DirectionCosines & Lines

1 Mark Questions

1. Write the distance of a point P{a, b, ¢) from
X-axis. Delhi 2014C

,Q Let any point on X-axis be Q(x, 0, 0). Then, useé
% the formula for distance of point R{x;, ¥;,2)
from S(x,, ¥,5,Z3)

=\ﬁx2 —x)2+ (=)t -7)

!

i
1
H

Given point is P(a, b, c).

Let the coordinates of the point on X-axis be

(a,0,0). (1/2)
[- x-coordinate of both points will be same]

. Required distance

= Ja-a?%+0-b)?+0 -c)?
=0 + b2 + 2

= b2 +c2 (1/2)




2. If the cartesian equation of a line is
=E y¥e o2 f—é, then write the vector
a 7 4

equation for the line. All india 2014

Given cartesian equation of a line is
3-x y+4 _2z-6
5 7 4

On rewriting the given equation in standard
form, we get

x—3:y+4=z—3:}h

let
-5 7 2 Llet]

= x=—5A+3, y=7A-4
and z=2A+3 (1/2)

Now, XF+_)/E+ zk
— (<57 +3) + (7A - D] + 2L + Ik
=37 — 4] + 3k + A (=51 + 7] + 3K
s 7 =t A 8l & ST T

which is the required equation of line in
vector form. (1/2)

3. Write the equation of the straight line

through the point (o, f,y) and parallel to
Z-axis.



The vector equation of a line parallel to Z-axis

is Fnu)=0?+0}:+l;. Then, the required line
passes through the point Ale,,y) whose

—

position vector is A =af+ﬁf+y}: and is

parallel to the vectorm = 0i + Of + IZ). (1/2)

. T —
. The equationis r = f+Am

=(af+Bf+y!2)+l(0f+0f+§)

= (o:f + Bf + ylz) + l(ﬁ) (1/2)
4. Find the direction cosines of the line
b-x_y _1-z
2 6 3 Dethi 2013C
Given, equation of line is et 1 9 Ko’
6 3
It can be rewritten as il ) 21
- 6 -3
Here,DR’s of the line are -2, 6, — 3.
Now, \/(—2}2 +62 + (=32
=J4+36+9
= /49 = 7 units
~.DC’s of a line are—g,é, —3. (1)
7 7 Fd

. 5 AT
5. If a unit vector a makes angles g with i, T

with f and an acute angle 0 with k, then find
the value of O. Delhi 2013



a . = N .0 &
Given unit vector a makes angle h with i, 1
T % T o5 2 | A
with j and 0 k. So, a = = with i, B = 3 with |
and y =6 with .
Now, cos’ % + cos? E +cos?0 =1

[--cos® o + cos’ P + cos’y =1]

=5 l+_1_+c0529:1
4 2
= c0s?0 =1- =~ (1/2)
4 4
.
= cos =+ —
2
= cosf= %, as 0 is an acute angle.
8=" (1/2)
3

6. Find the cartesian equation of the line which

passes through the point (-2,4,~ 5) and is

parallel to the line _x+3:i+;y = 228.

HOTS; Delhi 2013




L( If two lines are parallel then they both have same |

| e dlrectlon ratios. Use thls result and sumphfy it.

Given, the required line is parallel to the line
x+3 4-y z+8 or x+3 y—-4_2z+8

3 5 6 3 -5 6
-.DR’s of both lines are proportional to each
other. (1/2)

The required equatiori of the line passing
through (-2, 4, — 5) having DR’s (3, —5,6) is
x+2 y—-4 _z+5 (1/2)

3 -5 6

. If aline has direction ratios 2,-1, -2, then
what are its direction cosines? Delhi 2012

Given, DR’s of the line are 2, -1, -2.
.. Direction cosines of the line are

2 ~1
Sl e 22 2P s 022
-2
J@2 + (=12 + (<22
’.” = . , M= b
{ \/az_+b2+c s/a +b? +c?

- c ]
w./az+bz+c2
2 1 -2
_\/4+1+4'J4+1+4'\/4+1+4
-2 2 —1 -—2

(II 3 i




8. What are the direction cosines of a line which
makes equal angles with the coordinate
axes? Foreign 2011; All India 2009, 2008C

Given, line makes equal angles with
coordinate axes. Let o, B and y be the angle
made by the line with coordinate axes.

Than, o=P=y= cosa = cosfP = cosy
= l=me=n ()
['v [=coso,m=cosP, n=cosy]
“We know that, 2 + m2 + n? =1

PelP+F=1 [from Eq (i)]

1
= 32=1 = = _:>;_+___,
From Eq. () d|rect|on cosines of a Ilne are
_—-,__—, + . (1)
V3'T 43 ﬁ

9, Write the vector equation of the line given by
x-5 y+4 z-6

3 7 2 Delhi 2011,2010

Given equation of line in cartesian form is
-5 y+4 z-6
5 F 2
The point on the line is (5, — 4, 6) and DR’s
are (3, 7, 2).

We know that, vector equation of a line , if
- ' —

point is a and direction of a line is b, is

- -

r=a+A\ b
-y
Here, a = (5, — 4, 6) and b (3, 7, 2).
So, equation of line in vector form is
—

r=(5i—4 +6k+AGi+7 +2 (1)



10. Equation of line is : ; X PER E¥E

2 1
Find the direction cosines of a line parallel to
above line. HOTS; All India 2011C

Given equation of line can be written as
x—4 y+3 z+2
2 - 2 %

Here, DR’s of a line are -2, 2, 1.

. DC’s of line parallel to above line are
-2

given by ————ee—,
=22+ @)% + 1)

2 1

J=22+@2+ 02 =22 + @72 +0)?
-2 o 1

JA+4+1 Ja+4+1 J4+4+1

202 1, 221

NCRRVERRE) 3°3°8,

Hence, required DC’s of a line parallel to the
2 1

given line are (— 3, —, —].
3 3 3

or

or

(1)

NOTE Before we can use the DR’s of a line, first we
ensure that coefficients of x, y and z are unity with
positive sign.

