatestarea=40pf =4.—. ==2ab (1)
; J2
Alternate Method

Let A(acos®, bsin®) be the parametric
2 2]

: %
coordinates of an ellipse -~ + E—’ =1, where 6
2 2
is the eccentric angle. (1)
Vi |
(~acos 8, b sin ©) 1 (@ cos 8, b sin B)
A
— X
D M
(~a cos 8, —b sin 6) (a cos 0, — b sin 6)
Y
r (1)
Here, length of AB = a cos8 + a cost
=2a cos9
and length of AD = b sin® + b sin®
=2bsinB (1)

Now, area of rectangle ABCD
=(2a cosB) (2b sinH)
=2ab (2 sin® - cosH)
=2ab sin26 (12)

Here, area of rectangle ABCD is greatest,
when sin26 is greatest.
le. siIN20 = 1= sin90°
=] 20=90"= B8=45° (1'%2)
Hence, area of greatest rectangle is equal to
2ab, when eccentric angle of an ellipse is 45°.

15. Show that the height of a closed right
circular cylinder of given surface and
maximum volume is equal to diameter of
base. Delhi 2012

{;) Here, use the rgla;cions, total surface area ofé‘



* cylinder, 5= 2mr® + Znrhand volume of cylinder
U = mr’h. To make a relation between UV and S
and differentiate with respect to r. Then,2 put

Q = 0. And determine r and then check g ------- , if

dr dr ::
it is negative, then maxima and if it is positive, |
then minima.

Let S be the surface area, V be the volume, h
be the height and r be the radius of base of the
right circular cylinder. We know that,

Surface area of right circular cylinder,

S =2nr*+2nrh )
2
s il ...y (1)
21r

Also, volume of right circular cylinder is given
by

V =nr’h
e
=% V= nr’ (SA] [from Eq. (ii)]
271r
2
On differentiating w.r.t. r, we get
dv S -6nr’
_ nr )
dr 2
; s dv
For maxima and minima, put s 0
r
ey
= 5—Sl:O*—:,S=l£€>71:r2 (1
From Eq. (ii), we get
(.
fi = s k) = =2
2mr
Height = Diameter of the base (1)

Alen 9V _d (dV)_d (S-6nr?)



T drr dr\dr) er 2 )
=—-6nr<0

=V is maximum. (1

Hence, V is maximum at h = 2r.

16. Prove that radius of right circular cylinder of
greatest curved surface area which can be
inscribed in a given cone is half of that of the
cone. All India 2012

Let VAB be the cone of base radius r and height
h. And radius of base of the inscribed cylinder

be x.
v
pal
A’ B’

A x> ¥ D B

Now, we observe that

AVOB ~ AB'DB = L =9—§
B'D DB

h _ " B,D=h{r—x) 1
B'D r—x r

Let C be the curved surface area of cylinder.
Then,

C=2r(OC)(B'D)

= C- 27txh(r — x) =2nh(rx—x2) M
r r
On differentiating w.r.t. x, we get
d_C — @ (r s 2x)
dx r
: .. C
For maxima and minima, put d_ =0
X

=>-g~y]~(r—2x)=0 =% [=2x=0



= Fe2xs ng (1)

Hence, radius of cylinder is half of that of
cone.

2
Also. 9°C _ d[Znh(r—Zx):|

"dx? dx r
= gﬁﬁ(_z) - —4nh<0 ash, r>0(1)
r r

= C is maximum or greatest.

Hence, C is greatest at x = % (1)

Hence proved.

1. An open box with a square base is to be
made out of a given quantity of cardboard of

area C%sq units. Show that the maximum
3

volume of box is C_ cu units. Allindia 2012
6+/3

Let the dimensions of the box be x and y. Also,
let V denotes its volume and S denotes its total
surface area.

Now, S = x* + 4xy [-S = area of square base

+ area of the four walls]

Given, X% + 4xy = C*

C?=x° .
= A1) (1)
= 4x
Also, volume of the box is given by
e ;
V=xy =V=x’ [ [from Eq. (i)]
4x
Sl
V=" (1)
= =
On differentiating w.r.t. x, we get
2 2
dv _C”—3x a
dx 4

For maxima and minima, putdV/dx =0



€2 _ 45

— ____T_—zo =% C2=3X2
% X=waf§ (M
d2v d(d\/] d {C?=3x
Also, ——=—\=|=7|"—F—
dx?  dx \ dx dx 4
::-6—{2:2<0
4 2
5 .
g_v<0=>\/ismaximum. (1)
dx?

