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Scalar Triple Product
1. Vector : Basic Introduction : p

— -
e Aquantity having magnitude as well as the direction is called a vector. Itis denoted as AB or a .Its magnitude

(or modulus) is | XB| or || otherwise, simply AB or a.

»
- v
®  Vectors are denoted by symbols such as a . [Pictorial representation of vector]

2. Initial and Terminal Points :
The initial and terminal points means that point from which the vector originates and terminates respectively.
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3. Position Vector :
The position vector of a point say P(x, y, z) is orP=r =x2+y}'+zl€ and the magnitude is |7 [=** +y* +2°.

The vector JP =

—

r=xi+ y}' +zk is said to be in its component form. Here ¥, y, z are called the scalar components or

rectangular components of r and xi, y}', zk are the vector components of r along x, y, z-axis respectively.

Also, AB = (Position Vector of B) — (Position Vector of A). For example, let A(x,, y;, z;) and B(x,, y,, z,). Then,
A_>B = (ng"' yz}"' Zzlz) - (x1;+ ylj + lez)-

Here 7, j and k are the unit vectors along the axes OX, OY and OZ respectively (The discussion about unit
vectors is given later under ‘types of vectors’).

4. Direction Ratios and Direction Cosines :

If r=xi+ y}' + ZIA(, then coefficient of f, }', kin r i.e., x, v, z are called the direction ratios (abbreviated as d.r.’s) of

N
vector r . These are denoted by a, b, ¢ (i.e., a = x, b = y, ¢ = z; in a manner we can say that scalar components of

vector r and its d.r’s both are the same).

Also, the coefficients of ?, }', kinr (which is the unit vector of r)i.e.,

x y z
7 7
\/x2+y2+zz \/x2+y2+zz \/x2+y2+zz

are called direction cosines (which is abbreviated as d.c.’s) of vector ;.

These direction cosines are denoted by [, m, n such that ['=cos o, m = cos B, n = cos yand P+rm?+n?=1

= cos? o + cos? B + cos?y = 1.

. x b4
It can be easily concluded that — =1 = cos q, Y == cos B, —=mn=cosy.
r r r

Therefore, r = Iri + mr}' +nrk = r(cosai + COSB}' +cosyk). [Here r = | ’ 1.

5. Addition of vectors

()

(b)

Triangular law : If two adjacent sides (say sides AB and BC) of a triangle ABC are represented by 2 and b
taken in same order, then the third side of the triangle taken in the reverse order gives the sum of vectors a
and b ie, AC=AB+BC= AC=a+Dh

Also since AC =—~CA=s AB+BC+CA=0.

And AB+BC—AC=0= AB+BC+CA=0"

Parallelogram law : If two vectors 2 and b are represented in magnitude and the direction by the two
adjacent sides (say AB and AD) of a parallelogram ABCD, then their sum is given by that diagonal of

parallelogram which is co-initial with ; and ; ie., 5C = 6A+ 63,

6. Properties of Vector Addition

()

(b)
(©
(d)

Commutative property : a+b=b+a

Consider a=a,i+ uZ}' + a312 and b=b,i+ bz}' + b312 be any two given vectors,
then a+b=(a, +b,)i+(a, +b,)j+(a, +b)k =b+a.

Associative property : (a+b)+c=a+(b+c).

Additive identity property : a+0=0+a=a.

Additive inverse property : g+ (—a)=0=(-a) +a.

Note : Multiplication of a vector by a scalar
Let a be any vector and k be any scalar. Then the product ka is defined as a vector whose magnitude is |k|
times that of a4 and the direction is

(i) same as that of a if k is positive, and (ii) opposite as that of a if k is negative.
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Know the Terms
Types of Vectors :

(@)

(b)
(©
(d)

(e)

®

(8)

Zero or Null vector : It is that vector whose initial and terminal points are coincident. It is denoted by 0.
Ofcourse its magnitude is 0 (zero).

Any non-zero vector is called a proper vector.

Co-initial vectors : Those vectors (two or more) having the same starting point are called the co-initial
vectors.

Co-terminus vectors : Those vectors (two or more) having the same terminal point are called the co-
terminus vectors. .

Negative of a vector : The vector which has the same magnitude as the r but opposite direction. Itis denoted

by - 7. Hence if, XB::OI‘ B?l:—; ie., XB:—B}, Pb:—dP etc.

5
Unit vector : It is a vector with the unit magnitude. The unit vector in the direction of vector r is given by
AT ~ I I . . .
r= ﬁ such that |r| =1, so,if r=xi+yj+zk then its unit vectoris :
;
X 2 y ~ z o
i+ j+ k.

N N £

r=

- > axb
Unit vector perpendicular to the plane a and b is: +——.

laxb)]

Reciprocal of a vector : It is a vector which has the same direction as the vector r but magnitude equal to the

r

- - -1

reciprocal of the magnitude of r .Itis denoted as'r .. Hence ‘ ‘
;

Equal vectors : Two vectors are said to be equal if they have the same magnitude as well as direction,

regardless of the position of their initial points.

— - a = E
Thus a=b & Lu| |a| ~ N\
a and b have same direction

Also, if ﬁ=5:>alf+a2}+a3lz = blf+b23+u312 =>a,=b,a,=b,,a,=b,.

(b)

(@

Collinear or Parallel vector: Two vectors a and b are collinear or parallel if there exists a non-zero scalar
Asuch that 2 = Ap-
It is important to note that the respective coefficients of i }', kin a and b are proportional provided they

are parallel or collinear to each other.
The d.r’s of parallel vectors are same (or are in proportion).

The vectors a and b will have same or opposite direction as A is positive or negative respectively.

The vectors a and b are collinear if ax5=0.
Free vectors : The vectors which can undergo parallel displacement without changing its magnitude and
direction are called free vectors.

Know the Formulae

The position vector of a point say P dividing a line segment joining the points A and B whose position vectors are

a and b respectively, in the ratio m : n.

(@)

Internally, opP = mb+na (b) Externally, Op < mb—na
m+n m-mn

- o

Also if point P is the mid-point of line segment AB, then OP = #.
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7

Q.1

Ans.

Ans.

Objective Type Questions

(1 mark each)

Area of a rectangle having vertices A, B, C and
D with position vectors —i+ %} +ak, i+ %} +4k,
2 1s A 2 1~ . .

i— E] +4k and —i — E] +4k, respectively is

(b)1
(d) 4

1
(@) >
(0 2

[NCERT Ex. ]

Correct option : (c)
Explanation :
The position vectors of vertices A, B, C and D of
rectangle ABCD are given as :

OA=—-i+-j+k, @:f+%}'+4l€,
== » lr ~» == 2 1r =
OC=1—5]+4k, OD=—1—5]+4k

The adjacent sides AB and BCof the given
rectangle are given as :
E:(l+l)§+(;—i]}'+(4—4)f<:2§

— A 1 1k A oA
BC=(1-Di+|———-=[j+(@-dk=—j
(1-1) [2 2]] (4-4k=-j

ik

ABxBC=[2 0 o0

0 -1 0
=k(-2)=—2k
:‘A—Bxﬁ‘zz

Now, it is known that the area of parallelogram
whose adjacent sidesare @ and b is ‘ﬁxg‘

So that, the area of the given rectangle is
‘Kﬁxﬁa =2 sq. units.

. In triangle ABC (Figure), which of the following is

not true :

(@) AB+BC+CA=0 (b) AB+BC-AC=0

() AB+BC-CA=0 (d) AB-CB+CA=0
C

[NCERT Ex. |

Correct option : (c)
Explanation :

A B

Applying the triangle law of addition in the above
triangle, we have

Ans.

Ans.

AB+BC=AC (i)
= AB+BC=-CA

= AB+BC+CA=0

.. The equation given in alternative (a) is true.
AB+BC=AC

= AB+BC-AC=0

- The equation given in alternative (b) is true.
From equation (ii), we have

AB-CB+CA=0

The equation given in.alternative (d) is true.
Now, consider the equation given in alternative

©:

AB+BC-CA=0

= AB+BC=CA

For eilatm:s (i) and (iii), we have :
AC=CA

= AC=-AC

=AC+AC=0

= 2AC=0

= AC =0, which is not true.

So that, the equation given in alternative (c) is
incorrect.

...(ii)

...(iif)

. is a non-zero vector of magnitude ‘a” an a
If a tor of tude ‘a’ and A

non-zero scalar, then A4 is unit vector if
@ A=1 b)r=-1
c)a=|A d)a=1/| L

(© A @ | [ILICERT Ex. ]
Correct option : (d)

Explanation :

Vector M is a unit vector if ‘M‘ =1.

Now,
|Ad|=1
= [A[ja|=1
1
= l|i=—  [r#0]
- =
=— a

- 1
So that, vector Aa is a unit vector if 4 =—

A"

.If @ and b are two collinear vectors, then which

of the following are incorrect :

(@) b=2a, for some scalar A

(b) a=x+b

(c) the respective components of a and b are
not proportional

(d) both the vectors 4 and b have same direction, but

different magnitudes
[NCERT Ex. ]

Correct option : (d)
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Explanation :

If  and b are two collinear vectors, then they are
parallel.
Therefore, we have

b=Mi (For some scalar A)
IfA=+1, then G=b

If a=a,i+a,j+ak and p=bi+b,j+bk then,
b=\i
:>blf+b2}'+b312:?»(alf+u2}'+a312)

= byi+b,j+bk=(ha, )i +(Aa,)j+(Aay )k

= b, =Ma,,b, = Aa,,b, = A,
- b _b_b_y
a, a, a,

So that, the respective components of 4 and b are

proportional. However, vectors @ and b can have
different directions. Hence, the statement given in
option (d) is incorrect.