11. If the equations of line AB is

Sl Y L Z_-E,then write the
i -2 4

direction ratios of the line parallel to above
line AB. Delhi 2011C




Given equation of line can be written as
x—3 Y+l T=3
< 2 W
. DR’s of the line parallel to above line are
il
[ parallel lines have same DR’s} (1)

12. Find the distance of point (2, 3, 4) from X-axis.
Delhi 2010C

Do same as Que. 1. [Ans. 5]

13. Write the equation of line parallel to the line
X—2 y+3 _z+5

and passing through

-3 2
point (1, 2, 3). All India 2009C
Do same as Que. 6.| Ans. s B o Y S
-3 2 6

14. Wwrite the direction cosines of a line parallel
3—x_y+2 z2+12

to the line .
i -2 6 Delhi 2009(5
Do same as Que. 10. Ans. :é, i, 2
7 g7

15. The equation of line is
ix=3 y¥& n=1

4 3 3
Find the direction cosines of the line parallel
to this line. All India 2008
Do same as Que. 10. Ans. 2 E,i
77 7

16. The equation of line is given by
h-x y+3_2+2
2 5
cosines of the line parallel to above line.
Delhi 2008C

. Write the direction



-2 5 6
Do same as Que. 10. [Ans. ; g ]
J65 /65 /65

17. 1fP=(1,5,4)and Q= (4, 1, - 2), then find the
direction ratios of PQ. All India 2008

Given points are P(1, 5, 4 and Q(4, 1, - 2).

. Direction ratios of PQ =4-11-5,-2 -4
=3,-4,-6 (1)

[ DR’ s of line joining points P(x;, y;, Z¢) and}

Q(xy, Y2, Z7) are X, — X, Y2 = Y1, Z2 — Z1.

4 Marks Questions

18. Show that the lines r = (i + =KX B =)

and r = (Af — k) + u (2? + 3k) intersect. Also,
find their point of intersection. Delhi 2014



Given lines can be rewritten as

”~

F =4 B i-31 = & N0

_)
r =

(4+2W7 +0] +Cu—="Dk .0 (1)

Both lines intersect at a point, when their
respective components along i, j and k are

and

equal.

5 3A+1=4+2u

— 3A-2u=3 .. (iii)
1-A=0 (V)

and 3u-1=-1 (V) (1)

From Eq. (iv), we get A =1and put the value
of A in Eq. (iii), we get

31)-2u=3
=3 -2u=3-3
= u=0

On putting the value of u in Eq. (v), we get
300-1=-1= 0-1=-1

= —1= -1, which is true

So, both lines intersect each other. (1)

Point of intersection of both lines can be
obtained by putting A = 1in Eq. (i), then we get

T =40 + Of - &, which is the position vector of
the point of intersection (4, 0, —1). @)

19. Find the direction cosines of the line
Xx+2 2y-7 _5-1
2 6
equation of the line through the point
A(-1, 2, 3) and parallel to the given line.
Delhi 2014C

. Also, find the vector




Given equation of line is
x+2 2y-7 5=z
2 6 6
This equation can be written as
x+2 y-7/2 _z-5

2 3 -6
So, direction ratio’s of line are 2, 3, — 6. (1)
Now, direction cosines of a line are
P 3
= . s ,
V22 432 + (6)2 V22 + 3% + (6)2
—6
=
122 497 3 -5V
i +a +b E
vi= = ;
x/a2+b2+c2 \/az+b2+c2
+&
n=
1 Va2 +b? +c2
(1
o fes B g S g SB
Y49 a9 V49

So, direction cosines of given line are

273 -6
£

-6 and it passes through the point A
. 2, 3). So, required equation of line
parallel to given line is
+1 -2 -3
SR o (1)
2 3 -6
20. Find the angle between the lines

T =20 - 5] +k+ A3 +2] +6Kk)

3
4
Now, DR’s of a line parallel to given line are
2, 3
(-1

and 1 = 7fm6f—6ﬁ+u(f+2f+2§).
Foreign 2014; All India 2008 C



<7 If vector form of lines are r =a; + lbl and

EE
r=ap+ }kbz, then angie between them is

_| oy bzl
Ibzllbl

cos B =

!
b S S ———

The gwen equatlons of Imes are

r=@i-5i+D+AGi +2] 460 .00

- A A ~ A i -~
and r =(7i = 6] — 6k +uli +2j + 2k)...(ii) (1)
On comparing Egs. (i) and (ii) with vector
form of equation of line, i.e.

- = —
r=a+Ab,we get

— % = a =2 = = -
a=2i-5j+kby=3i +2j+6k

. — = - h e = ~
and az=7i—6i—6k,b2:i+2f+2k (1)
We know that, angle between two lines is

given by
Ib1 bzl
iy

3 +2] +6k) -G +2] + 2k \

I C0ER =
- |\/(3)2 @246 -0+ @)7 + (2)2|
(1)

cosO =

" — 3+4+12 |
A/49 x«/g\
19

cosB = —Ti1 = cosf ==
7X3 | 21

Hence, angle between given two lines is

0 =cos (E} (1)
21

=




21. Show that the lines X t2 =¥ *3 _2+5 .
3 5 7
2 1 R el ; B 26 intersect. Also, find their
point of intersection. Delhi 2014

The given lines are
i+] _¥+3 Z&>

- = - A [let] ...(1)
x=2 y—4 z-06 _ "
and g w o [let] ...Gi)
Then, any point on line (i) is
PGBA —15A -3, 7\ - 5) (i)
and any point on line (ii) is
Qu+2,3u+45u+6) (iv)

If lines (i) and (ii) intersect, then these points
must coincide.

3A=1=u+2
5A-3=3u+4
7A-5=5u+6

=% 3L—-u=3 (V)

5 A-3u=7 Vi)

7Ah —5u=11 ... (vii) (1)

On multiplying Eq. (v) by 3 and then
subtracting Eq. (vi) from it, we get

9N -3u-5A+3u=9-7

=5 qh =2 =¥ hzzl

On putting the value of A in Eqg. (v), we get
3x%—u=3 |

= §~u=3=>u=—§ (1)

MNn nuttina tha valitae Aaf 3 and 11 in Ex (i)



Al | HHL{III& e vadiluweo Wi vy Adiliu }4\- LN I...\.«l- '\\I’Il}‘.

we get
7xl—5(—i)=11
2 2
= Z+1-5—:11 => £=11
2 2 2
= 11=11, which is true. (1)

Hence, lines (i) and (ii) intersect and their
point of intersection is

P[3xl—1,5><l—-3,7><l-—5J
2 2 2

[mﬂk:%mEqﬁm]