Now, maximum volume,
et

v=22 "% = [xC?-x]
4 4
1 J CT [ Fc}
= | = C2-| = tx=——
4|3 [ } NG

1l @) -0
4|V3 33| 4 33

1,26 _ €
4733 643
3
Hence, maximum volume of box is —= cu
6+/3
units. (1

18. Prove that the area of a right-angled triangle
of given hypotenuse is maximum, when the
triangle is isosceles. Delhi 2012C

Let a2 and b be the sides of right angled triangle.

/

B<—3g —»

(1/2)



From AABC, we have
c?=a’+b’

Area of AABC (A) = % a-b= % a\/cz —a?

[-b=4c?=a’1(1)

On differentiating w.r.t. a, we get

f‘—’ 3 2a)
da E e +— ! ~ 32

-_—-l Czd_a?‘_.___fi__ (1)
2 Jc? - a’
dA
For maxima and minima, — =0
da
:
= — cz—az—,—_-‘_a_ﬂ ={)
2 «ch—az
- c2-a?2-a*’=0 = c?=2a?
C
— a=——

1 cza
RN, <0 (1%)
- Area of AABC is maximum and
b=4c?—a’=42a’-a’ =a (1)

Hence, triangle is isosceles.  Hence proved.

19. Show that the right circular cone of least
curved surface and given volume has an
altitude equal to 2 times the radius of the
base. HOTS; Delhi 2011



- {0 Using the result, volume of cone, U =3 nr*hand

curved surface area, §= mrl. Make the relation
between U and S, differentiate it and simplify to .
. gettheresult.

Let C denotes the curved surface area, r be the
radius of base, h be the height and V be the
volume of right circular cone.

To show, h=2r
We know that, volume of cone is given by
v=lafh =h=22 .0
3 nr

Also, the curved surface area of cone is given
by C =mnrl, where [=+r’+h? is the slant
height of cone.
C=mnr m
On squaring both sides, we get
CF=7 +h) = C=pr"4pnrh

Let (=2

Then, Z =’ + n°r’h? .. (i)
2
= Z =7+ nzrz(?’—\’;) [from Eq. (i)]
r |
2
= Z=nr" + 1%’ x (1%)
T
2
= Z=n%"+ %
;
On differentiating both sides w.r.t. r, we get
dZ _, .3 18V7
— = AT — (1)
dr r
For maxima and minima, put Gs 0
dr
2 2
= 4n’’ - 18y =0= 4n’F = 18?/




r - r
1 2 1
=" Ar’r® =18 (3 nrzh) [ Ve 5 n'rzh}

-  4n%® =18 x ~;— n’rih?

=  4n%° =20%*h? = 2P =h? s h=A2r

Hence, height = x5 [radius of base](1%2)
2
Also, L £..5 (d_z_]
dr

dr? T dr
: 2 2
N P N L) PP Y
dr I r*
2 2
BT SV
dr r

= Z is minimum=> C is minimum.

Hence, curved surface area is least, when

h=A/2r. (1%)

NOTE If C is maximum/minimum, then C* is also
maximum/minimum.

20. A window has the shape of a rectangle
surmounted by an equilateral triangle. If the
perimeter of the window is 12 m, then find
the dimensions of the rectangle that will
produce the largest area of the window.

Delhi 2011

let ABCD be the rectangle which is
surmounted by an equilateral AEDC.

E
V/ \Y

D/i—}’—)- C
! !
ﬁd—y—bg

MlAtar mivinn that



I‘HUVV; SIVCII Liac

Perimeter of window =12 m

=3 2x+3y+y=12

. X=6-2y )

Let A denote the combined area of the
window. Then,
V3

A =ty

-» combined area = area of rectangle
+ area of equilateral triangle

= A:V(6-2Y)+-\§Y2 (1)
[ x =6 — 2y from Eq. (i)]
= A =6y — 2y? +3—F—y2
On differentiating w.r.t. y, we get
o e dy + 293 y (1)
dy 4
. L dA
Now, for maxima and minima, put == =0
y
= b-4y+ i y=0
@ 12
=3 y|l—=4|=-6 = y=
( 2 83

!
Now,d—é-zi(dA) d[6 4y+-2—\/:y}

dy? dyldy) dy
=_4+2\/§=—8+\/§<0
4 2
SCA IS maximum. (M
12 . :
Now, on putting y = in Eq. (i), we get
8 -3

Uit |98 -z>x=48—6\f§—
8 —al3 . B—al3



L _24-6V3
8 —+/3

Hence, the area of the window is largest and
the dimensions of the window are

24 - 643 12
X=———"= and y= )]
8-43

(1)

ey

21. Show that of all the rectangles inscribed in a
given fixed circle, the square has the
maximum area. All India 2011

Let ABCD be the rectangle which is inscribed
in the fixed circle which has centre O and
radius b. Let AB =2x and BC = 2y.