Q. 5. The vector in the direction of the vector i 2}' +2k
that has magnitude 9 is
i-2j+2k
3
(d) 9(i—27+2k)
[NCERT Exemp. ]

@) i-2j+2k (b)

(c) 3(i—27+2k)

Any vector in the direction of a vector 4 is given by 4.
i2jeak 1240k [
CJPe2e2r 3
. Vector in the direction of @ with magnitude 9.
_ i-2j+2k
3

=3(1—2j+2k)
Q. 6. The position vector of the point which divides the
join of points 24— 3b and d+b in theratio3:1is:

(a) 33 - 2b ) 74 — 8b
2 4
(c) ﬁ (d) ﬁ
4 4

[NCERT Exemp.]

Ans. Correct option :(d)
Explanation :
Let the position vector of the R divides the join of
points 24— 3b and i +b.
3(d +b)+1(2d - 3b)

3+1
Since, the position vector of a point R dividing the
line segments joining the points P and Q, whose
position vectors are P and § in the ration m: n

= Position vector, R =

Ans. Correct option : (c) internally, is given by m +np .

Explanation : 55 m+n

Let d=i-2j+2k R=
3 Very Short Answer Type Questions (1 mark each)
¥ |

- A A _ - 2}' +2k

Q. 1. Find a vector in the direction of a =i-2j that =9x 3

has magnitude 7 units. [NCERT] =3i-6]+ 6k 1

[Delhi Set I, II, III Comptt. 2015]

-
Sol ~ 1 ; 2 } a
ol. a=—l——F]=— 1
Ol o
~ 7,\ 14 ~
7a = Li-23 1
then \/g /—5] /2

[CBSE Marking Scheme 2015]

Q. 2. Write a vector in the direction of the vector

A A AN
i—21i+2k that has magnitude 9 units.

[Delhi Set I Comptt. 2014]
Sol. Let a = i-2j+2k
The vector in the direction of a with magnitude 9is
9xa.
i-27+2k

Required vector = 9 X ———c——
JIP+(=2)" +22

Q. 3. Write a unit vector in the direction of the sum
- - - - - - > -

of vectors a=2i+2j-5k and b=2i+j-7k.
[Delhi Set III, 2014]

- - = e - -
Sol. Let r =a+b = 4i+3j-12k

-

7] = V16+9+144 =/169=13 %

So, unit vector

A - A A A
;= 4i+3j-12k
— - 2727
|7 | 13
4~ 3~ 122
= —i+—j——k y
B 1B &

A A

Q. 4. Find a vector in the direction of vector 2i-3 j+6k
which has magnitude 21 units.

[Foreign Set I, II, III, 2014]

>

a

Sol. Let = 2i-3j+6k
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N
The vector in the direction of a with a magnitude
21521 X .

2i-3j+6k
22 +(=3)* + 62

2i-3j+6k
>< . A

7

Required vector = 21x

= 21

— 6i-9j+18k 1

A A

- A
Q5 If a=xi+2j-zk

two equal vectors, then

and b=31A'—y3'+l/; are

write the value of

x+y+z [Delhi Set I, 2013]
- A A A
Sol. a = xi+2j-zk
- AL A
and b =3i-yj+k
are equal vectors
- -
So, a =15
or x?+2}—zl§ = 31A'—y§'+12 1
x=3,y=-2z=-1
x+y+z=3-2-1=0. Ya
Q. 6. Write a unit vector in the direction of the sum of
vectors :
- AA A - A A A
a=2i—j+2k and b—i+ j+3k
[NCERT] [Delhi Set III, 2013]
- A . A
Sol. Given, a = 2i—j+2k
and ; = —?+]'+3I/2
- - -
Let, r = a+b

= (i j2k)+ (- it j43k)
= i+5k

|7 = J1?+(5)? = V26 v

So, required unit vector

A RN ~ ~

r— I _ i+5k
7l V%

Va

Commonly Made Error

e Generally students commit errors in finding the
unit vector as they don't get the result in required
vector form.

Q. 7. Find a unit vector parallel to the sum of vectors

A A A

A A A
i+ j+k and 2i-3j+5k.
[Delhi Set I Comptt. 2012]

Sol. Sum of given two vectors is given as

A A A A A A
(i+j+k)+(@2i-3j+5k)

A A A
(1+2)i+(1-3)j+(1+5)k

A A AN >
=3i-2j+6k=A (say) V2

A unit vector parallel to this vector
A AA
3i-2j+6k
s e
| Al

A A A A A A
3i-2j+6k 3i-2j+6k

T rropre2 | Y89
3h 27 6A

= 2i-2j+Zk. p
7' 7710y s

Q. 8. Find a unit vector in the direction of
A A

- A
A=3i-2j+6k

[O.D. Set I Comptt. 2012]
%

Sol. A unit vector in the direction of vector A is
given by
AA
A = j
| Al

%

|A] = B2+(-2)2+62 =7
A —> /\ /\ A
A — A _3i-2j+6k

[Al 7

%
A unit vector in the direction of A

- ~ A~ A~
Q.9. Find the sum of the vectors a=i-2j+k,

el ~ ~ ~ - ~ N ~
b =—2i+4j+5k and ¢ =i—6j—7k.

[NCERT] [Delhi Set I, 2012]
- -
a c

Sol.

+b+
(i—2]+k)+ (=20 +4]+5k)+(i—6]-7k)
=(1-2+1)i +(2+4-6)] +1+5-7)k

=0i -4] -1k =-4] - k. 1
Q.10. Find the sum of the vectors :
- A A= A A= A A
a=i-27,b=2i-3j,c=2i+3k.
[Delhi Set II, 2012]
= (1-2])+(20-3])+(2i +3k)

- o 5
Sol. a+b+c

(1+2+2)i +(-2-3)] +3k

50— 5] + 3k. 1
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Q. 11. Find the sum of the vectors :
d ~ ~A ~ A — ~ ~ ~
a=i-3k,b=2j-k c=2i-3]+2k
[Delhi Set 111, 2012]
2+ D+C = (-3 + @) —k)+ (23] +2k)

Sol.
= (1+2)i+(2-3)j+(-3-1+2)k
=3i—j-2k 1

Q. 12. Write the number of vectors of unit length

—> A A A
perpendicular to both the vector @ =27 + j +2k

d A N
and b =j+k. [O.D. Set I, II, III 2016]

Sol. There are two such vectors of unit length

- -
perpendicular to both the given vectors a and b
- -
axb
and vectorsare = —

uxb|.

Q.13.Find the position vector of a point which
divides the join of points with position vectors
-

- - -
(a-2b) and (2a+Db) externally in the ratio

2:1. [Delhi Set I, II, ITI 2016]

- - - -
1(a-2b)-2(2a+b)

Sol. 12

Required vector

Y

- - o >
_ (a-2b)-(4a+2b)
-1

- -
3a+4b Y

AN A

VASVAN A
Q. 14. The two vectors j+k and 3i— j+4k represent

the two sides’AB and AC, respectively of AABC.
Find the length of the median through A.

[Delhi Set I, II, IIT 2016] [Foreign 2015]
4 ZANERAN 4 AN A A
Sol. AB=j+k and AC=3j- j+4k

A

Now ABEC represent a parallelogram with AE as

the diagonal.
— - -
AE = AB+ AC 14
AN A A A A A A
= (j+k)+(Bi- j+4k)=3i+5k
%
Now, |AE| = V@3 +(5)* =0+25 =34
-
|AD| = %\/ﬂ units Y

Q. 15. Write the position vector of the point which
divides the join of points with position vectors

>S5 NN
3a—-2b and 2 a+3b-in the ratio 2:1. R&U

-

)
Sol. Let op.= 3a-2b

— - =
0Q =2a+30b
The position vector of the point R dividing the join

of P and Q internally in the ratio 2: 11is

- - - -
> _ 22a+3b)+(Ba-2b)

OR Y2
2+1
- = S >
_4a+6b+3a-20b
3
— -
_7a 4b 1
3 3

5
Q. 16. Write the value of pP for which the vectors

3;+2;'+9]A( and i-2pj+3k are parallel

vectors. [O.D. Set I, 2014]
a
Sol. <1 - b =a [For parallel vectors]
aZ bZ Cy
3 2 9
or Z = ==
1 —2p 3
1
or = __ 1
P 3

S
Q.17.Find a vector a of magnitude 5v2 making an

T

angle of ™ with x-axis, ™ with y-axis and an

acute angle 0 with z-axis. [O.D. Set II 2014]
A -
Sol. Let a be the unit vector in the direction of vector a .

N
. LY . .
Since vector a makes an angle of ) with x-axis,

T . . .
5 with y-axis and an acute angle 8 with z-axis
therefore

T b
cos® = +cos® — +cos’@ =1

4 2

[Using cos® + cos®B + cos?y = 1]
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or cos™0 = B Sol. If r is the position vector of N, then by section
. formula
or cos 0= —— 2a-b a+2b r
V2 M N
T - - - -
or 9= " T _ 2(a+2b)-1(2a-D)
2-1
Y A
Therefore, a = 5J2a

Q.18.

Sol.

Q.19.

Sol.

