Dot & Cross Products of Two Vectors

1 Marks Questions

1. Ifg and b are perpendicular vectors,
= = — )
la + b|=13and|a |=5, then find the value

of |b|. Ali India 2014
Given, |§+B|=13, and[21=5
Now,
(a+b)-(a+h)=a-a+a-b+ba+bb

[-a-a=|al}ab=ba=0asalb]
= |a+bP=|a?+|b?
= (13*=(5)"+|b|?
= 169=25+|B[2=169-25=|B’

- 144=|b2 = |b|=12 1)



2. Ifa and b are two unit vectors such that

E) - B} is also a unit vector, then find the

angle between d and b. Delhi 2014
Given, |a|=1|b|=1and|a+b|=1
Now, | a+ b|>=(a + b)-(a + b)

TR S Ps WL
= |a+bPP=|alf+23-b+|bJ?
[-a-b=b-aand x x=|x |}
- -
=5 1=1+2a b +1

- -
= . 2a-b=-1

=>|z||B|C059"—'—-21— ['-'_a)-B=IZ||B|cosB]

=% cosez—% ['.'|3|=IB|=11
= icosB=c052—n = Bzgg

3 3
Hence, angle between aandbis —2; : §))]

3. Find the projection of the vector i + 3j + 7k
on the vector 2i — 3j + 6k. Delhi 2014



L ITIE] -
| Q The projection of vector a on vector b is given
’ ,u o g

by aTb
b

e P - -

leta=i+3j+7kand b =2i — 3} + 6k

The projection of vector 2 on the vector b is
given by

1T 2= 1xX2-3%x3+7x%6
_ (a. b] —

B J@? +(=3? + (6)2

_2-9+442 35 35 _.

S J4+9+36 Va9 7

4. Write the projection of vector i +] + k along
the vector . Foreign 2014

Let3=?+f+lzand3=f |
. . _> _) - -
The projection of a on b is given by

L(Z-B)=1XO+1X1+}XO _

Bl V12

Hence, the projection of vector i + j + k along

1

the vectori is 1. (1)
5. If vectorsz and 3 are such that
IE; =3 |E |=2/3 and a % b is a unit vector,

then write the angle between g and b.
Delhi 2014



Given, |a|=3and|b|=2/3
Let 8 be the angle between 2 and b.

Also, given|a x b | =1 (1/2)
=5 f§||3|sin9=1 = 3x%5in9=1
=5 2sinB=1 |
T
= 51n9:5=>9§g (1/2)
6. Finda-(b x c),ifa =2 +] + 3k,
E:—f+2f+§and ?=3f+f+2!§.

All India 2014
Given, Z=2f+f+3lz,3=—?+2f+!:

- A A £
and ¢ =3i+j+2k

g a a| |2 1 3

e
Now,a-(bxc):’m b, b3‘= EE e
|€i € 63 | 3 T 2

=2(4-1)-1(-2-3)+3(-1-6)
=2X3-1x(-5)+3x%x(-7)
=6+5-21=11-21=-10 (1)

. If g and b are unit vectors, then find the

angle between dand b, given that 34 - b)
is a unit vector. Delhi 2014C

- —* ‘—} -
Given, a and b are two unit vectors, then
— -
lal=|b|=1

—3 -3
Also, (\/5 a— b) is a unit vector.

|V3a-b|=1= [V3a-b[*=1



o

= (3a-b)-W3a-b)=1

—3(2-3)=3(a-b)-3(b-a)+b-

c|af=a-al

| |

.

(o
Il

1
=>3l_a)|2—~/§|_a)||31c059
~J3|b||alcos6+|b[P=1 (12

[let B be the angle between 2 and B]
= 3-+3cos8—-+3cos0+1=1

= 3=2\[§COSB

) cos(:'):—}m— =y cosB:—; = ez.g

233

—3
Hence, required angle between a and b is -g

8. If|a |=8,|b|=3and|d x b | =12, find the
angle between @ and b. All India 2014C

Let 8 be the angle between aand b.

Given,|-5|=8,|g|=3 and |3><B]=12

We know that, \3><B|=|3|]B|sin9
1a||B|sing=12

T2
8x3

= sin = = sinf =

- -
|al|b]

= sin9=% = g=L

o 5
Hence, the required angle between a and b is

L - 1
6



9. Write the projection of the vector

a =2f—f+§on thevector3=f+2f+2£
Delhi 2014C

Given,_é)=2f~f+£andg=f+2f+2§

Then, projection of a on b is given by

i o R . o]
a.b _|@i—]+hki+2j+2Kk
B J2+ @72 + 2

_2xX1+ (=) x(2)+1x2

J+4+4

_2-2+2_2 _2

Jo Jo 3

Hence, the projection of vector QF —f4 k) on

G +2j +2k) is % (1

10. erte the value of 7L so that the vectors
a =2i + A\ +k and b =i —2; +3k are
perpendicular to each other.Delhi 2013C, 2008