- P(l,—l,-i) BT

22. Find the value of p, so that the lines
1-x 7y-14 z-3
[1 i = =
3 p 2
7—=Ix y=5_ G=2
3p d 5
are perpendicular to each other. Also, find the

equation of a line passing through a point
(3,2, —4) and parallel to line 4.

and b:

All India 2014

Equation of the given lines can be written in
standard form as

| X=1 y-2 Z-3

: = =

" w3 p 2
Fi
£=~1 =5 Z—H
and /,: = = (1)
237 5
7

Direction ratios of these lines are —3,27,2

3n



and - l;—, 1, — 5, respectively. (1

We know that, two lines of direction ratios
a;, by, ¢c; and a,, b,, c, are perpendicular to
each other, if

61512 + b1b2 + C1C2 =0

-3p p
=3 [——= —|(M+2) (-5 =0
( )[ = ]+[7J()+()( )

= PP _10=0
7 7

= 33—p=10=>p=7 (1)

Thus, the value of p is 7.

Also, we know that, the equation of a line
which passes through the point (x, y;, z;) with
direction ratios a, b, c is given by

X=X%_ Y™ n_Z-4

a b C
Hence, required line is parallel to line j.

So, a=-3, b=;=1and ok

Now, equation of line passing through the
point (3,2, — 4 and having direction ratios
(-3,7,2) is
X=3d_y=2 z+4
-3 1 2
J—% ¥Y~32 F+4q

3 1 2

(1)




23. Aline passes through the point (2,-1,3) and is
perpendicular to the lines

T =l+i-D+enl-2] +9
and r = (2 — ] —3K) +u (i +2] +2K). Obtain its

equation in vector and cartesian forms.
All India 2014

Given lines are ?:{}’+ ; —E) +k(2f~2f +!2)_

and T =27 =] =3k + AG +2] +2K).

On comparing with vector form of equation of
line?:a+Mg, we get R
by=2i-2j+k and b,=i+2j+2k The

required line is perpendicular to the given
lines. (1)



So, it is parallel to the vector

i ] ok
- -
b=b|><b2=2 ""2 1

1 2 2

=(~4-2)i-(4-1]+@+2k
=~ 6] = 3] +6k )

Thus, the required line passes through the
point (2,-1,3) and parallel to the vector

—6i — 3j + 6k.
So, its vector equation is
T =2 =] +3K+A (6] —3] +6K
The equation can be rewritten as
xf+yf+z§=(2—6l)?
+(-1-30)]+B+60k

(D

On comparing the coefficients of i, ; and k

from both sides, we get

x=2-6A, y=-1-3A, zZ=3+6A
X—2 z-3
——y

=g, Tilay =
-6 ~3 6
. 2m=x ~y=1 z=3
6 > 6
which is the required cartesian form of the
line. (1)

24. Find the shortest distance between the lines
whose vector equations are

T=i4] 402 -] +K)

and r = 2f+f~§+u(3f— 5f+2§].
Foreign 2014; Delhi 2008



Given equations of lines are

-~ ~ ~

=(+)+A@i=-]+k) 0!

4
r
=2 A - A A # A
and r=Q2i+j-KkK+u@i—-5j+2k..(i
On comparing above equations with vector
equation
- —
a+Ab, weget
-~ Y a

y=i+j by =2i—j+k

| -]
!

!

& - A = - . a
and a,=2i+j-k,by,=3i-5j+2k (1)
Now, we know that, the shortest distance

between two lines is given by
=

d i (b'| X bz) a (32 - a]) ..(“l)
- -
| by x b, |




i k
- -
b1><b2= .2 -1 1
3 -5 2

M
=i (-245) = j(4=3)+k(-10 +3)
= b, xby=3i -]~ 7k .(iv) (1)
and | by x by | = {32 +(=1) + (~7)
=y9+1+49=v59 ..V
— - a 2 ~ A A
Also, a,-a=Qi+j-k—-(i+}))
.

- k v (1)
From Eqgs. (iii), (iv), (v) and (vi), we get

g GBI --70-(-k
V59
" d:)3'0+7|— 10
V59 | V59
Hence, required shortest distance is
10 .
—— units, (1)

V59

25. Find the shortest distance bet;veen the two
lines whose vector equations are
¥ = +2] +3K) + A - 3] +2) and

.—.-)

=i +5/+k)+p2i +3/+k)  Delhi2014C



Given equations are
P - B 2 a¥. ap .
r=(+2j+3k+ Ali —3j +2k) )
?=(4?+5f+6l§)+u(2f+3}:+£) (i)
- - —
On comparing with r = a+ A b, we get
- 2 4 =3 A A Y
a=1+2j+3k b =i-3j+2k
- A - A 3 - Ao
anda, =4i +5j +6k, b, =2i +3j +k

=¥ =3 - A SR ~ »
Now, a,~a; =(4i +5j +6k) —(i +2j + 3k)

=37 +3] + 3k
ik
=
and byx b,=|1 =3 2 (1)
2 3 1

= (=3 -6) = j(1— 4) +k(3 + 6) =—9] + 3] + 9k

| Byx byl = (=9)2 + 32 + 9

= |bix by|=81+9+81=~171 1)

e e
Now, (a,— &) - (b;— b))
= (37 +3] +3Kk) - (=97 + 3] +9k)
=-27+9+27=9 (1)
~Shortest distance between two lines is

RN e

N3 -
= units
=% =3 V171

‘ | byx by |

26. Find the shortest distance between the

following lines:
¥+1 y#1 241 #=3 ¥y=-5 =7

7 -6 1 il <7 i [
Foreign 2014; Delhi 2008

(1)

SD =




Given equations of lines are
x+1_y+1_z+1

7 -6 1
x=3 y=8 =7

1 -2 1
On comparing above equations with one
point form of equation of line, i.e.