7 i 1 r

b/"o 2y

Sy

In right angled AOPA, by Pythagoras theorem,
we have

OP? + AP? = OA”
= 4y =b' =y’ =bt -5
= y =+b? — x° () (1)

Let A be the area of rectangle.

A =(2x) (2y)
[~ area of rectangle = Length x Breadth]
=7 A = 4xy

=  A=4xqb%—x? [ y:\/m]

On differentiating w.r.t. x, we get
B _ 4x--»d~\}b2 —x? +4b% =X --ci(4x)
dx dx dx
dA . —2X ) .

E 2 2



= —— =4X- T
dx 24.,/b2—-x2 ¥
(g3, 3 | B
_4 bs — x —x]
b? — x?

dA (bz—-2x2
= — =4 | =
dx ! bZ_XZ

_ - - dA
For maxima and minima, p_ut'd—~ =0

X
2 5.2
}b2 —X2
2 b% - 2x* =0 =2x* = b?
. c= b
J2
[.- x cannot be n¢ gative]
Also, d’A _d (dA)zd 4(b* — 2x?)
dx? “dxldx ) dx b2 — 2
dzA d 2 2 2 2,-1/2
2
= d—’j=4{—4x(b2—x2)-"’2+fb2-2x
dx
(_ l) (b2 — X332 2x)]
2
_y dzA —4x x(b% -2x% | )
dx? \/bz i bz )2
On puttmgx——\E we get
s L PR
d’A_,l 2, V2 2
dx L2 b2 (. 2 b2\3f"2

(1)



)

-4
_4] Y2 40
b2
V2
2
-q—é:—16<0
dx

2
9'——? <0.S0, A is maximum at x = . . (M)
dx V2

Now, putting x = —b— in Eq. (i), we get

)

b? b? b
=b2_=\/_=._
y\/ 2 2 42

x=y=—-l-j—- =3 2x=2y=x5b

NG

Hence, area of rectangle is maximum, when
2x = 2y, i.e. when rectangle is a square. (1)

22. Show that of all the rectangles with a given
perimeter, the square has the largest area.
Delhi 2011

;}'{;? Using the formula perimeter of rectangle,
~* P=2(x+ y)and area of rectangle, A=xy.Making a |
relation between A and P, differentiate A with
respect to x and simplify it.



Let x and y be the lengths of two sides of a
rectangle. Again, let P denotes its perimeter
and A be the area of rectangle. Given,

P=2(x+y) (1)
[+ perimeter of rectangle = 2 (/ + b)]
e P=2x+2y
P-2 ;
= y = - () (1)
2
Also, we know that area of rectangle is given by
A=X
- Ao (P ‘22"‘] by using Eq. i)
2
2
On differentiating w.r.t. x, we get
dA P-4
oy - (1)
dx 2
: UL dA
Now, for maxima and minima, put e =
X
- P‘24"=0 = P=4x 1)
=5 2x + 2y = 4x [oPe=2x+ 2]
— Xe=y

So, the rectangle is a square.
5 _
Also, g——A—=i(P 4X)=—i=-—2<0
dx? dx\ 2 2
= A is maximum.

Hence, area is maximum, when rectangle is a
square. (1)

23. Show that of all the rectangles of given area,
the square has the smallest. perimeter.
Delhi 2011



Let x and y be the lengths of sides of a
rectangle. A denotes its area and P be the
perimeter.

Now, A = xy
[ area of rectangle = [ x b]
= y = é URR))
X
And, P=2{(xX+Y

[ perimeter of rectangle = 2 (/ + b)]
— P=2 (x+é] [‘.‘}/:éby Eq.(i)] (1
X X
On differentiating w.r.t. x, we get

dP A
=S | 1
? ( ] 8

X

For maxima and minima, put %g =0

= 2(1-.’_}):0 = 1= M
’ X X

= A= x’

— Xy = X ['- A = xyl

= X=Y (1)

d’p d A 2AY) 4A
Also, —=—|2|1-=||=2|—~<|=—7% 0
g dx? dX[ ( xzﬂ [x3) X 3

Here, x and A being the side and area of
rectangle can never be negative. So, P is
minimum.