Q. 20.

5V2 cos T it COSE}-F cos~k
4 2 4

= bi+5k 1
. - T AT
If a unit vector 4 makes an angle 3 with 7, —

/\ A
with j and an acute angle 6 with f, then find the

value of 6. [Delhi Set I, 2013]

5
We know that if a vector 2 makes angle o, & vy
with ?,; and k respectively, then

cos® o, + cos? B + cos?y =1
Here, we have

o= E,B= g and y = 6, an acute angle

3
*. cos? kil + cos? kil +cos?0=1 Vs
3 4
or 1+1 + cos?8 =1
4 2
or cos’@ = =
or cose=ilor9=ﬁ~ %
2 3

P and Q are two points with position vectors

- - S O
3a-2b and a+ b

position vector of a point R which divides the line

respectively. Write the

segment PQ externally in the ratio 2: 1.
[NCERT] [O.D. Set I, 2013]
Consider two points P and Q with position vectors
e - - -
OP=3a-2b and OQ= a+ b , then position
vector of the point R dividing the join of P and Q
externally in the ratio 2: 1 is

- - - >
2a+b)-Ba-2b)

% —_—
OR = 71
- -
=4b-a. 1
L and M are two points with position vectors
- = - -
2a-b and a+20b respectively. Write the

position vectors of a point N which divides the line
segment LM in the ratio 2:1 externally.

[O.D. Set I, 2013]

— - - -
2a+4b-2a+b
1

N

=5b 1

5

Q.21. Find the scalar components of the vector AB with
initial point A (2, 1) and terminal point B (- 5, 7).

[O.D. Set I, I, III, 2012]

N
AB = Position vector of B — Position vector of A

= (=51 +77)—(2i +17)

Sol.

=(<5-2)i +(7-1)]

=_71 +6] 1
.. The scalar components are (-7, 6).
Q. 22.If a line has direction ratios 2, — 1, — 2, then what
are its direction cosines ?
[Delhi Set I, 11, III, 2012]
Here direction ratios of line are 2, -1, - 2.
2
J22 ()2 42
-1 -2
22+ (A1 + (<22 22+ (-1 +(-2)?
212
7 3 7 3 7 3 .
[Note : If 4, b, c are the direction ratios of a line, the
a b

7 7
\/(12+bz+c2 \/u2+b2+C2

Sol.

.. Direction cosines of line are

ie

direction cosines are

c

]
Va? +b? + 2

- -

Q.23.If a and b denote the position vectors of points
A and B respectively and C is a point on AB such
that AC = 2 CB, then write the position vector of
C. [Outside Delhi Set I, II, III comptt. 2016]

Sol. AC:CB=2:1
Position vector of C
- >
_ a+2b 1
3

[CBSE Marking Scheme 2016]

A

- AN A - A A A
Q.24.1f a=4i-j+k and b =2i-2j+k, then find a

- -
unit vector parallel to the vector a+ b .

[Outside Delhi Set I, II, ITII comptt. 2016]
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- - AR

Sol. a+b = 6i-3j+2k Vs
= = 1 4 A 2

Unit vector parallel to a+ b is ;(61 -3j+2k) %

[CBSE Marking Scheme 2016]

- -
Q. 25. Give an example of vectors a and b such that

- - - -
|b| =|blbut azb. R&U [SQP 2017-18]
= (=l
Sol. a =i,b=] [or any other correct answer] 1

[CBSE Marking Scheme, 2017-18]

5
Q. 26. Write a unit vector in the direction of vector PQ

I
where Y) and Q are the points (1, 3, 0) and (4, 5, 6),

respectively, [Foreign 2014]
-
Sol. Given points are B (1,3,0)and Q (4, 5, 6).
Here, x=1y,=32=0

and x,=4,Y,=52,=6

So, vector PQ= (x, - x;) ? + Wy—-yy) J o+ (z,—2y) IQ

@-1)i +(5-3)] +6-0) F

3i+2 ;+ 6k Ve
. Magnitude of given vector
\P_>Q\ — V3422467 = \9+4+436
= V49 = 7 units

5
Hence, the unit vector in the direction of PQ is

- A N A
PQ _3i+2j+6k _ §i+g].+§k. 1,
- 7 77 7

[PQ|

- N A A
Q. 27. For what values of 4, the vectors 2i-3j+4k and

A A

ai+6j-8 IAc are collinear ?

[HOTS; Delhi 2011]

N

Sol. Letgiven vectorsare a4 = 2i—3j+4k and

— A A A
b = ai+6j-8k

- -
vectors a and b are said to be collinear, if

—

5
a k.b , where k is a scalar.

2i-3j+4k = k(ai+6j-8k)

A A
On comparing the coefficients of i and j, we get

2=kaand—3=6kork=_%

2=—1aora=—4 1
2

Answering Tips
o (larify the concept of collinearity of two vectors.

Q. 28.1If A, B and C are the vertices of 2 AABC, then what

— - —
is the value of AB+BC+CA ? [Delhi 2011C]

Sol. Let AABC be the given ériangle.

A B
Now, by triangle law of vector addition, we

— - -
have AB+BC = AC

> >

— - -
or AB+BC+CA = CA+AC

[adding qu on both sides]

R - - - g
or AB+BC+CA = CA-CA [+ AC=-CA]
- - — —
AB+BC+CA =0 1

Q. 29. Find the unit vector in the direction of the sum of
A A N A N A
vectors 2i+3j-k and 4i-3j-2k.
[Foreign 2015]

Sol. Try Yourself
Q.30.A and B are two points with position vectors

> > > -
2a-3b and 6b—a respectively. Write the
position vector of a point P which divides the line
segment AB internally in the ratio 1: 2.
[All India 2013]
Sol. Try Yourself
Q. 31. Write the position vector of mid-point of the vector
joining points P(2, 3, 4) and Q(4, 1, - 2).
[Foreign 2011]
Sol.

Q. 32. Write a unit vector in the direction of vector

Try Yourself

a = 2+ j+2k [All India 2011; Delhi 2009]

Sol. Try Yourself

- PP
Q. 33. Find the magnitude of the vector 4 = 3i+2j+6k-
[All India 2011C; Delhi 2008]

Sol. Try Yourself
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Q.34.Find a unit vector in the direction of vector
i A A A
a = 2i+3j+6k [All India 2011C]
Sol.

Q.35.Find a unit vector in the direction of vector

Try Yourself

-

a = 2i-3j+6k [Delhi 2011C]

Sol. Try Yourself

- AN A
Q. 36. Find a vector in the direction of 2 = 2i- j+2k,

which has magnitude 6 units. [Delhi 2010C]

Sol. Try Yourself

Q.37.Find a unit vector in the direction of vector
-

b = 6i-2j+3k. [All India 2009C]

Q.38.Find a unit vector in the direction of vector

a = 2i-6j+3k. [Delhi 2009]
Sol.
Q. 39. Find the position vector of mid-point of the line
segment AB, where A is point (3, 4, - 2) and B is
point (1, 2, 4). [Delhi 2010]
Try Yourself

Try Yourself

Sol.
Q. 40. Write a vector of magnitude 9 units in the direction

A

of vector — 2i+ j+2k . [All India 2010]

Sol. Try Yourself

Q. 41. Write a vector of magnitude 15 units in the

direction of vector i—2j+2k . [Delhi 2010]

Sol. Try yourself
Sol. Try Yourself
L]
;z Short Answer Type Questlons (2 marks each)
Q. 1. Find the area of the parallelogram whose diagonals 1-1-1
are represented by the vectors g = 2;—3}+ ak )., 036 = V33
. AA A ].
and b=2i-j+2k [SQP 2018-19] ie., cosO = ~3
A A A 1
i j ok :>9=cos‘1(—§)- 1
Sol. axb = 2 _i 2 [CBSE Marking Scheme 2018-19]
Answering Tip
_ _214+4;,+4’2 . e Concept of Angle between two vectors should be

ixH S ET6TI6 =6 %
[

axb
Area of the parallelogram = % = 3sq units.%2

[CBSE Marking Scheme 2018-19]

Answering Tip

e Clarify the concept of finding area of parallelogram
whose diagonal all vectors.

Q. 2. Find the angle between the vectors

a=i+j-kand b=i—j+k  [A/[SQP 2018-19]

Sol. The angle 6 between the vectors 4 and p is given
by
cos® = ﬁ 1
gld
1.e.,cosO = >

revised thoroughly.

Q. 3. Show that each of three vectors is a unit vector :

A A A A A A A A

1.7 ) 1 7 ) 1.7 S ah
;(21+3]+6k),;(61—3]+2k),;(31—6]+2k),

R&U

- 1 n n
Sol. a = ;(2i+3j+6k)
- 1 . N "
b = =(61-3]+2k)

7
- 1 ~ ~ ~
and c = ;(31—6]+2k)

g 1
la| = ?/4+9+36

1

= =19

7

g 1
|b] = ?/36+9+4
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-l
7
- 1
and [l =?/9+36+4 = =49
S y
- - -
la|=|b| =lcl= 2

Hence, vectors are unit vectors.