X=X Y~h ~£—5&

A1)

and kT

” B T e , we get
q=1b=-2,¢c,=1x=3,
Y1=5,2,=7

and a,=7,by=-6,
Cr=1x,=-1]
Y2=“1!22=_1 (1

We know that, the shortest distance between
two lines is given by

X2 = X% Yi— W Zy— 44
dy by G
d = a) b, )
(bic, — b2c1)2 + (G2 "'(7231)2'
+ (@b, — aby)?
—4 -6 -8
1 -2 1
7 -6 1
d= (1

J=2 +6)2 + (7= 1%+ (=6 + 142
[oXxy—=x=-1-3=-4y,-y=-1-5=-6,
Zy—2,=-1-7=-8]
—4(-2+6)+6(1-7-8(-6+14
J@? +6)% +(8)?
~4(4) +6 (—6) — 8 (8) :‘—16—36—64‘
J16 +36 + 64 Ji16




(1)

1 2
=116 _ 116 _ ¥116) ~ATe
V116 V116 V116
Hence, the required shortest distance is
V116 units. (1

27. Find the distance between the lines ll'and b
given by Ip: 7 =1 +2] — 4k + (27 +3] +6K),
bir =37 +3] - 5k +u(4i + 6] + 12K). Foreign 2014
Given equation of lines are
e RS # 9 3 % L
r=i+2j—4k+ M2i + 3] + 6Kk)
¥ : ¢ " 2 A ¥
r=3i +3j -5k +w4i +6j +12k)

" T —
On comparing with r = a+ A b, we get

ay =i +2] — 4k, b1 =27 +3] +6k

2, =37 +3] —5k, by =41 +6] +12k.
(1)

and

=5 = A A A A A %
Now, a,—a; = @i +3j —-5k) —(i +2j —4k)
=2f+f~§
7k

- -
and b;xb,=2 3 6
4 6 1

=136 -36) - j24-24) +k(12 -12)=0 (1)
So, both given lines are parallel and
b =2i + 3] + 6k
i j ok
ACARRAIN ) i
Then, bx(a; -)=(2 3 6
2 1 -1

—71(=3-6) = j(=2 =12) + k(2 - 6)

-~ -~ ”~



=-9i +14j — 4k (1)
Now, required distance between given lines
is given by

~

Bx (az *a1) | ~9i +14;

7;1 W2+

_/81+196-16 _ 261

V4+9+36 49
V261

o =

units (1)

—_—

28. Find the vector and cartesian equations of the
line passing through the point (2,1, 3) and
perpendicular to the lines All India 2014

=4 P=ld 2-3 gt Bl B

1 2 3 3 2 5

Any line through the point (2,1 3) can be
written as

= = (1)

where, a, b and c are the direction ratios of

line (i).

Now, the line (i) is perpendicular to the lines
%1 = 2 - 3

1 2 3
- x—Ozy—Ozzr—Ol
-3 2 5
Direction ratios of these two lines are (1, 2, 3)
and (-3, 2, 5), respectively. (1)
X a+2b+3c=0 ..(ii)

[+ if two lines are perpendicular, then

a2, + bib, + ¢ic, =0]
and - -3a+2b+5c=0 (i)
In Egs. (i) and (iii), by cross—mult:pllcatlon

o



we gel

a _ -b _ c
10-6 -9-5 2+6
a_b c
= 414 8
— E=£)-=—C—=}k [say]
2 7 4
a=2M\ b=7kandc =6A (1)

On substituting the values of a, b and ¢ in
Eq. {i), we get

x—2 y—=1 _EZ~3

2A 7\ O

x-2 y-1 z-3
= —) =

2 7 6
which is the required cartesian equation of
the line.
The vector equation of line which passes
through (2,7,3) and parallel to the vector

2i + 7] +6kis

(1

T=21+7+3k+AQ0+ 7] +6K

which is the required vector equation of the
line. ' (1)

29. The cartesian equation of a line is
6x—-2=3y+1=2z-2.Find the direction
cosines of the line. Write down the
cartesian and vector equations of a line
passing through (2, =1, — 1) which are
parallel to the given line. Delhi 2013C

Given equation of line is
6x-2=3y+1=27 -2

x—2/6 _y+1/3 _z-2/2
Ve  1/3  1/2

or




x-13 y+13 z-1
/6 13 12
i 1 11
~.DC’s ofalineare —, —, —. (1)
.
The equation of a line passing through
(2, — 1, — 1) and parallel to the given line is

><—2=y+1=z+1=;L [say](1)
16 1/3 1/2

HX*ﬁ:v~h=2*a}
CH b c

A
=3 x=2+—,y:—1+}— and z=-1+ —
6 £ 2

s A » A
Now, x:’+yj+zk=(2 +2’]:+(—1+-3—);

+[——1 + ?\i]k (1)
2

o 4 &4 14 12 12
=QRi-j-K+A|—i+— +*—k]
Ri—j-k+ (6' 3; S

—
= E

which is the required equation of line in
vector form. (1

30. Find the shortest distance between the
two lines whose vector equations are

~
.

r=(6 +2] +2K) + A —2] +24)

— A A ~ ~ S
r =(—4i —k) +u(3i —2j — 2k).
Delhi 2013C; Foreign 2011

and



Given equations of lines are

?=(6f+2f+2£)+k(f_2f+2§)
aiid 7 =iAf -Bani] 37«28

-5 =) —
which are of the form r = a+ A b.

A a ~ — ~ A ~
Here, a =61 +2j + 2k and b; =i - 2] +2k;

a,=-41 —kand by =37 -2j -2k

Then, aj-a =(-4i -k —(©67+2]+2K
—-107 -2 - 3k (1)
Pi ok
bixb,=|1 -2 2
: G

=i 4+ 4 =] (=2 -6 +k(-2 +6)
=3f+8f+4£ (1)

x byf = 8)% + (8) + (4)2
=64 +64+16 =/144=12 (1)

Lol

= =

Now, (a, — &) - (byX b))
=(-107-2] -3k -8i +8] + 4k
=—80—]6—12—F108

)

Required SD = ( = UiXb '
| byx byl )
‘ !:9un|ts (1)
12 |

31. Showthatthellnes
K =30 +2] =Lk + Al +2] +2K);

—

r = 5i-2j +u(3i +2j +6k)

are intersecting. Hence, find their point of
intersection. All India 2013



Given vector lines are
—

F =37 +2] — 4k + MG +2] +2K)

and r :5?—2}:+u(3}:+2f+6§)

Their cartesian form are

x-3 y-2 z+4 ;
e = F [say] ...(1)
X~585 %+2 E-1
3 2

Let (r+3,2r+2, 2r—4) and 3p +5,2p—2,6p)
be two points on the lines (i) and (i),
respectively.