Hence, perimeter of rectangle is minimum,
when rectangle is a square. (M

24. Show that the semi-vertical angle of a right
circular cone of maximum volume and given
slant height is tan™? /2,

All India 2011, 2008; Delhi 2008C



Let h be the height, / be the slant height, r be
the radius of base of the right circular cone and
o be the semi-vertical angle of the cone.

V

Nl

h
A\d:r:m__,/lﬁ
In AVAC, by Pythagoras theorem, we have
P=r+h* = r*=F-h .00
Let V be the volume of cone which is given by

Vzlnr2h=> v="02=h-h
3 3

/

= V=g(zzh—h3) (1)
On differentiating w.r.t. h, we get
dV = 2 2
—=—"-3h (
dh 3 } )
For maxima and minima, put :'—: 20
= -’;(12—%2):0 = 12 = 3h?
=> r? + h? = 3h* [ 12 =r? +h?)
- R =r* =r=+2h .G (1)
Now, in right angled ACVA, we have
AC
tano = —
vC
= tana=i— [- AC =rand VC =H]

s tano = % Jiegees J2h, by Eq. (ii)]



— tanc = v2 (1)

= o =tan"'2
2
Also, gy _g [E (12 - 3h2)]
dh? dh|3

=«;£(m6h) =-21th<0ash>0.

- Vis maximum.
Hence, the volume is maximum, when

a=tan"' V2 %))

25. Find the point on the curve y* = 2x which is

at a minimum distance from the point (1, 4).
HOTS; All India 2011, 2009C



{Z) Firstly, consider any point on the curve, use the -
~ *  formula of distance between two points. Then, -
square both sides and eliminate one variable |
with the help of given equation. Further,
differentiate and solve it to get the result.

The given equation of curve isy* = 2x and the
given point is Q (1, 4).

Let P(x, y) be the point, which is at a minimum
distance from pointQ (1, 4). (1)

Now, distance between points P and Q is
given by

PQ = /(1- %2 +(4—y)?

[using distance formula]
S =406 — %) + ly, = y)?]
= PQ =\/1+x2 ~2x+16 +y* -8y

=\/rx2 +y? —2x -8By +17
On squaring both sides, we get
PQ%=x*+y? - 2x -8y +17

v > 2
= Psz(-;] +y"'-2(Z2-]—8y+17

yz
-+ y? =2xis given = xzm]

2
4
PQ? z—%—y —y? -8y +17
4
= PQ? I—8y+17 (1
let PQ?%=2Z
4

Then, Z=%-8y+17



On differentiating w.r.t. y, we get

dZ 4/
—="r _g8=y"-8 1
dy 4 4 0
For maxima and minima, put . 0
dy
= y' —8=0
= yj =8
= =) (1)
d’z d )
Also, ——=—(y —-8)=3
dy® dy v '

On putting y = 2, we get
2
[dz} =3(2)2=1250
y=2

dy’
2
—d z >0
dy2
s Z is minimum and therefore PQ is also
minimum as Z = PQ?2. Q)]

On putting y =2 in the given equation, i.e.
y? = 2x, we get

2P =2x = 4=2x = x=2

Hence, the point which is at a minimum
distance from point (1, 4) isP (2, 2). (1)

26. A wire of length 28 m is to be cut into two
pieces. One of the two pieces is to be made
into a square and the other into a circle.
What should be the lengths of two pieces, so
that the combined area of circle and square
is minimum? All India 2010



X ) Firstly, ﬂnd Iength of cwcular part and ltS
- circumference and calculate the length of square |
part and its perimeter. Add these two terms and .
equate it to 28 m and apply second derivative |
test to get desired result.