—> ~ A A
Given, vectorsare a=2i+Aj+k

and B}:f—2f+312

Since, vectors are perpendicular.

a-b=0 (1/2)
= Qi+A]+R-(-2]+3k=
- 2-2%+3=0
A=5/2 (1/2)



11. Write the projection of the vector 7i +] — Lk
on the vector 2i + 6}: + 3k. Delhi 2013C

Let3=7?+f—4l§and3=2f+6f+3§

RN
Projection of aon b = a3
|b|
_(7i+]-4k-2i+6] +3Kk
||2f+6f+3£
o AR08
V@)% +6)? + (3)?
8 8 8

SRR
\F+36+9 J4a9 7

12. If a and b are two vectors such that

— - - -

|la + b[ =|al, then prove that vector2a + b is
perpendicular to vector b. HOTS; Delhi 2013
- - -
To prove,2a+b) L b
i i - = -
Given, la+b|=|a]
On squaring both sides, we get
= P9 = 9
la+b|"=|a]

-3

— |al?+2a-b+|b|?=|a)

— 2a-b+b-b=0 ['.'|;|2:x X =x7]
e 22+b)-h=0= Qa+b)Lb
elfalbea-b=0] (1)

Hence proved.

—
13. Find| x|, if for a unit vector 3,
- = 5 -

(x—a)-(x +a)=15. HOTS: All India 2013



Given, a is a unit vector. Then, | a| =1

“‘, A ~
Now, we have(x —a)-(x +a)=15
e e T A _
= X-X—a-x+x-a—a-a=15
- = . n
= X*X—a-xXx+a-x—-a.a=1>5
[- scalar product is commutative]
‘..9 o~
= X [2-1a]?=15 [ez-z=|Z [}
= |x| —1—13:>y 17 =16
| X |=4 (1)

14. Find A, when projection ofd = A + ] +4k

onb =2i +6] +3kis 4 units.
HOTS; Delhi 2012
— B - Py . . &
Given, a=Ai +j+4k b=2i+6j+ 3k and

i % —_ —3
projection of a on b = 4

= i el
B
5 45
-+ projection of a ong=a'b
B
(?u+;+4k) (2:+6;+3k) -4
V22 +6)? +(3)?
?l}j;u =2A +18 =28
A=5 (1)

15. Write the value of (k x I)f + ;§
HOTS; All India 2012



i) Use the results jx k=
i

j-k=0 and .

=—i240=-1 [+i2=1](1)

16. Ifa-a =0Oanda-b =0, then what can be

concluded about the vector b? Foreign 2011

Given,a-a=0=|a P=0=|a|=0 ..{)
and a-b=0

-, =
= la||blcos6=0 ..(ii)

!:'rom Egs. (i) and (ii), it may be concluded that b
is either zero or non-zero perpendicular vector.

(1)
17%. Write the projection of vector i — j on the
vector +J. All India 2011

: -0 I S o oA
Let given vectorarea =i —jand b =i +/.

2 . — -3
Projection of a on b

_ab_(-p.ai+)
1D 1% + 1)

1-1_0 S O S
= S i) AAoala (1
V2 V2 [:‘- j=ji=0
18. Write the angle between vectors @ and b with
magnitudes V3 and 2 respectively, having

a-b =6 All India 2011



I <> LetBbe the angle between a and T)), then use the
| fo[lowing formula
- 5
cosﬁz——-b—
lallB]

Given,|§|=\/§,]3|=2 and 2-b=+6
Now, angle between 2andb is given by

3B 6 _BxvZ 2

cos 9 = = -
lallbl \/§X2 \/§><2 2
1 :rz
= CcosO= —f Z
T T 1
0=— —=—1(1
2 [ (:054 ﬁ]()

19. For what value of A are the vectors
i +2\j +kand2i +j — 3k perpendicular?
All India 2011C

i
; _.w>
t .

If two vectors a and b are perpendicu[ar then
. = -
a- b

L

Gl\;én ectors ore (: + Z?q + k)
and (2i + f - 3k).

Also given, the vectors are perpendicular, so
their dot product is zero.

(+2M +0-Qi+]-30=0

= 2+2A-3=0
= 2A —-1=0
= - 2?&.=10rl=% (1)

Hence, required value of A is 1/2.



P

&) f two vectors a and b are perpendicu[ar then

1 abO

leen vectors ore (: + 22,; -+ k)

and 27 + ] — 3k).

Also given, the vectors are perpendicular, so
their dot product is zero.

(+2M +0-Qi+]-30=0

= 2+2A-3=0
= 2L -1=0
= ' 2A=1o0r lzzl (1

Hence, required value of A is 1/2.