If these lines intersect each other, then

and

=p [say]...(i)(1)

r+3=3p+5
= r=3p=2 i)
2r+2=2p-2
= r-p=-=2 Y
and 2r—-4=6p = 2r-6p=4
= r—3p=2 LAv) (1)

Now, subtracting Eq. (v) from Eq. (iv), we get
2p=—4 = p=-2

On putting p = — 2 in Eq. (iv), we get
r-(-2)=-2 = r=-4

. Any point on line (i) is

(—4+3,-8+2, -8-4=(-1-6,-12) (1)

and any point on line (ii) is

(-6+5,-4-2,-12)=(-1,-6,-12)

Since, both points are same, therefore both

lines intersect each other at point
(-1-6,~-12). | (1)



32. Find the vector and cartesian equations of
line passing through point (1,2, —4) and
perpendicular to two lines

x-8 y+19 z-10
3 16 7
(-dn Y= _2-9 mulvao
3 8 -5
Let the required equation of line passing
through (1,2,-4) be
X1 W—~2 Z+%

a b c

and

cnl])

Given that line (i) is perpendicular to lines
x-8 y+19 _z-10

3 ~16 7

and 3(—15 =Y-_29=Z“5 Ly (1)
3 8 )

We know that, when two lines are

perpendicular, then we have

a; a, + by b, + ¢;cy =0, where a,, b, ¢; and

a,, b,, c, are the DR’s of two lines.

Using this property, first in Egs. (i) and (ii)

and then in Eqgs. (i) and (iii), we get

3a~16b+ 7c =0 i)
and 3a+8b-5c=0 (V) (1)
On subtracting Eq. (v) from Eq. (iv), we get
3a-16b=-7c
-3a-8b=-5¢C
-24b =-12c
s _ £
2
On putting b = LB Eq. (iv), we get

2
3a—-16(%)+7c =0

= 3a-8c+7c =0



U
O8
s}
0y
i

o

s st = (1)

On putting a = % and b = % in Eq. (i), we get

the required equation of line in cartesian
form as

X1 y—=2 Z+14
¢y (e} <«
(3) (ZJ
[on multiplying denominator by 6]
x-1_y-2 z+4
2c 3¢ 6C
~1 y—2 Z+4+4
T 2 B
[dividing denominator by c]

Also, the vector equation of line is
_>

r=0+2] -4 +AQi+3+6k (1)
33. Find the angle between following pair of

lines
—X+d _¥=1 a+3
-2 7 =5
- x+2=2y—8=z—5
o | A 4
and check whether the lines are parallel
or perpendicular. HOTS: Delhi 2011

‘r.f.«

Gl 1,3_\_) Flrstly, we convert the glven lines in standard
form and then use the relation
cosl=__* @+ “._blb-,. +¢ ¢y

—

2 2
Val+b1+cl'\,02+b2+C%

tofind the angle between them.

Gwen equations of two lines are
—X+2 y-1 z+ 3

—_ m———

i 7 2




x+2 2y-8 z-5

-1 4 4
Above equations can be written as
Xx—2 y-1 743

2 7 =3
X+2 y—-4 z-5

-1 2 4
On comparing Eqgs. (i) and (ii) with one point
form of equation of line

X— X E—F
0y A L we get
C

and

ksl

and

(1) (1)

a b
31:2,b]=7,(:1=—3
and ag=—1,b2'—"2,(:2=4

We know that, angle between two lines is
given by
aa, + b1b2 +CiCH

cosf = 1)
\[31 +b1 +CI : 32+b2 +C2
[ (2) (=) +(7) (2) + (-3) (4
V22 + (7% + (=32
NED2 422 + (82
-2+14-12 0
= cosO = N
\/EEX@ FXJ‘
= COSB:COSE [ OZCOSn]
2 2
= B:E
2

. B
Hence, angle between them is o Since,

S
angle between the two lines is > therefore

the given pair of lines are perpendicular to
each other. (1)



NOTE Please be careful while taking DR’s of a line,
the line should be in symmetrical or in standard
form, otherwise there may be chances of error.

34. Find the shortest distance between lines

whose vector equations are
_)

F=(1-ti+t-2]+B-20k

r =(s+1)f+(25—1)f—(25+1)§.
HOTS; All India 2011

) F|rstly, convert both the equatlons in the vector

form which is r = Gk b. Then, apply the
shortest distance formula, !

o aolBixB)-@-a
, e
Given equations are
7={1-t)?+(t—2)f+(3—2t)kﬂ ()

and r=(s+1)i+Qs=10]-Q2s+1k ..

Firstly, we convert both equations in the
- = —

vectorformasr =a + A b .. (i)

So, Eq. (i) can be written as

o % i he; & i F
r=i—ti+tj —2j+3k -2tk
__._)

= r=(i-2]+30+t(~ +]-28 ..(v) )

and Eq. (ii) can be written as
-H) - ~ -, - A ~
r=si+i+2sj—j—-2sk-k
—.—}

= r=(-j-R+s(+2j-20 ..(v

Now, from Egs. (iii), (iv) and (v), we get
—

A ~ A _9 . ~ ”~
q=1-2j+3k by=-i-+j-2k
— i i P i . -~
A Pouce B e wd /B8 L



L= N ] By b2 =1 T L} — LK

.o | FT &
Then, b;xb,=i-1 T 3
1 2 -2

=i (2+D)=-]2+D+k(=2-1

— e P & 5
= byx by=2] - 4] - 3k

| by X byl = {/(2)? 2 +(-3)?
=\/4+16+9=x/2—9 (1)
-
Also, a, - a (r—;—k)—(:—2;+3k)

...1—4](

We know that, the shortest distance between
he lines is given as

— - j
d:‘r@ bz) (a;_*—c?q) 1)
I |b1 X b2|
Hence, required shortest distance,
2F — 4] = 3k) - (] — 4k)
d=
V29
10-4+12 l= 8
V29 J29
d= 8\2/5 units (1)

35. Find shortest distance between the lines

(:+2;+k)+k(;—[+k) and

(21 -] - )+u(2; + | [+ 2K).
Foreign 2011; All India 2. . 7

I

Do same as Que. 34. {Ans. ézé units]



36. Find the equation of the perpendicular from
point (3, -1, 11) to [TVTE 2 = ES = :
2 3 4
Also, find the coordinates of foot of
perpendicular and the length of
perpendicular. HOTS; All India 2011C