- A AN AN — A AN A
Q.41 a=3i+7j+2k, b=7i-2j+3k. Is
- - - -
| a|=|b|-Canwesay a=0b ?Givereason.
R&U
- A a
Sol. a = 3i+7j+2k
%
la| = J9+49+4 =162 1
d 2 ~ b
and p = 7i-2j+3k
%
0] = J49+4+9 =62
- -
Thus, lal] =0 %

- o
but a # b because their corresponding components

- N A ~
c _2i+2j+4k
lc| v4+4+16
_ 20+2j+4k
24
_ 20+ ]+2k)
26
_ i+]+2k
J6
~ 9i+9]+18k
9c=
J6

o>

o>

Required vector

- = - = -
Q.6.If |a+b|=60,| a—b|=40 and | a|=22, then

%
find | b | . [S.Q.P. 2016-17]
- - - - - -
Sol. |a+b|*+|a-1b]|? =2(Ialz+|b|2) 1
702
or | b|° =2600-484 = 2,116 Y
_)
or |b| =46 %)

[CBSE Marking Scheme 2016]

Q. 7. The position vectors of points A, B and C are

are different. 1 XA' AL AL A AA .
37, 12i+ d 11:i-3 tively. If C
Q. 5. Find the vector of magnitude of 9 units in the Fre SAITHT an #79] respectively:
NN O @ N divides the line segment joining A and B in the
direction of a-b if a=3i-2j+3k and ratio 3 : 1, find the values of A and pu.
- A A A R&U [Delhi Comptt. 2017
b=i-4j—k. R&U [ P ]
5 NsS Ao 31204 p)+1(i+3]
Sol. Let, I N\ Sol. 11737 = 2 ”])4 (hi+3]) 1
= (3i-2]+3k)-(1—-4] -k
(31 =2j+3k) = (i —4j=F) 4=36+1-12=3u+3
- a s A=8u=-5 t
= 20+2]+4k ol
or ¢ = ataT [CBSE Marking Scheme, 2017]
3 Long Answer Type Questions-I (4 marks each)
o
Q. 1. Find a vector of magnitude 5 units and parallel - AA
- A A A c = 31+]
to the resultant of a4 = 2i+3j-k and N
A —
N A A A . Now unit vector ¢ in the direction of ¢ is %
b =i-2j+k. [Delhi 2011] ]
— A AN - A ASEAS
Sol. Given, a =2i+3j-k and b = i-2j+k. ~on
_ i+ 1
-> >
Now, resultant of above vectors = a+ b VB +(1)?
= Qi+3j-k)+(i-2]+k) = 3i+] 1 3ivi 34 14
= — = 71"'7] 1
N V10 10 10

Let a+b = ¢
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Sol.

Hence, vector of magnitude 5 units and parallel to
- -
resultantof a and b is.

"5

J— "o

i 1

(r r]j

- AAA i A A N
.Let a = i+j+k, b = 4i-2j+3k, and
4 A A A
¢ = i-2j+k Find a vector of magnitude 6 units,
- > —
which is parallel to the vector 2a— b+3c.
[All India 2010]
- AN AN D
Given, a = i+j+k, b= 41—2]+3k
- A A A
and c = i-2j+k
> o -
“ 2a-b+3c
= 2(i+ j+k)—(4i-2j+3k)+3(i-2j+k)
= 2i+2j+2k-4i+2j-3k+3i-6j+3k
- - — n A A
or 2a-b+3c = 1—2]+2k 1%

Now, a unit vector in the direction of vector

i-2j+2k

2a-bi3c
J? + (<27 +(2)

i-2j+2k
J

L i-2j+2k

3

Hence, vector of magnitude 6 units parallel to the

14

-> - A A A
vector 2a-b+3c =6 11‘7%]'4.%1(
3 33
= 2i-4j+4k 1
. Find the position vector of a point R, which divides

the line joining two points P and Q whose position

-> > - o .
vectors are 2a+b and a-3b respectively,
externally in the ratio 1: 2 Also, show that P is the
mid-point, of line segment RQ.

[HOTS; Delhi 2010]

- >

N
Given, OP = Position vector of P = 2a+b and

- - > —
OQ = Position vector of Q = a—3b Let OR be
the position vector of point R, which divides PQ in
the ratio 1 : 2 externally.
Z L
1

[ A A

Q(0Q) P (OP) R (OR)
Ok = Wa-35)-22a+b)

1-2

> m(OQ) n(OP)

~~OR Here,m=1,n=2
m—n
> o> - -
_ a-3b—4a-20b
-1
A
— — d —>
= 23a°50 _ 3lsp
-1
- - -
Hence, OR = 3a+5b 1%

Now, we have to show that P is the mid-point of

RQ,

5 — —
ie op _ OR+0Q
2
N - - - > o
We have, OR = 3a+5b, OQ = a-3b
— — - o > o
OR+0OQ _ (3a+5b)+(a-3b)
2 2
- - - -
_ 4a+20b _ 2(2a+b)
2 2

— 2a+b = Op [~OP=2a+b]

Hence, P is the mid-point of line segment RQ. 1%

. Show that the points A(-2i+3 j+5k), B(i+2j+3k)

and C(7i-k) are collinear. [Delhi 2009C]

Try yourself
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TOPIC-2

Dot Product of Vectors

Revision Notes

1. Products of Two Vectors and Projection of Vectors

- - S50 5 o
(@) Scalar Product or Dot Product : The dot product of two vectors a and b is defined by, a*b =|a||b|cos6

- -
where 0 is the angle between 4 and b ,0<0<m.

2

S

@
A A A

- - A A A - -
Consider a =ayi+a, j+ask, b =byi+b, j+byk,then a.b=ab; +a,b, + asb;.

- >
N
2 Projection of a vector : ; on the other vector say b is given as @ :
|b]
. - >
2 Projection of a vector : b on the other vector say a-is given as g
lal
Know the Properties (Dot Product)
¢ Properties/Observations of Dot product
S id=|i||i|cosO=1ori.i=1l=j.j=kk
A AT ACNN 42 2
S i.jHi| |]|cosE=0 ori.j=0=j.k=ki
- -
2 a-b eR, where Ris real number i.e., any scalar.
- - - >
2 a-b =-b.a (Commutative property of dot product).
- = - - - -
S a-b=0salbor|al=0or|bl|=0.
- o - - e . . .
D If0=0,then a-b = |a||b|.Also a.a=|a*=a* as®in thiscaseis 0.
- - - -
Moreoverif @ =m,then a-b =- |a||b]|-

= ;.(Z+ ?) = ;.Z+ a.c (Distributive property of dot product).

Know the Formulae

- -
© Angle between two vectors a4 and b can be found by the expression given below :

- = - -
a-b a b

_ -1 .
cosf = ———~ O 0=cos

lallb] 1215
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Q.1

Ans.

Ans.

Objective Type Questions

(1 mark each)

If 0 is the angle between two vectors 4 and b

7

then 7.b >0 only when

T T
0<0<— b) 0<6< =
(@ h (b) 2

(c) 0<b<m (d)o<o<m

[NCERT Misc. Ex. Q. 16, Page 459]
Correct option : (b)
Explanation :
Let 6 be the angle between two vectors @ and b.
Then, without loss of generality, 4 and b are non-
zero vectors so that | @ | and | b | are positive.
Itis known that, 7. = | E‘COSO .
ib>0

:‘EHE‘COSGZO
= cos0=0 [ ‘ﬁ‘ and ‘E‘ are positive.]

=0<06<

N

. Let 2and b be two-unit vectors and 0 is the angle

between them. Then a + b is a unit vector if

_T _T
@ 0= (b) 0=7

() 6=

N[a W

27
d) 6="—
(d) >
[NCERT Misc. Ex. Q. 17, Page 459]

Correct option : (d)
Explanation :

Let 4 and b betwo-unit vectors and 6 be the angle
between them.

Then, ﬁ+l;‘ =P | =1
Now, @+b is a unit vector if ‘ﬁ+g‘=1~
i+b|=1
= @+b) =1
= (@+b).(@a+b)=1
= Gd+ib+bi+bb=1
. —12
= [ +2ab+[p[ =1
= 1" +2/a|b|cos+1>=1
= cosez—1
2
:>6=2—7t
3
= 7. . . 21
So that, a+b‘ is a unit vector if Oz?.

Q.3.

Ans.

0.4.

Ans.

Q.5.

Ans.

.Ifd,b and ¢ are unit vectors such that a+b+¢ =0,

The angle between two vectors @ and b with

magnitudes V3 and 4, respectively, and a.b=23 is:
T

a b) —

(@) ®) 3

N3 ola

(©) (d) 57"

[NCERT Exemp. Ex. 10.3, Q. 22, Page 217]
Correct option : (b)
Explanation :

i=13,
We know that,
a.b =ap

Here,

E\ =4 and @b =23 [Given]

cos0

= 243 =43.4.cos0

243 1
= cosO= ==
43 2

0="

3

Find the value of A such that the vectors
a=2i+ k}' +k and b=i+ 2}' +3k are orthogonal.
@@ 0 (b) 1
3 -5
2 =2
© 3 (d -
[NCERT Exemp. Ex. 10.3, Q. 23, Page 217]

Correct option : (d)
Explanation :

Since, twonon-zerovectors @ and b areorthogonal,
ib=0
(204N +k)-((+2]+3k)=0
2+2A+3=0

Le.,

=

A=
2

The value of A for which the vectors 3;—6}'+1Ac

and 2i - 4}' +Ak are parallel is
(@) 2/3 (b) 3/2

(c) 512 (d) 2/5
[NCERT Exemp. Ex. 10.3, Q. 24, Page 217]

Correct option : (a)
Explanation :
Leta=3i—6j+k and b =2i —4] + 1k
Since, i | | b