20. If|3 |= @,IB | =2 and angle between
g and b is 60° then finda-b.  Delhi2011C

We know that, a-b = _a)| -IBI cos6

On putting | a] = +/3,|b| =2 and 6 = 60°,
we get

= wﬁ X.2 cos60°
=3 = >< 2\/— \/_ [ cos 60° = %]
a-b=+3 (1)

21. Find the value of ., if the vectors 2/ + Aj + 3k
and3i + Zf — Lk are perpendicular to each
other. All India 2010C

Do same as Que. 19. [Ans. A = 3]



22. If|a |=2,|b |=3and a-b =3, then find the
projection of b on a. All India 2010C

—_

- 3 -
Given,|al|=2,|b|=3and a-b =3

B—)
- - .
.. Projection of b on a oo
ER
- -
= a_'b_.. [..._a)._g =B_z]
—
| a |
=% [-a-b=3and|a|=21(1)

23. Vectors g and b are such that
— - - 5. _
la |=+/3,|b|=2/3and a x b is a unit

vector. Write the angle between g and b.
All India 2010

Do same as Que. 5. [Ans. -g—]

24. Ifa and b are two vectors, such that
- — - - :
|a-b|=|axb|, then find the angle

- =
between a x b. HOTS; All India 2010



Q? Use the followmg formu!ae .
-l all b | cos® |

and axb=1a]|b|5m9n |
where,is the angle betweend and .|

Given, |a-b|=|axb|
= |zllglcose=|3||3|sine [+|Al=1]

= cos0 =sin®
On dividing both sides by cos 6, we get

tan9 =1
—— tann9=tan3E 1='{anE
4 4
0=1
4
So, angle between 2and bis % . (1)

25. Find A, if (2i + 6] + 14k) x (i — Aj + 7k) =
All india 2010



i;? Ifa=al?+ﬂzj+ﬂ3ﬁand_g= bl? + b2}+ baE, then
U —"

axb=ia, a, a;

by by by

S ———— Y |

Given, (27 +6] +140) x (i = Aj + 7k)

i j k
-
2 6 14i{=0
1 —A 7

— (424140 = [ 14-14 +k(-2A -6)=0
= [ (42 +14\) + k(=2\ — 6)=0i +0] + Ok
[: 0=0i +0j +0K

On comparing coefficients of i and k from both
sides, we get

42 +14)X =0
= ==3
and 2L -6=0
= A==3 (1)

Hence, required value of A is —3.
26. Finda-b,ifa =—i + j — 2k and
b=2i+3j -k All India 2009C
—> B & A ~ - P ~
Given, a=—i+j—2k and b=2i+3j -k
¥ g o s - £ =
Then, a-b =(-i +j —2k) -2i +3j =K

=-2+3+2=3 (1
27. Finda-b,ifa=3/—] +2kand b =2/ +3] +3k.
Delhi 2009C

Do same as Que. 26. [Ans. 9]



28. Find the value of P, if
(2? + 6; +27§) X (.: + 3}: +PE) = B'All India 2009

27
Do same as Que. 25. [Ans. -2—}

29. IfP is a unit vector and (_; ~P) -(_; +P) =80,
; —
then find | x | HOTS; All india 2009

Do same as Que. 13. [Ans. 9]

30. Find the angle between @ and b with
magnitudes 1 and 2 respectively, when

|a x b |=+3. Delhi 2009
Given, |a|=1|b|=2and|a x b|=+3
—  |a||b|sin6=+3
[-axb=|a||lb|sin6-Aand|A|=1]

= 1x2xsin0=+3 [‘.'l_a)|=1and|B|:2]

= sin9=—?i:sin£=>8=3t~
2 3 3
Hence, angle between a and b is — (1)

31. Write the value of P, for which
a :3f+2f+9Eand-5=f+Pf+3§are
parallel vectors. Delhi 2009



- i A A
Given vectors are a=3i+2j+9k

—

b=?+P}:+3I§.

and

- —
Also, a and b are parallel vectors.

Soaxb O
i ; k
—
= 3 2 9/=0
1 P 3

=>r(6 9P)-—[(9 9)+k(3P 2)=
= (6 9P)+k{3P 2)= 01+0;+0k

On comparing the coefficients of i or k from
both sides, we get

6_9P =0 =.>P=§ (1)

Alternate Method

<> if the two vectors a—a1:+azj+a3k andz

b=bi+b iy b3k are parallel to each other
then use the following relation. ;

Given, Z =3 + 2f+ 912 and

AN PO B
b =i + Pj+ 3k are parallel vectors.