Let x m be the side of the square and r be the
radius of circular part. Then,

Length of square part = Perimeter of square
= 4 x Side = 4x
and length of circular part
= Circumference of circle = 2mr
Given, length of wire =28 = 4x + 2nr = 28

=3 2x+1nr=14
14 — 1tr .
o — )
2
Let A denotes the combined area of circle and
square.
Then, A=mr? + x*
= A=mr’+ (142 nrJ

[ _ 14; nr | (”J

On differentiating w.r.t. r, we get

LA S (Ji:_.@t) (_ zf]
dr 2 2

147 - 7tr

= D |t TR T
nr [ s (1)

For maxima and minima, put g/—q— =0

3 dr
= 2nr-(14n2_n r]:o

=5 ' dMr = e



= r=—— (1)
T+ 4
2
AISO, q_A_ - Ej [dA}
dr®  dr\dr
= g_ [2 T — []_45:“{:;{J}
r 2
2 2
— (Lﬁ:2n+g—>0
dr? 2
2
Thus, d—2>O:>Ais minimum. (1)
r

, 1 : ;
Now, on putting r = —%— In Eq. (1), we get
T+ 4

14
14-g| —
. (n+4J_14n+56-14n_ 28
2 2(n+4 = n+4
(1/2)
= L and r = 0 (1/2)
m+4 n+4
Now, length of circular part
14 28n
= ANMF =21 & — e
n+4 mw+4
28
and length of square part = 4x = 4 x
T+ 4
112 .
8 (1)
T+ 4

which are the required length of two pieces.



27. An open tank with a square base and vertical
sides is to be constructed from a metal sheet,
so as to hold a given quantity of water. Show
that the total surface area is least when depth
of the tank is half its width. All India 2010C

. Let the length, breadth and depth of the open

tank be x, x and y, respectively. Length and
breadth are same because given tank has a
square base. Again, let V denotes its volume
and 5 denotes its surface area. Now, given that

V =x% wo§i) {1}

Also, we know that the total surface area of the
open tank is given by

S=x2+4xy -..(H)

[- S = Area of square base

+ Area of the four walls]

On puttingy = \';from Eq. (i) in Eq. (ii), we get
X

S =x* +4x. %
X
=5 S=x*+ i\f (1)
X
On differentiating w.r.t. x, we get
ds 4v
IR 2;{ -
dx e
_ o " dS
For maxima and minima, put — =0
dx
= 2x - ég =1
- ;
= 4v =2x° (1)
= 4x%y = 2x* [+ V = x%, from Eq. (i)]
X
— . v
¥ y 2
S0, depth of tank is half of its width. (1)
2
Also, g 5, = g (E'S] = B (2){ - i\i]
dx- dx\dx) dx x?

a\v/



g B g FONY [from Eq. (i)]

8v
=2+-—=>0asx>0andy>0 (1)
¥

Thus,
2

>0,

dx
= S is minimum.

Hence, total curface area of the tank is le.
when depth is half of its width. (v,

28. Show that the volume of the largest cone
that can be inscribed in a sphere of radius R

is § of the volume of the sphere.
27 Delhi 2010C

Let R be the radius of sphere, r be the radius of
base of cone and h be the height of cone.

Then, from the figure,
h=R+ x (1(1/2)
Let V denotes the volume of cone. Now, in
right angled AOCA ,we get
| OA*=0C* + AC*

[by Pythagoras theorem]
= R? = x* + r?
B 2 —RZ_ 2 (i) (1)



— [ BN ~ YEFR N ¥/

Also, we know that, volume of cone is given

Vzlnrzh
3

— V:%R(Rz—le(R+x)
h=R + x, fromEq.(i) ]

and r*=R? - x?, from Eq.(ii)
= V=—§(R3+R2x-—sz-—x3)

On differentiating w.r.t. x, we get

dV = 2 2
& T R2_2xR-3
dx 3( X £
- VY _ T R? - 3xR + xR - 3x]
dx 3
g[ (R - 3%) + x (R — 3x)]
= VT Ry R =3 (1%5)
dx 3
For maxima and minima, put Z’—V =0
X
s E(R+x)(R-3x)=0

= EitherR+ x=00rR-3x=0

Now, R + x = h which is height of cone. As h
can never be zero. So, R + x =0 is rejected.

R-3x=0
=% =R
R

(1)



dx
2
— Ei—,f T (2R - 6x)
dx 3
d?Vv
= | E[2R—Qﬂ
dx* | _rR 3 3
"3
:E(_4R)=—i§§.<0
3 3
d2
Thus, T<0=>v]5 maximum. (1)
dx
Now, volume of cone isV = ;t (R? — xz) R+ x)

On putting x = g, we get

P
w=Elpr_ & 1l B
3 9 (| 3

:32:rrR3 _ 8 (4 R3J
81 27\3

s % [Volume of sphere]

[ volume of sphere = -; RR3]

Hence, volume of largest cone

8
= = [Volume of sphere]

(1)
29. Find the maximum area of an isosceles
2 2

triangle inscribed in the ellipse LI =],
25 16

with its vertex at one end of the major axis.
HOTS; Delhi 2010C



Given equation of ellipse is

2 .2
LI
25 16
Here, a=5b=4
: a>b

So, major axis is along X-axis.