(? Flrstly, determine any pomt P on the glven hne
and DR’s between given point Q and P, using
the relation a; a5 + by by + ¢; c; =0, where
(a3, by, 1) and (ay, bz. ¢,) are DR’s of PQ and
given line.

leen equatlon of Ilne AB is
¥ y=2& Z+~3

- = = A sa

2 3 4 Ll
- X2 Yot pand 272 g,

2 3
= X=2Ay=3A+2
and Z=4A+3 (1
~.Any point P on the given line

=Q2A 30 +2,41+3)
Q(3,-1,11)
A H B

Let P be the foot of perpendicular drawn
from point Q(3, —1,11) on line AB. Now,
DR’s of line

QP=2A-3,3A+2+14A +3-11) (1)
= DR’s of lineQP =(2A - 3,3A + 3, 4A - 8)
Here, a =2A-3,b,=3A +3,c, =4A -8,
and a,=2,b,=3,c,=4

Since, QP 1L AB

.. We have, a,a, + byb, + cic, =0 ()



> 20A-3)+3GL+3) +4(41L—8)=0
= 4A-6+9A+9+16A-32=0

=5 29A-29=0
= 2904 =29 = A =1 (1)
. Foot of perpendicularP =(2,3 +2, 4+ 3)

=(2,5,7)

Now, equation of perpendicular QP, where
Q@3,-11YandP2,5, 7), is
x—=3 y+1 Z-=11
2-3 541 7-11
using two points form of equation of line,
X=X _Y~N _2-4
X=X Y2V 2274
x-3 y+1_z-11
-1 6 —4
Now, length of perpendicular QP = distance
between points Q(3, -1,11)and P (2,5, 7)
=@ =32+ G + 12+ (7= 117

- Distance

1. e.

N

=ix, %)% + by, - ¥ + (25 - 2)?
= 1+36+16 =53

Hence, length of perpendicular is v/53. (1N

37. Find the perpendicular distance of point

(1, 0, 0) from the lines

X; e +31  EF A s Bt

coordinates of foot of perpendicular and
equation of perpendicular. Delhi 2011C




Do same as Que. 36.

[ Ans. Length of perpendicular is J53.

Coordinates of Food of perpendicular
=(3, -4, -2)

; . x-1 vy z
-~.Equation of perpendicular = = =
q perp > i

38. Find the points on the line
E+d yo+l Z-3

3 2
from the point P(1, 3,3). All India 2010

at a distance of 5 units

Given equation of line is
¥+2 Y41 z-—3

3 2 il [say]
:»<+2=;Lfy+fi:}wz—?):)L
3 2 2
= X=3A-2,y=2A-1z2=2A+3
So, we have the point -
QBA-2,2A-12A+3) (1) (1)

Now, given that distance between two points

P(1,3,3) and Q BA -2, 2A—-12A +3)is
5 units, i.e. PQ =5

‘/[m&z—nzﬂzx—x—s)z}
= =5

+(2A +3-3)2

(

e
TGN e B e
+ (22 = 21)2

=BA-32+0QA-42+Q02=5 ()




On squaring both sides, we get
BA -3 +2A-4% +20)2 =25

= 9A°+9-18L+4A°+16
~16A + 42% =25

= 1702 =341 =0 = 17A(AL-2)=0 (1)

= Either17A=0 or A-2=0

g A=0o0r2

On putting A =0 and A =2 in Eq. (i), we get
the required point as (-2, -1, 3) or (4, 3, 7).
(1)
39. Find the shortest distance between the lines
¥l p—d z-=1

[ = =
M Ee T A 1
X2 ¥+l 2+l iindia2009c
2 1
3 ,
Do same as Que. 25. [Ans. e umts}
V2

40. Find shortest distance between lines
P #2007 411 =R T +hk

—

r=@Qi =] —K+uR ++2k. Al india 2009

Do same as Que. 34. {Ans. 2 units}

V29

41. Find the value of A, so that following lines
are perpendicular to each other

X+5 2~ y _ and ¥ 2y+1 1—2
SA+2 5 —1 | LA -3
Delhi 2009




Q? Firstly, convert the given equations of lines into
| one point form of the line, which is of form
X=X _ Y~ h .24
a b C |
condition a;a; + biby + ¢ccy; =0 for |
perpendicularity of two lines and get value of A. |

s e T P et TR S S i -

Given equation of lines are
X+h ey 1-F

and then use the

5A+2 5 -1
and 522y+1:]—z
1 4 -3

Above equations can be written as
x+y y—24 Zz+-1
5L+2 =5 1

1
2| y+—
X [y 2) Z i~

and = =
4 3
1
Ve —
¥ 5 2= ”
—_— — - 1
= 1 2A 3 AL

On comparing Egs. (i) and (ii) with one point
form of line

X=X _Y~WN_Z2-74

= , we get
a b C :
A =5}£+2,b1 2_5,C-| =1
and 32 21,b2=2l,l:2=3 (1)

Since, the two lines are perpendicular.
5 aa, + bjb, +cic, =0
=  16A+2)+2A(-5)+31)=0



5A+2-10A+3=0 (1)
-5A+5=0
BA=h

A= (1)

42. Find the value of A, so that lines
l—% y—& I—3 ¥+l -l Bl

R A

and
3 2A 2 3A i 7
are perpendicular to each other.  Delhi 2009
Do same as Que. 41. [Ans. A = =2]

43. Find the value of A, so that lines
l1-x 7y-14 5z-10

3 2A i
and 7_7X=y—§=6_“_z
3A 1 5
are perpendicular to each other.  Delhi 2009
Do same as Que. 41. [Ans. A = 7]

44. Find the length and foot of perpendicular
drawn from the point (2, -1, 5) to line

el L, T Al India 2008

10 ~4 -11
Do same as Que. 36. |
[Ans. Length = V14 units and
foot of prependicular= (1,2, 3)]

6 Marks Questions

45. Find the distance of the point P(-1,- 5, — 10)
from the point of intersection of the line
joining the points A2, — 1, 2) and B(5, 3, 4)
with the plane x—y +z = 5. Foreign 2014



The equation of the line passing through the
points A(2, —1, 2) and B(5, 3, 4) is given by
x—-2 y+1 z-2
5-2 341 4-2
x—-2 y+1 _z-2
3. 4 2

= x=3A+2,y=4A-1z=2A+2 (1)
Now, putting the values of x,y and z in the
equation of the plane x -y + z =5, we get

— = A [say] (1)