2
(1

Then, — = P =

- | Lo
wN
w | O

3
32. Find the projection ofa onb,ifa-b =8and

b =2i +6] +3k. Delhi 2009



DosameasQue.9. [Ans. ]

33. Find value of the following:
P xK) 4]0 x k) + k-G %),
HOTS; All India 2008C

A

We have ?(le?) (in@)+£.(?x}’)
=i- f

+ (- )+k
ixj=k: jxk
kx;h’;:} ;XA:—;
=i -2 4k
=1-1+1=1 (1)
34. Find|a x b |,ifd =i — 7] + 7k and
N
b =3i -2j +2k Delhi 2008C

. e T r e 5
Given, a=i—-7j+ 7kand b =3i - 2j + 2k

I
axb=|1
3§ -3

=i (~14+14) =2 =21 + k(=2 +21)
=19] +19k

Now, | a x b|=+19)2 +(19)?
=2019)> =192 (1)

35. If|a |=+3,|b|=2and a-b =3, then find
the angle between a and b. All india 2008

Do same as Que. 18. [Ans. E:'
6



36. Find angle between vectorsa =i — j +kand

> A A A
b=i+j-k Delhi 2008

Given, vectors are
- A A ~ A A - A
a=i-j+kandb=i+j -k
Then, Z-B:(f—j’+;2)-(f+}"—£)
=1-1-1=~1

a
and | b|={07+1)2+(=1% =43

We know that, angle between a and b is given
by

- -
Ccos B = a-b

e

la||b]
c056=~—i~——1=>9—c05‘1( )

ﬁxﬁ 3 3

which is the required angle between aandb.
(1)

4 Marks Questions

3'l. Prove that, for any three vectors a,bandc,

[0+b b+c c+al=2[a b c]pelhi2014



|4 fuse the property that in a scalar triple product,
| % if any two vectors are equal, then value of scalar:

- =

___tripleproductwill bezeroand[a b ¢]=[5 ¢ 3} |

We have, LHS=[_a>+B B+€E’+3]

_)

=(@+b)-[(b+0)x(C +3)]

=21]a b ?] = RHS Hence proved. (2)

38. Vectors 3,3 and ¢ are such that
d+b+c=0and |3|=3,|3 |=5and

1? | = 7. Find the angle between g and b.
All India 2008; Delhi 2014, 2008



: (;P Firstly, write the given expression a+b+C= 0
as @+ b= and then square both sides and|
symplify to get the angle between a and b.

Given, | a|=3,|b|=5 and|C|= 7
- - - - -
Also, a+b+c=0 = a+b=-c
= (a +B? =(- c)? [squaring on both sides]
e e — —
= (a+b)-(a+bh)=(-c)-(-c)
= a-a+ab+b a+bb=c-c
= |al’+ab+ab+|b2=|cp
[ X x=|x|?and 2-b = b- 3] (1)
= |al?+2a-b+|b[2=|CP



= \3|2+2|;|‘[B[c059
#BP=|c? 0O

—

[ a- b -—-izllgl-cos(}]

= (3)2+2x3x5cos®+(5?%=(7?

(| al=3,|b|=5 and|c|=7]

= 9 +30cosB+25=49 (D
= 30 cos® =49 — 34
= cc:*s():ﬁ:.l
2
- cos= B = = l---cosﬁ}
3 © 2 3
= o="1
3

Hence, the ahgle between a and b isg—. (1)

39. Show that the four points A, B, C and D with
position vectors 4i + Sf sk =ik
3+ 9f + 4k and 4(— i + f + k) respectively are
coplanar. All India 2014



Given, points are A = 4i + 5}: + ﬁ, B= —f il
C=3f+9f+4kandD=4(—f+f+k).
We know that, the four points A, B,C, and D

_ - =
will be coplanar, if the three vectors AB, AC

!

— .
and AB are coplanar, i.e. if

[AB AC AD]=0

— = P % A o
AB=—j—k—(4i +5j +K)
=— 4i —6] — 2k (1)
— i A A ,\ i 5
AC = (i +9j + 4k) — (4i +5] +K)
=—i+4j+3k
— R A n " P
and AD=4(-i+]+k —(4i +5j+Kk)
=—8i—]+3k (1)
}—4 -6 -2
- = -
Now, [AB AC AD]=|-1 4 3 (1)
ls -1 3

=— 412 +3) +6(-3+24) -2(1+32)
=-60+126-66=-126+126=0
Hence, points A, B, C and D are coplanar. (1)

40. The scalar product of the vector a=i+ i +k
with a unit vector along the sum of vectors
b=2 + Af.— Skand ¢ =Ai + Zf +3k is equal
to one. Find the value of A and hence, find

. : - =
the unit vector along b + c. All India 2014

. = A A A D A -2 5
Given, a=i+i+k b=2i+4-5k and

~ A oA



—{Z+AN)i+6j-2k

1B +C =2+ 1% +6)? +(=2)

=4+ 2+ 4N +36+4

= A2+ 4\ + 44 (1)

. - o
The unit vector along b + ¢

-

_)
__ b#*c

|B+E}|

:(2+k)f+6j—2k ()

\ﬁ.2+47t+44
Given, scalar product of (i + ; +12) with this
unit vector is 1. (1)
e
ENTT Pl S
|b+c|
- (;.*+}:+").(2+7L)I+6[—2k=1
JAZ + 4N + 44
12 + A) +16) +1(=2)
= =1
\/i2+4k+44
RQ+A)+6-2
=3 —— =}
YA+ 4N + 44
= l+6=\fk2+4l+44
= (A +6)2 =A% + 4\ + 44

[squaring on both sides]
= A 4+36+120 =A% +4)\ + 44



—_— o w —

— A=1
Hence, the value of A is1.