3 6 1
= ==

2 -4 A
= A= 2

3

—

then the value of @-b+b-¢+¢-d is
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(@) 1 (b) 3 7
(c) -3/2 (d) None of these =d-—b
[NCERT Exemp. Ex. 103, Q. 29, Page 218] ]
Ans. Correct option : (c)
Explanation : bl-
We have, G+b+¢=0 and =1, b*=1, ¢*=1 ol b
o @+b+E)@+b+8)=0
P N S M R M S M=) - - -
= @ +a-b+a-C+b-a+b +b-C+C-a+C-b+C Q.8. If d,b,and € are three vectors such that 4+ b +¢ =0
=0 and |d|=2, 5‘:3 and |c|=5, then the value of
=2 2, =2 P - oo
= +b—+c_ +2£a b+b-—c+c a)=0 G b+B.c+c-dis
[ d-b=b-d,b-¢=Cc-bandc-a=ad-C] (@ 0 (b) 1
1414142 b+b-¢+¢-3)=0 (c) 19 (d) 38
= 1+1+1+2(@-b+b-c+e-a)= [NCERT Exemp. Ex. 10.3, Q. 31, Page 218]
— G-b+b-C+¢C ﬁ:_g Ans. Correct option : (c)
2 Explanation :
Q. 7. The projection vector of 4 on b is Here, d+b+¢=0andd* =4, b* =9, ¢* =25
ibl|- ib @+b+¢)-([@+b+2)=0
(a) ‘E‘b (b) T
b = d +d-b+da-¢+b-d+b +b-¢+c-d+¢-b+c =0
p -l = @462 A4C +2@-b+b-C+C-d)=0[. d-b=b-q]
a : oL
(c) @ (d) ‘ﬁ‘z = 44+9+25+2(d-b+b-¢+c¢-d)=0
L7 24 o =38
[NCERT Exemp. Ex. 10.3, Q. 30, Page 218] = d-b+b-c+c-d=—=-19
Ans. Correct option : (a) 2
Explanation :
Projection vector of @ on b is given by,
L]
?i Very Short Answer Type Questions (1 mark each)
% . .
Q.1. If a and b are unit vectors, then what is the Sol. (2§+3}~+2f().(2§+2}+f() - 12 14
- - - -
angle between 4 and b, sothat V2a-b isa b 12
unit vector ? [A] [Delhi Set I, II, I Comptt. 2015] ﬁm o P= E
Sol. 20/a=22a.b+b.b =1 — % —4 v
— ) - > — _
2laf=2v2a.b+[bf =1 [CBSE Marking Scheme 2015]
= = - AA A
2-2J2a.0+1 =1 Q. 3. Write the projection of the vector a =27 — j+k on
P N S oA A A
N RN the vector b =17 +2j+2k.
21| ]cos = 1 [Delhi Set I, II, IIl Comptt. 2014]
V2
- —
1.1.cos § = 1 Sol. Projection ofavector a onthe vector b is givenby
o \/E -
_ab
= x T,
6 = 1 1 ||
[CBSE Marking Scheme 2015] _ (@i jtk)(i+2)+2k)
S V1 422+ 22
Q. 2. Find the projection of vector g =2i+3j+2k on
2-—2-£25 2 1
- . A = ==
the vector b =2i+2j+k. 3 3

[NCERT]
[0.D. Set I, II, IIT Comptt. 2015]

[CBSE Marking Scheme 2014]
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Commonly Made Error

® Most of the candidates calculate dot product instead
of applying projection formula.

Answering Tip

o (Clarify the concept of scalar projection of vector
thoroughly.

A A A

Q. 4. Find the projection of vector i+3j+7k on the

AN AN A
vector 2i-3 j+6k. [Delhi Set II, III 2014]

Sol. Required projection :

AN A A A A N
_ (i+3j+7k).(2i-3 j+6k)

A A A
|2i-3j+6k|

35 35
= _P_g 1
Jao 7

Q. 5. Write the projection of the vector ?+?+£ along

A

the vector j. [Foreign Set I, I, III 2014]

—_
Sol. We know that the projection of a vector a on the
- -

a-b

5
|6

N
vector b is given by

ANTA A
. The projection of the vector i+ j+k along the

A .
vector j is,

(A. j ﬁ) N ?
i+j+k|| ——ms|=1. 1
0% +1%402

AAA
Q. 6. Write the projection of the vector 7+ j—4k on

/AN A

A
the vector 2i+6 j+3k. [Delhi 2015]

[Delhi Set I, II, III Comptt. 2013]

_)
Sol. Projectionof a on b = = 7

A A A A VAN A
_ (7i+j-4k)(2i+6j+3k)
B V22 + 62 + 32

_ 14+6-12_8 .
T J49 7

[CBSE Marking Scheme 2013]

- - N
Q.7. Write the projecion of b+c¢ on g4,
~ ~ AA DDA A~ ~
where a=2i-2j+k, b=i+2j-2k and
e ~ A ~
c=2i—-j+4k.
[O.D. Set I, II, III Comptt. 2013]
bd A ANRAN
Sol. a =2i-2j+k
— A A AN
b = i+2j-2k
= AN A A
and c = 2i—j+4k
;} v A AN A AN A A
TC = i+2j-2k+2i— j+4k
AN A AN
= 3i+ j+2k
- - -

Projection of (b+ c) on a

e
_ Wrepe v,
-
|a|
AN A AN A AN A
_ (it j+2k)(2i-2j+k)
Ja+4+1
_6-2+2 "

3
[CBSE Marking Scheme 2013]

A
Q.8. Find ‘M’ when the projection of 2 =Xi+ j+4k
> A
on b =2i+6j+3k is4 units.

[Delhi Set I, II, IIT 2012]

Sol. Projection of donb =4

(given)
-
ab _y A
7|
(M + ] + 4k).(21 + 6] + 3k) 4
JA+36+9 B
or 20+ 6+12=7x%x4
or 2L =28-18 = 10
or A= %=5. b2

[CBSE Marking Scheme 2012]
R
a

N
Q.9. If and b are perpendicular vectors,

- - - -
|a+b| =13and | a | =5, find the valueof | b |
[O.D. Set IIT 2014]
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Sol. (a+ bR = |aP+bP+2a.b
or (13)2 = (5)Z+|b|Z +0
= = — e
{+ alb =]|a||b|cos®=0as6=90"
72
or (169-25)= | b |
-
or | 6] =12 1
[CBSE Marking Scheme 2014]

Q.10. Write the value of A

- A A A
a=2i+Aj+k

so that the vectors

— A AN A

and b =i-2j+3k are

perpendicular to each other ?
[Delhi Set I, II, IIT Comptt. 2013]

[O.D. Set I, II, III Comptt. 2012]

- A A A
Sol. a =2i+hj+k,
= A A A
and b = i-2j+3k
For perpendicular :
- >
a.b =0
or 2X14+M-2+1x3=0 4
or 2L=5
or k=§- Vs

A A
Q. 11. For what value of A are the vectors i + 2\ j+k and

VASEVAN A
2i+ j-3k perpendicular?
[O.D. Set I, II, III Comptt. 2013, 2011]

[Delhi Set I, II, III Comptt. 2012]
For two vectors to be perpendicular, their product
should be zero.

Sol.

N VANAN VANVAN A
(i+21j+k).(2i+ j-3k) =0
or 1X2+2AX1+1Xx(-3)=0

N | =

A=

- —
Q. 12. Find | x |, if for a unitvector a and

- 5 5 >

(x+a)(x—a)=15. /Al [O.D. Set 12013]

%

Sol. |a| =1
- - - >

Given (x—a)(x+a)=15
5> S 5> S

of xa-ax+x-x—a-a =15

%
or | x ]2 -1=15

%
{-+ais a unit vector | a | =1}

%
=16or| x| =4

As magnitude of a vector is non-negative.

%
| x [2

%
So | x | = 4. 1
[CBSE Marking Scheme 2013]

- - - - - -
Q.13.1If a and b are unitvectors, then what is the angle between a and b for a— J2 b to be unit vectors ?

[O.D. Set-II, 2016]

Sol. __ a-Bhk is-d unmit vsctor S
ja —.J‘ﬂl =| O
| T
s ke
. a=gBY =)
Bl b aGaddesl (m—,aa > ‘) ( 6’ Argle mmb)
1+ a- afaden =\ _ &b 3 jaliplemsez = . T}f_;az: whwen @ &b
{':"" ® is 45°
[Topper's Answer 2016]
~ 2 A A A
Q.14.If a,b and C are mutually perpendicular unit and la| = |b] = |c]| =1 )

vectors, then find value of | 2u+ b+ c |.
[All India 2015]

A A A
Given g,b and € are mutually perpendicular
unit vectors, i.e.,

Sol.

AN

a.b =

AN A

22 =cC.a = (1)

Now, |2a+b+ ¢ = (2a+b+¢).(2a+b+c)
= 4(3.0)+2(2.b)+2(a.c) + 2(b.4)
+b.b)+(b.¢)+ 2(c.8) +(c.B)+(c.¢)

- > 25
[ca.a= |al]
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[~ dot product is distributive over addition] %2
= 4(|aP)+2(0)+2(0) + 2(0)+ | b P +(0)

12(0)+ (0)+| c ]

> > o> o

[from Eq. (i) and a.b =b.a]
=41)+1+1=4+1+1=6
|22+8+2|=\/g Ve

[+ length cannot be negative]
[CBSE Marking Scheme 2015]

- - - -
Q.15.If a and b are two unit vectors such that a+ b is

BN
also a unit vector, then find the angle between a

N
and b. [Delhi 2014]
- - -> >
Sol. Given, lal =1,|b| =1and |a+b]| =1
- =5 B
Now, |a+b|" = (a+Db).(a+Db)
e e T T T
= a.a+b.at+a.b+b.b
- > — > > >
or la+ b = |af+2a.b+|b [
-5 5> - > -
[a.b=b.aanda.a= |a|}]
- >
or 1=1+2a.b+1
-> >
or 2a.b = -1 Y
> > 1 - > - >
or |all|b| c0s6=—5 [ a.b=|a||b|cosb]
1 d d
or cosf = — — [ al=]|b|=1]
2
or c059=cosz—nor9= 2n
3 3

i K 21
Hence, the angle between a and b is B ¥

[CBSE Marking Scheme 2014]

S T TP - S
Q.16. Find a.b, if a =-i+j-2k and b = 2i+3j k.
[All India 2009C]

N AAA - AAA
Sol. Given, a = —i+j—2k and b = 2i+3j-k

Then, 15 = (mi+j-2k).2i+3j-k)
=-2+3+42=3 1

[CBSE Marking Scheme 2019]

- - - -
Q.17.If |a| =2, |b| =3 and a.b = 3, then find the

projection of Z on ;. [All India 2010C]

- - - >
Sol. Given, |a| =2,|b| =3and a.b =3
- -
.. Projection of b on a
- > - >
_ b.a _ a.b - > 5 >
=5 T 5 [sa.b=b.a]
lal  la]
3 - > -
=3 [-a.b=3and|a]| =2]1
- o> >
Q.18.If a,b, c are unit vectors such that Z+ Z+3 = 3
e e
then write the value of @.b+b.c+c.a,
[Foreign 2015]
Sol. Try Yourself 1

- -
Q.19.If a and b _are unit vectors, then find the angle

- N - >
between a and p, given that (\/3 a— b) is a unit

[Delhi 2014C][NCERT Exemplar]
Try Yourself 1

vector.
Sol.