Let ABTC be the isosceles triangle which is
inscribed in the ellipse. And OD = x, BC =2y
and TD =5 - x.

Y
A
B(0, 4)
X' < /— DG PSS X
A'(-5, 0)! T(5,0)
C .y
Y

Yo’
Let A denotes the area of triangle. Then, we
have

A=%><BasexHeight=—21~><BCxTD

=3 A=~:;--2y(5—x)

= A=y(OB —-x) (M
On squaring both sides, we get
A?=y? (5 - x)? ..(i)
2 2 2 2
Now, LIVEN: JI, QP SN .08
25 16 16 25
= 21653
25
On putting value of y? in Eq. (i), we get
A2=18 o5 _ 5 _ ¥’

~ o



D
Let Al=7

Then, Z= ";_E" 25-x3)G5-x% (1)

On differentiating w.r.t. x, we get
d_Z E[25**x)2(5—><)(—1)+(5—><)2(—2X)]
dx 25

= % (=2) (5 — x)* 2x + 5)
:23;—2(5 —x)%2x + 5) (1)

For maxima and minima, put %Z— =1
%

= —%(5-x)2(2x+5)=0:>x=50r—§(1)
Now, when x—S then

2-2—(25 25)(5-5)%=0



which is not possible. So, x =5 is rejected.
s 2
2
dZ d (dz] d
Now, =l el e
dx? dx\dx) dx
[— 32 592 2x+ 5)]
25
:,_%%[(5 —%22-Q2x+5)26 -]
=—6—4{5 —X) (—3X)=192X {5 --X)
25 25
2
At x = :..5_.! d_Z <0
2 dx? g
2

= Z IS maximum.

(1)

y y 5
o Area A is maximum, when x=—5and

y=12.
Also, the maximum area
2
T Al 12 25—-2-5) 542
5 4 2
:Ex—@-xg?i:3x225
43 4 4

Hence, the maximum area, A

=153 sq units

=43 %225

(1

NOTE If A is maximum/minimum, then A? is

maximum/minimum.

30. Show that the right circular cylinder, open at

the top and of given surface area and

maximum volume is such that its height is

equal to the radius of the base.
Delhi 2010; 2009C



Let V be the volume, S be the total surface area
of a right circular cylinder which is open at the
top. Again, let r be the radius of base and h be
the height.

Now, S =2nrh+ nr’

[+ cylinder is open at top]

.
oy el (i) (1)
271r _

Also, volume of cylinder is given by

V =nrh

2
ey (gl [5 = ] [using Eq. (i)]
27r
V= rS —2.1'(!'3 A

On differentiating w.r.t. r, we get

2
dv _5-3m N
dr 2
: Y 1%
For maxima and minima, put = =0
| X
2
i 23nr =0 = S=3nr
=5 2nrh + nr? = 3ar’ [from Eq. (i)]
=5 h=r (1)

. Height of cylinder = Radius of the base

d®v d (dv\ d (S -3nr’ 6mr
AISO,—:—"— —_—l=— == —
dr? dr\dr dr 2 2
=—3nr<0,asr>0 (1)
2
Thus, —— <0 = V is maximum.

dr?

Hencé, volume of cylinder is maximum, when
its height is equal to radius of the base. (1)



31. A manufacturer can sell x items at a price of
3 (5 . ] each. The cost price of x items is
100
4 (% + 500} Find the number of items he

should sell to reach maximum profit.
HOTS; All India 2009

Given the manufacturer sells x items at price of

4 (5 - —x-~) each.
100

. Total revenue obtained

bl

Also, cost price of x items =% (g + 500)

—

1)

Let P(x) be the profit function. Then,
we know that
Profit = Revenue — Cost (1)

2
P=|5x-2_ ~(i+5oo)
100) {5

—x?  24x
= +
100 5
On differentiating w.r.t. x, we get
dP _—~2x 4 24
dx 100 8

=N - 500 (1)

For maxima and minima, put% =0 (1)
X

—2x 24

N - —-

100 5
N X =240 (1)

0



Also,

Thus, at x = 240,

dx* dx\dx) dx\ 100 5

= - 2 = — ! <0
100 50
2
d—f <0 = P is maximum.

dx
Hence, number of items sold to have
maximum profit is 240. (n

32. If the sum of the lengths of the hypotenuse
and a side of a right angled triangle is given,
show that the area of the triangle is
maximum when the angle between them is

/3.