On substituting the value of A in Eq. (i), we
get

- -
Unit vector along b + ¢

(2 +1)i +6] =2k _3i +6] - 2k
VO +40)+44  1+4+44

3i+6j -2k

3~
— §
V49 7

6+ 2
+—=j—-=k (1)
\7! 7

41. Find the vectorB which is perpendicular to
both3=4f+5f—ﬁand§:f—af+ Sk and

-3 - - AA A
p-q =21,where g =3i +] —k. Allindia 2014C



Givena=4f+5f—§,6¥f—4}:+5£
q:3f+f-§

.--)

Also, vector p is perpendicular to oc and B.

Then, 3 = A (52 xﬁ)

ik
- =
Now,axB=(4 5 -1
1 -4 5
=i (25-4-]Q20+1) +k(-16-5)
=i Q1] QN +k(21)
=217 —21j — 21k
So, p=21Ai —21Aj —21Ak 0

Also, given that B E; e

Q1A =210 =210k - BT +] -k =21
= 63A-21A+21A =21
= 63A=21= A =13 (1)

On putting A =% in Eq. (i), we get

- 1- 14 1.2
Pp=21x—-i-21x~—j-21x -k
3" . 3 3

— A A -

= p=7i-7j-7k

which is the required vector. (1)



42. Find a unit vector perpendicular to both of
the vectors @ + b and d — b

whereg=f+f+§,and3:f+2f+3§.
Foreign 2014

- ~

i ~ — ~ A -~
Given,a=i+j+kand b=i+2j+3k

Let the required unit vector be

=) m 8
r=xi +yj+zk,

then \/x2+y2+z2 =1



=% x> syt gzt =1 csuli)

—

Now, a+b-{r+,-+k)+(:+2;+3k)
-2:+3;+4k
and a—b =G +j+k—(+2]+3k—] -2k
(1)

. - | i - - - 9
Since, r is perpendicularto a + b and a - b,

T-@+b)=0 and r-(a-bh) =
e (X +y] +zk) - (27 +3] + 4k) =

=> 2x+3y+ 42 0 .W(11)
and(xr+y;+zk) (— ) =0

=% -y-2z=0

= y=-2z - ... (i)

On putting the value of y in Eq. (ii), we get
2x+3(-2z)+4z=0

= NE 7 (1

On substituting the value of x and y in Eq. (i),

we get

1
zz+422+22ﬂ=>z=i——and

J6
2
then, - ¥= +— and y=F-—~= (1)
J6 Vo
Hence, the required vectors are
1 }‘_ 2 }:+ 1 E
J6 Voo e
and -1";4— 2 2 k. 4))

J6 V6 6

43. Find the unit vector perpenditutar to the

plane ABC where the position vectors of A, B
and C are 2i — +ki+] +2k and 2/ + 3k

respectively. All India 2014C



{

i
I

i =

ABx AC

- -
|ABx AC|

.................................

Let O be the origin of reference.

. gy - 2 i
Then, given OA=2i —| +k,

— ~ ~ A  —— e ~
OB=i+j+2kand OC =2i + 3k

Aé=Oé-OA=f+f+2£—2?+f—§
o o f 9] e 1
——— ey ~ ~ ~ ~ iy

—_
and AC=0C - OA=2i +3k—2i+] -k
= + 2k

e i ] ok
Now, AB x AC=[-1 2 1
D 1|2

% | (@—1—j (2 —0) +ki{~1—0)

=4 0l (N

Then, |AB x AC |= 3% + @7 + 1)

=J9+4+1=414 (1)

Unit vector perpendicular to the plane ABC

—_— —) - S ~

ABx AC _3i+2j-k
—_— s —
| ABx AC]| V14

__i_“

(1)

2;:_1’(“
i 7 e

ﬁ



- — -~
44. Show that the vectors a, b and ¢ are coplanar,

. e - e — =
if and only if a+b,b+c and c + a are
coplanar. Foreign 2014

Consider,
_}

[(a+b)(b+c)c +a)

=@+bB){(b+c)x(C + a)
=(3+B (bxCc+bxa+CxC+CXxa)
=(3+B})-(B><(_:)+Bxg+gx3)l
‘cxc=0 (2
=§-(gxg)+z-(5}x3)+z-(?x_a>}
+b-(bxC)+b-(bx a)+b-(C x a)
=a-(bxc)+b-(C x a)
[-[a b al=[b b al=[ac a]=0]
=2[a b c]