A A
Q. 20. Write the projection of vector i— j on the vector

it ] ] [All India 2011]
Sol. Try Yourself 1

A > A > A
Q.21.If P is a unit vector and (x—P).(x+P) = g0, then

N
find | x|. [All India 2009]

Sol. Try Yourself 1

- -
Q. 22. Write the angle between vectors a and b with

- >
magnitudes 3 and 2 respectively, having a.b =

J6 . [All India 2011]

Sol. Try Yourself 1

- - g -
Q.23.If |a| = \/§,| b| =2and angle between 4 and b

- >
is 60°, then find a.b . [Delhi 2011C]

Sol. Try Yourself 1

A A A d
Q.24.Find 4.b, if 4 = 3i—j+2k and b =

2i+3j+3k. [Delhi 2009C]

Sol. Try Yourself 1

Q. 25. Find the value of A, if the vectors 3i+A j+3k and

3i+2j-4k are perpendicular to each other.

[All India 2010C]

Sol. Try Yourself 1
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- - - >
Q. 26. Find the projection of a on b, if a.b = 8 and

—

b = 2i+6j+3k. [Delhi 2009]

Sol. Try Yourself 1

N
Q. 27. Find the magnitude of each of the vectors a and

N
b, having the same magnitude such that the angle
9
between them is 60° and their scalar product is 7
[Delhi/O.D. 2018]

Vot
[CBSE Marking Scheme, 2018]

?j Short Answer Type Questions

Detailed Solution :

- - 9
Given, angle ® = 60°and a.b =3
- -
a.b
cosb = 55
lal.lb]
=3 c0s60°—9/72 - >
|;||Z| (lal=b]) ¥
= Tak =2 >la
2 =y =lal=3
- -
la| =|b] =3. Y

(2 marks each)

- =

- -
Q. 1. If either vector a =0 or b =0 then a-b =0 But
the converse need not be true. Justify your answer.
[NCERT] [Foreign 2011]

-
Sol. Let a-b =0
- -
or |al||blcos® =0
-
a-b
as s = 5 1
lallb]
- -
Either |a| =0or|b| =0
or cosO =0
_x .
2

thus, it is clear that the dot product of two non-zero
perpendicular vector is always zero. This shows
that the converse is not true.

- - - - -
Q.2. If a, b aretwo vectors such that |a+b|=|a],

- o -
then prove that 24 + b is perpendicularto p .
[Delhi Set I 2013]
=
Sol. Given, la+b| =|a]
la+b > =]al
- - - -
or |aP+|bP+2ab =|af
> - :
|b|+2ab =0 ...(0)
- 5 o -5 o oo
Now, (2a+b)b =2a-b+bb 1

e

b.(2a+b) =0 1

- - -
From eqn. (i), 2a+bis L to b.

[CBSE Marking Scheme, 2013]

Q.3. Find the projection (vector) of 2i- j+k on

i-2j+k. [SQP 2017-18]
N A A A A AN D> D —
Sol. 4=2i-j+kb=i-2j+k,a.b =5,|b| = V6

- -
The required projection (vector) of a on b

- >
.
= b 1
|b [
= g(?—29+12). v,

[CBSE Marking Scheme, 2017]

Q. 4. If 6 is the angle between two vectors i—2j+3k
and 3i-2j+k, find sin 6. [Delhi/O.D.-2018]

|(?—2}'+3f<)><(3?—2}'+12)|

o WA TR AT
Sol. SN = o5 a)1ai-2) 4k
|(f—2}'+3l§)x(3§—2}'+1§)|
= |4i+8] +4k|=4J6 1
sinQ:%:M 1/2
4 7

[CBSE Marking Scheme, 2018]
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Detailed Answer :

- A A A - 14 7
Let a=i-2j+3k = |a|=y1*+(-2)"+3* = J14 14
> A A A - sin = V1-cos’0
b=3i-2j+k = |b|=y3+(-27+1* = J14 -
sin® = ,[1-—
_a.b
cosh = —— J2a 246
lal.|b] === 1
_ (i-2j+3k).(3i-2j+k)
- V14414
L]
2 Long Answer Type Questions-| (4 marks each)
Ly |
S
Q. 1. Find the vector p which is perpendicular to both = =
. AB xAC
N A A A S A A A NN Sol. Required vector= ———— 1
oo=4i+5j—k and B=i-4j+5k and p.q =21, ‘Xé ><A_>C‘
- A A A
where g4 =3i+j-k. . -
[A[O.D. Set 1, II, III Comptt. 2014] AR AB = (Position vector of B)
— (Position vector of A)
Sol. Any vector perpendicular to both 3 and or /ﬁg - 2?+I§
- - P
B = Parallel to (ax B) 23 Similarly
- A A A
= = = AC = 0i+j+2k 1
p =2r(axp)
A & & i j ok
ik ABXAC =|-1 2 1
=A4 5 -1 Y 0 1 2
1 4 5
) / A = i(4-1)- j(=2-0)+k(-1-0)
= Mi(25-4)= j(20+1) + k(-16 — 5)] L N
RN N ABxAC = 3i+2j-k 1
= M21i -21j - 21k] 1
.. Required unit vector
- 1 A AA
p.q =21 Given = —Bi+2j-k 1
(Given) T it2ik)

M21i - 21 - 21k).(Gi+ j—k) =21

M63—21 + 21) =21 v
r=3 7

p = M21i—21] -21k)
p= %(212 —21j-21k)

p=7i-7j-7k 1
[CBSE Marking Scheme 2014]

Q. 2. Find the unit vector perpendicular to the plane
ABC where the position vectors A, B and C are

A A

2i—j+k, i+j+2k and 2i+3k.
[O.D. Set I, 11, III Comptt. 2014]

[CBSE Marking Scheme 2014]

Commonly Made Error

e Sometimes, candidates use cross product without

— —
evaluating AB and AC. Some candidates make

mistakes while evaluating the unit vector in the
final answer.

Answering Tip

e Vector algebra in finding unit vector need to be
understood by the students.

- A A A d AN A
Q.3.If a=i—j+7k and b=5i-j+Lk, then find

- - - -
the value of A so that a+b and g—b are
perpendicular vectors. [O.D. Set I 2013]
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Sol. Given,

7 = i—j+7k
and Z = 5?—?+M@
2 b b= (—i+7R ik 1
= 6?—2?+(7+7»);<\
and  a-b = (i-j+7k)—(Gi-j+1k)

4Gt (7-N)k 1

- - - -
Since (a + b)and (a - b ) are perpendicular
vectors,

(2 + B)(a-B)=0

(61 -27 + 7+ MFy=4] +7-nE) =0

or -24+T7+MN)(7-M)=0 1
or 49-22-24=0

or A2 =49-24 =25

or A = = 5 units 1

[CBSE Marking Scheme, 2013]

- > - - - -
Q.4. Vectors a,b and ¢ are such that a+b+c =

0
- - -
and |a|=3,|b|=5 and | c|=7.Find the angle

- -
between a and b . [Delhi Set I, II, 111, 2014]

N - > o
Sol. at+b+c=0 - a+tb=-c V2
2 2
- - - >
or (u+ b) =(—c) =|c|2 1

[211%]
or 9+25+2|allbicosd=49 1
- -
6 being angle between a and b , 1
.'.cose=las=lore=E 1
235 2 3

[CBSE Marking Scheme 2014]

5

Q. 5. The scalar product of the vector a4 =i+ j+k
with a unit vector along the sum of vectors
- A A A e A A A
b=2i+4j-5k and c=Ai+2j+3k is equal to

one. Find the value of A and hence find the unit

- -
vector along b+ ¢ . [OD 2009]
[O.D. Set I, II, III, 2014]

Sol. Given that

or ab+a-c

VA NVANVAN A N AN AN AN A N A A
(i+j+k)(2i+4j-5k)+(i+ j+k)y(Ai+2j+3k)

A A A
_ lh+2)i+6j-2k v,
or2Q+4-5+A+2+3)
— JA+2)%+36+4 1

A+62=N+2°%+400rA=1 3

;) = A A A
+c 3i+6j-2k
Hence S = = 7
| b+ ¢ |
BEANGE 2;(\
7 7] 7 1
[CBSE Marking Scheme 2014]
Alternative Method:
- AN A
Let a =i+jtk
- = A A A A A A
and b+ c = (2i+4j-5k)+(Ai+2j+3k)
- = A A A
b+c = (2+N)i+6j-2k
- -
So, Ib+cl = @2+A)>+36+4