HOTS; All India 2009



Let ABC be the right angled triangle with
BC = xand AC =h.

N\

h
0
B-d— X —— C
Now, giventhat h+ x=a waihl]
where, a = constant (1

And A denotes the area of triangle. Then,
A= % x BC x AB

= A=%x-«,/h2—x2
[in right angled AABC,
AB? = AC* -BC*=h* - x*| (1)
. AB=+h* - x*
On squaring both sides, we get

2 x* 2 2 2 x* 2 2
A =Z(h - X) = A :;[(a—-x) - x“]

[ h=a-x from Eq. (i)]

23
4 Ag _ aXx 28X3 (1)
4+
On differentiating both sides w.r.t. x, we get
249 1 22% _6a) ...(ii)
X 4
= d—A =—1—{2a2x—6ax2)
dx 8
For maxima and minima, put (Z—A =1
X

= --1——(2a2x-6ax2) =0
8A



= 232x=63x2=>x=§- (1/2)

Again, differentiating Eq. (ii) w.r.t. x, we get

2
2A-dA+dA-2dA=l(2 2 Y2
dx? dx dx 4
2 2
2A.M+2(gﬂ) =l(282—123x)
dx? dx 4

On putting Bt =0and x = -al, we get
dx 3

2
2Ag—ﬂ=l[232—12ax-a-]
4 3

dx?
2
A
— _(LE.:L[232“~4a2]
dx- 8A
__2a"__a
8A 4A
2
%—fj-( 0= Aismaximum. (1%)
X

Also, in the given right angled AABC, we
have

BC «x X
cosf=—=—= o h=a—X
A h a-x [ !
K¢
3 3 a 3 1
Cos = - = SRS
[a___a) [Za) 3 Za 2
3 3
= c059=l =% c059=c05~7£ = (&):EIE
2 3 3
Hence, area of triangle is maximum, when
0=" g

3



33. Atank with rectangular base and rectangular
sides, open at the top is to be constructed, so
that its depth is 2 m and volume is 8 m*.
If building of tank cost ¥ 70 per sq m for
the base and ¥ 45 per sq m for sides. What is
the cost of least expensive tank?
HOTS; Delhi 2009

. Let x m be the length, y m be the breadth and
h=2 m be the depth of the tank. Let ¥ H be the
total cost for building the tank. Now, given
that h = 2 m and volume of tank =8 m’

Also, area of the rectangular base of the tank

= Length x Breadth = xy m? (1)

and the area of the four rectangular sides
= 2 (Length + Breadth) x Height

=2 (x+Yy) x2=4(x+y) m? (1)
- Total cost, H =70 x xy + 45 X 4 (x + y)
= H=70xy +180 (x +v) (1)

Also, volume of tank =8 m?



= Ixbxh=8 = xxyx2=8

- y=§ i) (1)

On putting the value of y from Eq. (ii) in
Eqg. (i), we get

H:70x><ﬂ+180(x+i]
X X

=> H =280 +180 (x+i) .. (i)
X

On differentiating w.r.t. x, we get

d—H=180 (1—1)
dx 2

X

For maxima and minima, put %fi =0
X

:180(1—%)=0=>1——42-=0
X X

[ x>0l (1)

2
5 _
AISO, iﬂ:i[ﬁ]:i ]80(_i]
x?  dx\dx /) dx x2

:-8—3><180
X
2
Atx=2. di: =—§§x180=180>0
dx .