BA+2)—(4A-D+Q2A+2)=5 (1)

= A+5=5
A=0 (1)
So, the point of intersection of the line and
the plane is (2, -1 2). (1)

~. The distance of the point P(-1 -5, -10)
and the point of intersection (2, =1, 2) is

—J2+ 10241452 +(2 +10)2

=\/32+42+122=13units (1)

46. Find the vector and cartesian forms of the
equation of the plane passing through the
point (1, 2, — &) and parallel to the lines

=i +2j - bk + 20 +3] +6k)

”~

and ? = f—3; + 5k +p(f + f—i;). Also, find the
distance of the point (9, -8, - 10) from the
plane thus obtained. Delhi 2014C



Let equation of plane through (1, 2, — 4) be

alx-1+bly+2)—-c(z+4=0 ()
Given lines are

?=f+2f—£+k(2f+3f+6§)

and 7 =i -3j +5k+ Al +] -k (1)
The plane (i) is parallel to the given lines,

So,2a+3b+6c=0anda+b-c=0 (1)

For solving these two equations by
cross-multiplication, we get

a _ b ¢
-3-6 -2-6 2-3
a b c
= —=—=—=A sa
R [say]

a=-9A, b=8Ac=-A



On putting values of a, b and c in Eq. (i), we
get ~9A(x =) +8Aly —=2) —A(z + 4 =0

. Equation of plane in cartesian form is
I9Ax-D+8Aly-2)-Mz+4 =0

= —9x+9+8y-16-z-4=0

= " 9x-8y+z+11=0 (1)

Now, vector form of plane is

rOi —8] +k =-11 1)

Also, distance of (9, -8, —10) from the above
plane

9 -8(~8) +1(=10) +11
V92 + (-8)2 + 12
_{72 +64—10+11‘

J81+ 64 +1
. Ax + by + Cz + D
JAZ + B2 4+ C?2
146 ‘\/__ .
= |——| = 4/146 units (1)
‘\H46|

4%. Find the equation of line passing through -
points A(0,6,—9)and B (-3,-6,3).1f Dis the
foot of perpendicular drawn from the point
C(7,4,—-1)on the line AB, then find the
coordinates of point D and equation of line
CD. All India 2010C



We know that, equation of line passing
through the points (x;, y;, Zy) and (X, y 2, Z5) IS
given by

ool B i SR S ¢

Xi—% Ya—n 34
Here, Alx,y, z;)=(0,6,—9)
and (X9, Y2 Z7)=(-3,-6,3)

C(7, 4. -1)

.
A{©0,6,-9 D B (-3, -6, 3)

. Equation of line AB is given by

K= yp=8 Z+Y

—3-0 -6-6 349
X y—b Z+9

= =
-3 -12 12

- _x_::y—6:z+9 (1
-1 -4 4

[dividing denominator by 3]

Next, we have to find coordinates of foot of
perpendicular D.

X y~b& Z+9

Now, let o4 3 A [say]
=3 X=—A
y—6=—4Aand z +9 = 4A
=3 X=-A
y=-4A+6
and zZ=4\A-9 (1)

Let coordinates of
D=(-A—4A+6,4A-9) L



Now, DR’s of line CD are
(~A—7,—4A+6—4 4L -9 +1)
=(~A~-7,—4A + 2, 4\ - 8)

Now, CD L AB
: a,a, + bjb, +cic, =0 (1)
where, y=—A-7,bj=—4r+2,
c; =41 -8 [DR’sof line CD]
and a,=—1b,=-4,c,=4
[DR’s of line AB]
= —1(-A-7)—-4(-4L+2)+4(4L-8)=0
= A+7+16A-8+16A-32=0
= 33A-33=0
= 33A =33
=1 (1)

On putting A = Tin Eq. (i), we get required
foot of perpendicular,

D=(-12,-5)
Also, we have to find equation of line CD,
where, C (7,4, -1)and D (-1,2, = 5).

. Required equation of line is

X=7 Yy=q4 Z+1. . ,
1 F 8 Baq ekl
x-7 _y—-4_z+1
A . =
X=F Y—-4 I+
5§ 1 2

[dividing denominator by —2]

(1)




48. Find the image of the point (1, 6, 3) on the

Y 1 z2-2
2

equation of the line joining the given points

and its image and find the length of segment

joining given point and its image. Delhi 2010C

I:ne I .Also, write the

| p Firstly, flnd the coordinates of foot of
5 perpendicular Q. Then, find the image which is |
| point T by using the fact that Q is the mid- pomt
~of line PT. |

i
H

Let T be the image of the point P (1,6, 3).Q is
the foot of perpendicular PQ on the line AB.

Given equation of line AB is
X y-1 z-2

_— = ...(i)
1 2 «* B
X y=-1 z-=2
Let = = = A sa
| 1 2 3 [say]
= X=Ay-1=2)\z -2 =3A
= X=Ay=2A+1z=3\+2
P (1,6, 3)
Q
-
A | B
I
|
I
I
I

Then, coordinates of
Q=R 2A+13A+2) (i) (1)

Now, DR’s of line
PQ=M-1,2A+1-6,3L+2 -3

= DR'sof PQ=(A-12A-5,3A-1)
Since, line PQ L AB.
Therefore, a;a, + bib, +c,C5 =0,



] =

where a,=A-1b=2A-5,¢c;,=3A-1

and a,=1by=2,c,=3
“TA-1D+2QA-5+3BA-1)=0
= A-1+4A-10+9A-3=0
= 141 -14=0
— A=1 (1)

On putting A = 1in Eq. (ii), we get
Q12+13+2)=(13,5)
Now, Q is the mid-point of PT.
Let coordinates of T =(x, y, z)
By using mid-point formula, (1)
Q = mid-point of P (1, 6, 3) and T (x, y, 2)
_[x+1 y+6 z+3)

’ f

2 2 2
'.'mid-point=x‘+xz “Wtys Z1+t7;
g * 2 ' 3
But (1={(13.5
[x+1,5’+6,2+3)=a’3’5)
2 2 2