= A2 44+ 44 =7, (say)...() ¥2

. - - . .
. Unit vector along b + ¢ is given by :

- -
(b+c)  24x% 64 27
S>> z+;]—?k 14
lb+c |
- 5 -
Since, a .(b+¢) =1
A~ A (2 A A2A
or (i+j+k).(ji+éj—fk)=1 v
r r r
o 1(2+k)+1(§)+1(;2):1 1
r r r
or 7“+6:1 = A+6=71

r

or A+ 6= VA2 +4Lh+44, from (i) Va

or A +120+36=A%+4\+44

or 8L =38
: A=1=r=7 )
; — A A A
+c  3i+6j-2j
Hence, preli 7
| b+ c |
A AN A
=§1+§j—fk 1
7 777
Q.6. Dot product of a vector with vectors

i- ; +k, 27+ ; ~3k and i+ j+k are respectively
4, 0 and 2. Find the vector.
[Delhi Set I, II, IIT Comptt. 2013]
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Sol. Let the requlrecL vectoArbeA A Sol. Let, ? _n
r = xi+yj+zk 13
= s or lc| = laR+[bP+2]a[[b|cosb 1
Also, let a =i-j+k,
- A A A - - —
b = 2i+j-3k Given that ¢ , a and b are unit vectors.
= AAA SO, |{l|=|b|=|C|=1
and ¢ = i+j+k or 2|a||b|cos®=-1 1
—= e
Given, ra =4orx-y+z=4 ...(1) % or d =ua-b
- -
rb =00r2x+y-3z=0 ..(3i)% |d|:\/|u|2+|b|2—2|a||b|cose
- >
and rc =2orx+y+z=2 ..(ii) % = J1+1+1=+3 1
By solving eqns. (i), (ii), & (iii), we get - =
x=2y=-1z=1 1Y% la-b| = V3. 1
- A A A
. Thereq. vectoris v = 2i—j+k b3 [CBSE Marking Scheme 2012]
CBSE Marking Sch 2013 - 27
[ arking scheme ] Q.9.If a,b,c ‘are three vectors such that
Answering Tip - N N
|a|=5,|b|= 12and|c|—13anda+b+c—0

® Generally students commit errors in simplifying
equation which leads to get the wrong result.

Q. 7. Find the values of A for which the angle between the

- 2/\ n A - A A A
vectors a=2\"i+4Aj+k and b=7i-2j+Ak

is obtuse. [0.D. Set I, II, IIT Comptt. 2013]
- 2/\ A A
Sol. Here, a = 20" i+4hj+k
Ed A N A
and b =7i-2j+Ak

- -
If 0 is the angle between the vectors @ and b,

then
- - - >
ab = |a||b|ces6
b
Or cos 6 = j = i
fallb]
for 0 to be obtuse
-
cos®@<0or ab <0 )
or (2A2T+4Nj+k)-(7i-2]+1k)<0 1
or 1402 -8L+ A <0
or 140271 <0
or 22— <0
or 5 MeA-1) <0 Y
2

1
Ae |0, 7)
( 2 !
[CBSE Marking Scheme 2013]

- -
Q. 8. If the sum of two unit vectors a and b is a unit

vector, then show that the magnitude of their
difference is x/§ .
[Delhi Set I, II, IIT Comptt. 2012]

B T S
find the valueof a.b+ b.c +c.a .

[Delhi Set I, II, III, 2012]

Sol. a+b+c =0
or (Z+?+E})2 =0 14
ora.d +b.b +¢.Cc +2Aa.b+b.c+c.a)
=0 1
or |42+ |F |2+ |¢ |2
+2(a.b+b.c+¢.d) =01
e e R
a.b+b.c+c.a

1 = - -
—Jlla R+ bR+ Pl %

- % (25 + 144 + 169)

=-169 1
[CBSE Marking Scheme 2012]

- - -
Q.10.If a,b and  are three vectors such that

- - -
|a|=3,|b|=4and]|c |=5 and each one of them

is perpendicular to the sum of the other two, then
- 5 o

find [a+b+c]. [0.D. Comptt. 2011, 2010]

[O.D. Set I, II, III Comptt. 2013]

- - -
Sol. Since a L (b+ c), therefore
- - o
a.(b+c) =
e
or a.b+a.c =0
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e T - >
a.a

or a.a+(a.b+a.c) = a.a+0 P
R e T >
or a.(a+b+c) =|al
- 5 -
or a (u+ b+ C) = 32 9 (l) 1/2
Similarly, b.(a+b+c) = |bP=16 (i) %
and C(a+b+c) = |CP=25 (i) ¥
Adding eqn. (i), (ii) and (iii), we get
a (;+b+c)+_b)(3+z+?)
- - -
+c(a+b+c):50 b3
e
or (a+b+c)(u+b+c) =50 bZ3
or |;+Z+?|Z =50 1
or |;+Z+?| = J%:S\/E V2

[CBSE Marking Scheme 2013]

VANEEVAN
[AI] Q. 11. Find the angle between the vectors i — j and

ASEIAN

j-k. [NCERT Exemplar]

[Outside Delhi Set-II, 2015]

- AN g
Sol. a=i-j =|a| <2
4-b = |a||b).cos®
(i—jj.(]—kj = (2x+/2 cosO

—lzcose

2

g= 2T

3

. 2T
. angle between vectors is b

[CBSE Marking Scheme 2015]
N
c

- >
Q.12.If a,b,c are mutually perpendicular vectors

> o> o
of equal magnitudes, show that the vector a+ b+ ¢
- -
is equally inclined to 4,b and c. Also, find the
- -
angle which u+ b+ c makes with u orborc.

[Delhi 2017]

- e - -> > -
Sol. |a|=]|b|=|c|land a.b =0= b.

-
Let o, B and y be the angles made by ( +b+

- > N
with a,b and ¢ respectively

e > > > >
(a+b+c).a =|a+b+c||a]| cosa
-
or o= cos! la]
> o> -
|a+b+c|
-
. _ A4 | o]
Similarly, § = cos and
> > o
|a+b+c|
= —1 |C| 1
Y = cos ——
|a+b+c|
using (i), we getaa = =y )
Now
o o > o e e
|a+b+c| —|u| +|b| +|c| +2(a.b+b.c+c.a)
1
> (7 25
or J|at+b+cl = 3|al® (using (i)
- 5 o -
or l'a+b+c| = V3|a]

[CBSE Marking Scheme, 2017]

- -
Q.13.If a,b and ? are mutually perpendicular vectors
of equal magnitudes, find the angles which the

- -
vector 2a+ b+2(: makes with the vectors a,b
and ¢. [O.D. Comptt. 2017]

- > -
= (2a+ b+2c) makes angles o,

Sol. Let the vector ;
- > >
B, yrespectively with the vector a,b, ¢
- - - SN - >
Giventhat |a| = |b|=|c|land a.b = c.a =0
1
- o - o
oS 0L = (2a+b+2c).a v
- - - o
|2a+b+2c||a|
-
21 2P
=L=*OYG=COS_1% 1
- o 3
3lallal
-> - > > =5
cosp = (2a+b+20).b b _1
- > - > - o 3
|2a+b+2c||b]| 3|b||b|
1
il
or =cos  — 1
P 3
- - - -
cosy = (2a+b+2c).c

T
[2a+b+2c|]|c|
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ZI?IZ ) Q. 15. vaectors; = 22+23’+31Ac, B = —;+2;'+1Ac, and
=== 5 " 3 5 A n S5
3lc||c] ¢ = 3i+j aresuch that a+Ab is perpendicular
or = cos‘lg % to ¢, then find the value of A.
[CBSE Marking Scheme, 2017] [Foreign 2011; All India 2009C]
o N Sol. Given, g = 2i+2j+3k b = —i+2j+k
Q.14.If a and b are two vectors, such that |a| = 2, R o
- - - - - - - and c = 31+_]
|b| =1and ab =1,thenfind (3a—5b).(2a+7Db). L. .
[Delhi 2011] Also, a+Ab is perpendicularto c.
. B . (a+Ab)c =0 @)1
Sol. Given, |a| =2,|b| =1and a'b =1 Lo L
oL L [-.when a L b, then a-b = 0]
Now, (3a—5b).(2a+7b) I ' A A oA A
Now, a+Ab = (2i+2j+3k)+AM-i+2j+k)
= 6a-a+21a-b—10b-a—35b-b - - A A A
or a+Ab = i(2-N)+j2+20)+k(3+1) 1
= 6|al’+21a-b-10b-a-35| blzl Then from Eq. (i), we get
[1(2= M)+ j(2+20) + kB+A][3i+]] =0 1
[-xx=[x[Fand ab=ba] or 32-2) + 12+ 24) =0
- - > - or 8—7\. =0
= 6|al’ +11a-b-35|b | 2 =8 1
= 6(2)% + 11(1) - 35(1)* > A a S A A A
oa 11350 L QI6.1f p = 5i+1j-3k and g = i+3;-5k, then
= |;| = 2 and |z| =1] find the value of A, so that p+4 and p—q are
L L perpendicular vectors. [All India 2013]
Hence, (3a-5b).(2a+7b) =0 2 Sol. Try Yourself Like Q.3 LATQ-L

[CBSE Marking Scheme 2011]

TOPIC-3

Cross Product

Revision Notes

— -
1. The cross product of two vectors a and b is defined by,

-

b=

-]

N
ax al|lb

- -
perpendicular to both a and b . For better illustration, see figure.