2
C;—';>O:>H isleastatx=2. (1)
X

Also, the least cost = 280 + 180 (2 + 54)
[put x = 2in Eq. (iii) to get least cost H]

=280 +180 x 4 =280 + 720 =%1000

Hence, the cost of least expensive tank is
31000. (1)



34. Show that the height of the closed right
circular cylinder, of given volume and
minimum total surface area, is equal to its
diameter. All India 2008C

3. i P —

> Here we have two mdependent variables r and h z
* so we eliminate one variable. For this, find the |
! value of h in terms of r and U and put in surface .
area, then use the second derivative test. '

St re——n s PSP ceeed

Let r be the radius of base, h be the height, V be
the volume and S be the total surface area of
the closed right circular cylinder. Then, given



V = nr’h

- h=2 0@
r

Now, we know that, total surface area of
cylinder is given by
S =2nr’ +2nrh

— 5=2nr2+2ﬂ:r[%)
r
[ fis %, from Eq.(i)]
nr
e S=2nr’+ 2—\—/

r
On differentiating w.r.t. r, we get

ds 2V
— = 47r — — 1%
dr r? {1
. . dS
For maxima and minima, put 5 =]
r
=% 4J'cr——2——2z=0 == V=2n-
r
— nr’h = 2nr [V = nr?h
= h=2F
i.e. Height = Diameter of the base (1%)

d’s d (dsJ d ( 2\/)
Also, —=—|—|=—|4nr- =
dr dr\dr) dr r2

:4n+i}/~>0, asr>0andV>0
r

2
Thus, g——i:—(}
dr
= S is minimum. | (1)

Hence, total surface area S is minimum, when
height is equal to the diameter of the base. (1)



35. Show that the volume of the greatest
cylinder can be inscribed in a cone of height

. . 4
h and semi-vertical angle o is = nth? tan? o
All India 2008

Let VAB be the given cone of height h and
semi-vertical angle o. Again, let V denotes the
volume of the cylinder. From the figure, we

have
O N\ D I

h

(1/2)

H
AT e

Radius of base of cylinder = Q’C =r
H = Height of cylinder = OO’ = h - VO’
Now, in right angled AVO’C, we have

pne=2 e L ie@itag
vO’' VO’
= P A
tan o
= VO’ =r cota (1)

. Height of cylinder, H = OO’
| =h-VO’=h-rcota
Now, volume of cylinder is given by

V=nr’H
= V=nr’th—rcoto) ..(0)
[“H=h-rcoto]
- V =nr*h - = cota

On differentiating w.r.t.r, we get

%! =2nrh—3nr’ cotar (1%)
r



For maxima and minima, put % ={)
r

— 27trh — 37nr? coto =0

=3 ; ‘ r=—2—ﬁtan0t (1)
3
2
Also, .d_‘f/_:i(iv_)
dr* dr\dr)
d 2
= — (27nrh—-3nr° cota)
dr
2 :
= dY=2nh—6nrcota'
dr*
2
Atrzgﬂ, d—v
3 | dr? 2h
r=-§--ranot

= 21th - 6T coto (%Q tan (1)

= 21h — 4nth tan o cot o
= 2nth - 4xwh
[+ tano cota =1]

=—-2nth<Qash>0 (1)
2

Thus, %—;/ <0 = Vis maximum.
r

36. Show that the height of the cylinder of

maximum volume that can be inscribed in a

. o
cone of height his = h.
3 Delhi 2008



Let VAB be the given conegof height h and a
semi-vertical angle o. Agairﬁ: let V denotes the
volume of cylinder. From tle figure, we have

4

L |
Apl

(1/2)

H = Height of cylinder = OO” = h - VO’
Now, in right angled AVO’C, we get
! r

tano = =
vO’' VO’
= VO = r =r coto &)
tan

.. Height of cylinder = H
=h-VO’=h-rcota
Also, radius of base of cylinder=0C =r

~. Volume of cylinder is given by
V=mnr’H=V=nr’th-rcota)
[H=h-rcota]

= V =nr’h - nr cota

On differentiating w.r.t. r, we get

QK = 27trh — 3wr? coto
dr
For maxima and minima, put (j;{—v =0
r
- 2nrh = 3nr? coto =0

. r:%’ltana (1%)



dv d (dv)
Now, —=—|—
dr? dr\dr
d 2
=— (2nrh - 3mr” cot)
dr
=2nth - 671r coto
2
At r= %Q tanao, (—i-i
3 dr? 2h
I 3 tan o

=2nth-6m cota-%tana

= 21th — 4rth tan o cot o
=2nth — 4nh [ tana cota =1]
=-—2nth<0ash>0

2

Thus, %—\;{ < 0 = Volume is maximum. (1%2)
r

Now, height of cylinder, H = h—r cota

=h—%tan0cc0ta [ r——-gﬁtana]
3 3

=h—&=ﬁ [-tano - cota=1]
3 3

Hence, height of cylinder of maximum
volume that can be inscribed in a cone of

height h is % h. (1%)
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