Now, we can see that
[(3+B)(B+g){g + 3)]_=2 [_5 b E]

Hence, the vectors a b C are coplanar, if

R T = -
and only if a+b,b+c andC +a are

coplanar 2)

45. 1f3, b and ¢ are three mutually
perpendicular vectors of the same magnitude,

then prove that a+b+cis equally inclined

with the vectors E, B and c.
HOTS; Delhi 2013C, 2011



i

Ef? if three vectors a,band¢ are mutually
; ° perpendicular to each  other, then
a-b=b-¢=¢-a=0 and if all three vectors

- - - .
5 a, b and ¢ are equally inclined with the vector
~ = -3 - -
(a + b + c), that means each vector a,band ¢

i makes equal angle with (a + b+ ¢) by usingé

e A

i formula cos6= a-b
lal] b
— l—) —
Given, | a|=|b|=|c|=2A [say]
and S-B:O,E-E=Oand'§-z=0 (1/2)
Now, |a+b+c|?=|al*+ |b]*+ |c|?
+2 (a '5+B-E)+E)-_a>)
=M+ A2+ A2 +20+0+0) =377
= |a+b+c|=+3% (1)
e
Suppose (a + b+ c¢) is inclined at angles

- =
0, 0, and 0, respectively with vectors a, b
—

and c, then
(a+b+c)-a= |_a)+~75+€| : |?,=:|r:¢:>:~;~€:’t1
[+ a b =|al|b| cos6]
= |af?+ab+ac=%V3LxAcosh
= A2 +0+0=1+3 A% cosH,
1
Ccos0, =t —
N
i

(a4 h+ r]-ﬁ=|;+ﬁ+?ilgl-rnqﬂq (1N



= S-B+|B|2+B.Z=iﬁk-lc0582

= 0+ A2 +0=++3 A% cosH,
| 1
= : cosf, =+ —
ERNE)
I - = = >
Similarly, (a+ b+ c).c =|a+ b+ c||c|cos,
== (:0591—+T | q))

1
Thus, cos0, = cos0, = cos0; =+ —
1 2 3 NE)
+b+ c)is equally
inclined with the vectors ,B and C. (1/2)
46. Ifa =i +; +kandb —f k, then find a vector

ol

Hence, it is proved that (

mi

- =

c,suchthata xc=banda-c =3
Delhi 2013, 2008

x? If G—all+azj+03k and b bf+b2J+bk
| are two vectors, then |

- =
ﬂ‘b=a1b1+ 02b2+ a3b3
i ok
—3 —
and ax b=la, a, a4

bl bz bs

ki o o b o i A B R A T e -

o3

. = D R - A
Given, a=i+j+kandb=j -k

and C=xi+yj +zk
i j ok
[

X y Z

® )
x
ol
H




=}:(z—y)—}:(z—x)+12(y-—x) (1)

ol

=b [given]
j

—0i +1] + (= 1k [+b=] k]
On comparing the coefficients from both
sides, we get
zZ -y=0,x—-2z=1,y—-x=-1
=5 y=zandx-y=1 | (1)

- -

Also giizen, a-c=3
= (f+f+k)'-(xf+yf+zk)=3

— X+y+z=3 (1)
= X+ 2y =3[y =z]...()
On solving Egs. (i) and (ii), we get
Jy =2
2
- y=—=12Z ['.'y=Z]
3
From Eq. (i) x=1+y=‘|+£=-5- (1)
3 3
Hence, E):Ef+-f+%lz 1)
3 3 3

4. Using vectors, find the area of the AABC,
whose vertices are A(1, 2, 3), B(2, -1, 4) and

C(4, 5, -1). All India 2013
Let the position vectors of the vertices A, B and
C of AABC be (1)
A(1.2,3)
C4,5-1)

B(2. -1.4)



—3 = A B ~ooA %
 OA=i+2j+3k OB=2i-j+4k
and OC = 4 + 5;" —12, respectively.

—_— = =
Then, AB = 0B - OA

{2f—f+412}*(f+2}:+3iz)
f—3f+£

and AC =OC - OA
= (4 +5] k) —( +2] + 3k
= (37 + 3] - 4k) (1)

fal

ik
—_— —

i
Then, ABx AC=|1 -3 1
3 3 -4

Il

i(12-3)=] (4-3)+k3+9)
9 +7] +12k 1)

—_— ) —

| AB x AC | =©9)? +(7) +(12)?

= /81+ 49 +144 = 274

1, — —
Hence, area of AABC = —2~| AB x AC |

=% 274 sq units (1)

48. Ifa =i —j + 7kand b = 5i — ] + Ak, then

find the value of A, so thata + b and a-b
are perpendicular vectors. All India 2013



Prmp— imsssan iy

(:? Use the result that |f a and b are perpendacular
then their dot product should be zero and

smphfy it.