On equating corresponding coordinates, we get

x+1=]’y+6=3’z+3:5

2 2 2

= x=2-1y=6-6,z=10-3
— x=1y=0,z=7
~.Coordinates of T =(x,y, 2) =(1,0, 7
Hence, coordinates of image of point P(1, 6, 3)
isT(10,7. (M
Now, equation of line joining points P(1,6, 3)
and T(1,0,7) is

x-1_y-6 z-3
1-1 0-6 7-3

- x——1=y—6=z—3 1)
0 -6 4

Also, length of segment PT
=y1-12+6-02+3 - 7>
=0 +36 +16 =+/52 units (1)

49. Write the vector equations of following lines
and hence find the distance between them

=l F-d Tk H=3 F=8 g+

r

2 3 6 4 6 12
Delhi 2010



Given equations of lines are
x-1_y-2 _z+4
2 3 6
x=3 y-=3 Z+5
4 6 12

Now, the vector equation of lines are
—

F=G+2]—4)+AQi+3]+6k ..(0)

[ vector form of equation of line is
e

-
r=a+Ab]

(1)

and

- A ~ P 2 - A
and r =i +3j -5k + u(4i +6j +12k)...(ii)

—> ~ A~ A = A = ~

Here, a, =i +2j— 4k, b, =2i +3j + 6k

- n A ~ —3 ~ ~ A
and a,=3i+3j -5k b,=4i +6j +12k
— —r A . i . o & %
Then, a,—a, =i +3j = 5k) — (i +2j — 4k)
=2f 4] =k ...(ii) (1)
Pk |
—3 —
b1>(b2= 2 3 6
4 6 12

=736 -36)—j 24-24+k(12 -12)
A - A =
=0i -0j+0k=0 M

- = =
= b}Xb2=0



— o
=  Vector b, is parallel to b,
e

rifaxb=0 thena||b]

As, two lines are parallel.
_—)

b=@2i+ 3f + 6&) (iv)
[since, DR's of given lines are proportional](1)

Since, the two lines are parallel, we use the
formula for shortest distance between two
parallel lines.

We know that,

R
shortest distance, d = oL (aj = (V)
| b |

From Eqs. (iii), (iv) and (v), we get
7 +3] +6f£}x'(2? £ i 0
J22 + 32 + 6

Now, (2i +3[+6k)><(21 +;—k)

o=

...(vi)

i ; k
=12 3 6
2 1 -1

=i (-3-6)—j(-2-12)+k(2 - 6)

= 9] +14] — 4k M
From Eq. (vi), we get |
| -9f +14] -4k | _ V=92 +(14)2 +(—4)2
V49 7
. d=J81+196+16=4293 udls I

7



50. The points A(4, 5,10), B (Z, 3, 4) and

C(1,2,—1)are three vertices of
paralielogram ABCD. Find the vector
equations of sides AB and BC and also find

coordinates of point D. HOTS; Delhi 2010
(? The vector equation of a side ofa parallelogram,
when two pomts are  given, s
- - i

r=a+A( b-a ). Also, the diagonals of a
rectangle intersect each other at mid-point. |

Do e i s T '

Given points are A (4,5,10), B (2, 3, 4) and

Cil.2,—=1
(! ’DO)(!%Z) C(1123_1}
A'(4. 5, 10) B (2,3, 4)

We know that, two points vector form of line
is given by

+A(b - a) 1) (1)

I

where, a and b are the position vector of
points through which the line is passing
through. Here, for line AB position vectors

- -

are a=OA=4f+5f+10f;
— — & & ~
and b =0B=2i +3j + 4k )

Using Eq. (i), the required equation of line AB
1S
— A P ~ i s ~
=(4i +5j +10k) + A [2i + 3j + 4k
— (4] +5] +10K)]

ey i ™ - " s ~
= r =(4i +5] +10k)— A (2i +2j +6k) (1)

Similarly, vector equation of line BC, where
B(2,3, 4HandC (1,2, -1)is

=9 S ~ -~ ~ . ey
r=Qi+3j+4K +uli +2j -k



— Q7 +3] + 4k)]
- S A -~ A A Py
= r=Qi+3j+4k-nli +j+5k (1)
We know that, mid-point of diagonal BD
= Mid-point of diagonal AC

[ diagonal of a parallelogram bisect each
other]

‘(x+2 y+ 3 z+4)_(4+1 542 10—1]

a ¢ g vy 2 " 2 "2

(1

On comparing corresponding coordinates,
we get

X+2

Py v

3 3

2
2!’
and 2 4=-g-:bx=3,y=4andz=5

N+ N

Hence, coordinates of point
D(x,y z)=3,4)5) (1

and vector equations of sides AB and BC are
- A -~ A ~ ~ ~

ro=(4i +5j +10k) — A (2i + 2j + 6k) and

i

r =(2f+3f+4§)—u(f+f+5§),
respectively.

51. Find the coordinates of foot of perpendicular

drawn from the point (0, 2, 3} on the line
k. I ok T .Also, find the length of
5 2 3

perpendicular. Delhi 2009C ‘



. Given equation of line is
X+3 w—=1_ z+4
5 2 3

and given point is P(0, 2, 3), let foot of
perpendicular PT is T.

P2 3)
[
A T B
X+3 y-=1_ Z+4
Now, e = 2 [say](1)
=3 x=5A-3,y=2A+1,z=3A-4
.. Coordinates of point T are
BA~-3,2A+1,3A -4 (1)
DR’s of line
PT=6A-3-0,2A+1-2,3A—-4-3)
=BA—-3,2A-13A -7 (D

Since, PT 1 AB
Therefore, a, + byb, + c;c, =0



where, a, =5A -3, by=2A -1 ¢;=3A-7
and 3225,.{32:2,(:2:3 (1)
SS56A-3+2Q2A-1N+30BA-7=0

= 25A=15+4A-2+9A -21=0
= 38A~-38=0 = 38A =38
=5 A=1 (1)

". The foot of perpendicular
T=0BA-3,2L+13A-4
=(2,3,-1) [put A =1]1(1/2)

Also length of perpendicular, PT = Distance
between points P and T

= PT=y0-22+Q2-32+3+1)?
['.'distance=\/(x2—x1]2+()/2-y1)2+(2’2-21)2:|

- 1(‘4;1-1+16 = \/ﬂ units  (1/2)

52. Find the perpendicular distance of the point

(2,3,4) from the line ~oX =Y. =122

2 6 3
Also, find coordinates of foot of _
perpendicular. Nalhi 2noar

Do same as Que. 51.
[ Ans. Perpendicular distance = Distance |

coordinates of foot = [1 /o , A , 60)
49 49 49
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