Given,zzf-f+ 7k andg=5f—f+?u;
Then, '5+B={f—f+7£) +(5f—f+l§)
=61 <2} (7N k M
and 3—B=(f—f+7ﬁ)—(5f—f+lkA)
= —4i +(7- Mk (1
Since, (a + b) and (a - b) are perpendicular
vectors, then (3 +B)-(_a) —B):O
61 2] + (7+ M K= 41 +(7=MK =0 (D)

=5 = QAT HRHUT R =
=  49-2’=24=> A=
A=%5 1)

49. if p=5i +Aj ~3kand g =/ + 3] - 5k, then

find the value of &, so thatB + a andB —H
are perpendicular vectors. All India 2013

Do same as Que. 48. [Ans. A = £ 1]

50. If g, b and c are three vectors, such that

o PR —
o |=5,]b|=12|c |=13and

3 +B) +? =0, then find the value of
-5 = o o2 '
Delhi 2012

a-b+b-c+c-a.



_a

On multiplying both sides by (a+ b+

IZ
_§

-
C

|2+1’El2+|

—

a

i
=

N 4
a+b+c)

(

i? Use the foliowmgformula
and

TO
{ile

10
79

1 s
1

TO
163
1-Q
1

T
T

e
10O

70
T0

Tw

(1%2)

T
1
1T ©

~Q
fiQ
M
Tk
19
T
19
I
T
163

(1%2)

=12and|c|=13

—_—

|=5,|b]
- =
+c-a)=-338

_)

[l 2

4 —_ =
b+b-c

—

2(a-

=



51. Leta =E+A}:+2§,—S =3i -2+ 7kand
¢ =2/ —] +4k. Find a vector p, which is

. — — — —
perpendicular to both a and b and p-¢ =18.
HOTS; All India 2012, 2010

p-a =0 i)
~and BB = i} ...(11)

[B is perpendicular to both 2 and _5, given]

- —
and p-c =18 (i)
So, let Bz Xi + yf+z!2

From Eqs. (i), (ii) and (iii), we get

(xf + y}:+zlz)-(i +4}:+212)=0
= x+4y+2z=0 ..(iv)
i +yj+200-Bf = 2]+ 7K =0
= 3x-2y+7z2=0 (V)
and (xi + yf+z§)-(2f— f+4£}=0

= 2x -y +4z =18 ..(vi)
On multiplying Eq. (iv) by 3 and subtracting it
from Eq. (v), we get
-14y +z =0 ...{vii)
Now, multiplying Eq. {iv) by 2 and subtracting
it from Eq. (vi), we get
-9y=18 = y =2 (1)



On putting y = =2 in Eq. (vii), we get

-14(-2)+z=0
= 28+ z=0
= z =-28

On puttingy = =2 and z = =28 in Eq. (iv), we
get

x+4(-2)+2(-28)=0
= x—-8-56=0
iy X = 64 (11%)

Hence, the required vector

-

p=x?+yf+ zk is

b =64i —2] - 28k (1/2)
52. Find a unit vector perpendicular to each of

- = - -
the vectorsa + b and a — b, where

a=3f +2;+2kandb_: +2; 2k. Delhi 2011

\.> Usethe concept, if @ and b are two vectors, then
* a unit vector perpendicular to both of them

_axb
|3 x B
Given, a=3i+ 2}: + 2k
and b=i+ 2}: — 2k

Then, a+b=03i +2] +2K +(i +2] — 2K

=4?_+4}
and a-—b=0Gi+2]+20)— @ +2] -2k
=2 + 4k 0

— - - -
Let a +b= and a _bzé, so that we have
B s ke



c=4i+4jandd =21 + 4k.

h S A

L.
Now,zxaz 4 4
2 0

~i16-0)-](16-0)+k(O—8)
= ¢xd=16i —16] — 8k () ()

1€ xd|=16)2+(=16)% + (-8)>
= /256 + 256 + 64
=576 = 24 ...(i) (1)

On putting the values from Eq. (i) and (ii), we
get

16i —16] — 8k

Required vector =

24
8Qi-2j-K
24
% I (1)
3 3 3

-3 e - .
53. Ifa and b are two vectors, such that|a | =2,

IB |=1and a-b =1, then find

a



-6|al?+112-b-35|b

=62)2+111)-351*=0 (M
[+ |al=2and|b|=1]

Hence,3a -5b)-(2a +7b)=0 (1)

54. Ifvectorsa =2i +2j +3k b=—~i +2j +k

e il

and ¢ =3i +jaresuchthata + A b is

perpendicular to ¢, then find the value of A.
Foreign 2011; All India 2009C

i o R
Given, a =2i +2j + 3k,
Bz-—f+2f+£ and <_:)=3f+;.
— - | . -
Also, a + A b is perpendicular to c.
o - - .
(a+Ab)-c=0 ...(D(1)
[ when 2 _LE, then a -E=0]

Now,z+l-5=(23+2f+3ﬁ)+l{—f+2}:+f<‘)
—a+Ab=i2-N+@2+20) +kG+1) (1)
Then, from Eq. (i), we get
Q2-A)+]@+21)
+k@+M1-B +1=0()

— 32-A)+12+20)=0
8-A=0

A=38 (1)
55. Using vectors, find the area of triangle with

vertices A(1,1,2), B(2,3,5 and C(1, 5, 5).
All india 2011

U

Do some as Que. 47. [Ans. %Jﬁ sq units]



56. If 3, b and ¢ are three vectors, such that
|-3 =3, ]'B) = 4and|c |= 5 and each one of
these is perpendicular to the sum of other
. - = -3
two, then find ja+ b+ ¢ | Al india 2011€, 2010C
) > e - )
Given,|a|=3,|b|=4]|c|=5 ()

- = -
Also, given that each of the vectors a, band ¢

is perpendicular to sum of the other two
vectors, i.e.

ZJ_(B+E)
B
= ab+c)=0
" ab+a-c=0 ..(ii)
3l@+$
S
= b-(c +a)=0
- = -5 -
= b-c+b-a=0 (i)
and ¢.L{(a+b)=xc-(a+ b)=0
— cradc:bh=0 (V)

[ when two vectors are perpendicular, then
their dot product is zero] (1)



Now, adding Egs. (ii), (i) and (iv), we get
2@ b+b-Cc+c-a)=0

=5 ab+b-c+c-a=0 (V)
B T i
[+ aab=b-a,b-c=c-band cra=a-c]
Now, consider
- =2 S 5 = S e e e
(a+b+c)-(a+b+c)=a-a+a b+a-c
B T e T T T I~ e
+b-a+b-b+b c+c-a+c-b+c-c
- - = - - -
:~|a+b+clz=|a|2+|bi2+|f:|2
i s s
+2(a-b+b-c+c-a)(1)
-3 —F —)2
[»a.a=]|al®)

On putting the values from Egs. (i) and (v) we
get

[_a) +b+cP=032+@2+(5)?+2(0 )
=9+16+25 =50

Hence,|3 +b +E)|

J50
=25x2=52 (1
57. Using vectors, find the area of triangle with
vertices A(2,3,5),8(3,5,8)andC(2,7,8)
Delthi 2010C

Do same as Que. 47. [Ans. %J&ﬁ sq units]

58. The scalar product of vector i +  + k with the
unit vector along the sum of vectors
2i +4j — 5k and Ai + 2] + 3k is equal to one.
Find the value of A All India 2009, 2008C

Do same as Que. 40. [Ans. A =1]



e O — ey = =3
59. Ifaxb=cxdandaxc=bxd, then show
thata —d is paraliel to b — ¢, wherea #d

and b # c. HOTS: Delhi 2009

{) If two vectors are parallel, then their
* cross-product will be a zero vector.

- 2 -5 9

Given, axb=cxd (1)
and axc=bxd e

On subtracting Eq. (ii) from Eq. (i), we get
@xb-@xd)=cxd)-(bxd)

oy —

= (_a) xB)ﬂ(zxc)+(b xg)—(? ><3)=6

= ax(b-A)+(b-3)xd=0

- 3x£~a—3x£—a=3
[v;xgz—gxarn

= (E—H)X(B}-CHE

— — =
P o d and b # c1(1/2)
Thus, we have that cross-product of vectors
- - = - .
a-dandb-c as a zero vector, so a ~dis

paraliel tob —c. (1%2)

60. Three vectors a , b and ¢ satisfy the

=2 e

condition @ +b + ¢ =0. Find the value of

3-§+b-?+?-a}, ;T|3 =1, b | =4 and
Ic =2 All India 2008C

Do same as Que. 50. [Ans.w 221]



61. Find a vector of magnitude 5 units,
perpendicular to each of the vectors (3 + E;) and

= = i A D
(@ = b),wherea =i +j + k and

b =i 42} +3k Delhi 2008C
Given, a= +f+l: and-B=f+2f+3I2

~

i
=3 = s 2 - 2
+b=>+j+k+i+2j+3k
=2f+3f+4£ (1)

Let
— X A iy
Then we get, ¢ =2/ +3j + 4k

— A ~
and d=-j—2k
We know that, unit vector which is

perpendicular to both Candd is given by

-5 -
. cxd
=

.._>

!c><3|
i k

Exd=t2 3 4

0 -1 -2

=T ebs =] 4~ Ok=z-0)

~ 27 + 4] - 2k

and | € x d | = y(-2)? +(4)? + (-2

=.J4+16+4

—_— «BE:?*\/E\‘



= Wl I T e YW

_27 + 4] - 2k

A=
26
-?+z’j—:2
= (1)
J6

Hence, required vector of magnitude 5 units

_5 —f+2f—12
3

~ 10
i— I +

_5 ;:_5
J6 6 6

~

k (1)
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