- A

Consider a =a;i +a,

ragk, b=bi+by] +bsk.
¥

- -
then, ax b =g

by

A

k

by by

A d
sin6n , where 0 is the angle between the vectors a and

ay az|=(ayb5 —agh,)i—(arbs —azby) j+ (a1by -

- A
b,0<06<mand n is a unit vector

azbl)lz.



390 ] Oswaal CBSE Chapterwise & Topicwise Question Bank, MATHEMATICS, Class—XI|

¢ Properties/Observations of Cross Product

A A

A A A A 4 A A - A A
D ixi=|i||i|sin0=0 or i xi=0=jxj=kxk.

Sixj=i||jlsinEk=korixj=k jxk=i,kx

A
1

:j.

\S}

- -, - . - . - -
2 axb isavector ¢ (say)then this vector ¢ is perpendicular to both the vectors a and p .

e

2 axb#bxa (Commutative property does not hold for cross product).
e
X b +axc (Left distributive).

e e T T T Y
S (b+c)xa=bxa+cxa (Rightdistributive).
(Distributive property of the vector product or cross product)
2. Relationship between Vector product and Scalar product [Lagrange’s Identity]

- - - -
or |a><b|2+{a-bJZ:|Z|Z.|;|2

3. Cauchy-Schwarz inequality :
- - - - - -
For any two vectors a and b, always have | a:b|<| a|| b].

Note :
- -
o If a2 and b represent the adjacentsides ofa triangle, then the area of triangle can be obtained by evaluating
- o
l| axb].
2
. If ; and Z represent the adjacent sides of a parallelogram, then the area of parallelogram can be obtained by

- >
evaluating |a x b |-

= = 1, =
o The area of the parallelogram with diagonals 4 and b is El axb|.

Know the Formulae

- -
2 Angle between two vectors a2 and b in terms of cross-product can be found by the expression given here :

axb| axb

.o laX . 1| laxb]|

sme—ﬁorezsm e
lall|b] lallb]

Theorem

Triangle Inequality

- - - - - -
For any two vectors @ and b rwe always have | a+b|<|a|+]| b|.

- - - - - -
Proof : The given inequality holds trivially when either a=0 or b=0 i.e, insuchacase | a+ b|=0=| a|+| b|.
- -
So, let us checkit for | a|=0=]| b|.

. - > - i -
Then consider |a+bP = |a|2+| b|2+2u.b
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;!

Q.1.

Ans.

Ans.

or

- o - o
Forcos0<1,wehave: 2| q|| b|cos®<2| a|| b]

=, =5 - - =5 e - o
or | al+| b|"+2| a|| b|cosO<| al”+| b|"+2| al|| b|

- 2. - -\2
or |a+b|$(|a|+|b|)

or

- - - -
|a+b|<|al+| D]

Objective Type Questions

> >, -5 -5 - o
|a+ b =|al"+| b +2| a|| b|cos6

Hence proved

(1 mark each)

The value of ;(} X IAc) + }(2 X I;) + IAc(; X }') is

(@ 0 (b) -1
(0 1 (d) 3
[NCERT Misc.]
Correct option : (c)
Explanation :

1.(jxky+ 7. x k) +k.(i % J)
=ii+].(~])+kk
=1-].j+1

=1-1+1

=1

. If 0 is the angle between any two vectors 4-and b,

then ‘ﬁ.l;‘ = ‘ﬁxl;‘ when 0 is equal to
(@ o (b) /4

(c) w2 (d)w

[NCERT Misc. ]
Correct option : (b)
Explanation :

Let 0 be the angle between two vectors @ and b
Then, without loss of generality, 7 and b are non-
zero vectors, so that | @ |and | b |are positive.

a.6| =|axb|

= ‘ﬁ”g‘cosez ‘ﬁ”l;‘sine

=  cosf=sinb { || and ‘E‘ are positive.]
= tan6=1
= o==
4
So that, {15‘ =i XE‘ when 0 is equal to g .

. Let the vectors @ and b be such that |4=3 and

H 2
=Y B
3 then @ X b is a unit vector, if the angle

between 4 and b is
(a) /6
(c) w3

(b) /4
(d) /2
[NCERT Ex. |

Ans.

Ans.

Correct option : (b)
Explanation :

V2
-£.

Itis given that [#|=3 and ‘E =
We know that ﬁ><5=‘ﬁwl;‘sin9 1, where 7 is a unit

vector perpendicular to both @ and b and @ is the

angle between @ and b.
Now, @ X b is a unit vector if ‘ﬁXb‘zl .

ﬁxl;‘ =1
= “ﬁ”g‘sinﬁﬁ‘:l
= [a[5]lsine|=1
= 3><§><sin6:1

= sin@ =

= 0=

N ﬁ"“

So that, @ xb is a unit vector if the angle between

and b isE,
4

. The vectors from origin to the points A and B are

i=2i- 3}' +2k and b =2i + 3;’ +k respectively, then
the area of triangle OAB is

(a) 340 (b) /25
(©) V229 (d) %\/ﬁ

[NCERT Exemp. ]
Correct option : (d)
Explanation :

AreaofAOAB:%‘mx@‘
:%‘(22—3}+212)x(2§+3}+12)
ik
2 -3 2
2 31

1
2
=%‘[?(—3—6)—}'(2—4)+12(6+6)}‘

= %‘—9i+2}'+1212‘
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Area of AOAB

= %1/(81 +4+144)
=%\/229

Q.5. Foranyvector i thevalueof (@ x 1)’ + (@ x j)* + (@ x k)?

is equal to
(a) @

(c) 4a®

(b) 34

(d) 2a*
[NCERT Exemp.]
Ans. Correct option : (d)
Explanation :

Let ﬁ=x17+y}+zlz

=2 2 2 2

a'=x"+y +z
A
ixi=|x y z
1 0 0
=i[0]~ jl-2]+k[-y]
=zj-yk
o (@xi) =(zj-yk)(zj - yk)
=1’ +z’

Similarly, (ﬁ><3)2 =x’+z% and (@xk)> =x> +2°
@i +(@X ) +(@xk) =y +2° +x° +2° + 2 +
=2(x’ +y* +2°)=23d>

Q. 6.1f 4| =10,
is

5‘ =2and i-b =12, then the value of ‘ﬁxl;‘

(@ 5
(c) 14

(b) 10
(d) 16
[NCERT Exemp. ]
Ans. Correct option : (d)
Explanation :

i=10, ’El =2andd-b = 12 [Given]

Here,

?i Very Short Answer Type Questions

ib= ‘ﬁ”l;‘cose
12=10x2cos0

12 3
= cosf=—=—
20 5

= sin@=+1-cos’0 = 1—%

sinezié

5
‘EXB‘ = ‘5”5“sin9‘
=10><2><é
5

=16

Q. 7. The vectors 7»2+}'+21Ac, §+7»}'—IAc and 22—}'+MAc
are coplanar, if
(@ r=-2
(c) A=1

(b)A=0
(dr=-1
[NCERT Exemp.]
Ans. Correct option : (a)
Explanation :
Letd=Ai+j+2k,b=i+\j—k and ¢=2i—j+Ak
For d, b and @ to be coplanar,

A1o2

1 A -1=0

2 -1 A

= MA*=1)=1(A+2)+2(-1-21)=0

= A -A=-A-2-2-41=0

= A —6A-4=0

= (A+2) (A =21-2)=0

= A=-2 ork:Zi;/ﬁ

= k:—Zork:Zi'z?'\/gzlix/g
(1 mark each)

Q. 1. Write the value of (2 X })1; + ;}
[O.D. Set 1, 2012]
Sol. (x])k+ij. = kk+i]
=1+0=1 1
[CBSE Marking Scheme 2012]
Q. 2. Write the value of (l; X }); + }I;
[O.D. Set II, 2012]
Sol. (l%x}').f+}'.l§ = —i.i+0
—_ 1140
=-1+0=-1 1
[CBSE Marking Scheme 2012]

Q. 3. Write the value of (12 X ;)} +ik.
[O.D. Set 111, 2012]

Sol. (kxiyj+ik = jj+ik
=1+0=1 1
[CBSE Marking Scheme 2012]

>
Q.4.1f Z and b are two vectors of magnitude 3 and
- -
2 respectively such that a x b is a unit vector,
3 . d d
write the angle between a & b .
[O.D. 2010] [Delhi Set II, 2014] [S.Q.P. 2012]

Sol. We know

- - - = A A
[axb|=]al|b|sinb.n, wheren=1
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- - =
laxb| =1 then x* + 1> + 22 = a® (as, |a| = a)
- 28— oo
|a | =3 [Given] axi = ~yk+zj,
— - - ~ ~
and |b|_§ axj = xk-zi,
1=3X —sinB and ZX;=—x}+yf
or sir19=1 T oRD BB s B
2 s (axi)y* +(ax )" +(axk)
or e=g 1 :2(ch-i-y2+zz)=2a2 1

[CBSE Marking Scheme 2016]
[CBSE Marking Scheme 2012]

- - - ) Q. 8. Find the direction cosines of the vector joining the
Q.5. Vectors a and b are such that | a | =3, [b]=

N R 3 points A(1, 2, - 3) and B(- 1, — 2, 1) directed from B
and ; X p is a unit vector. Write the angle to A.
R&U [Outside Delhi Set I, II, III C tt. 2016
between a & b. [Delhi Set II, 2014] R&U [Outside,Dethi Se omp 1
Sol. BA = 2i+4]-4k
- -
Sol. Since a X b is a unit vector, therefore N
NN or d-ratios of BA are?2,4,—4
laxb| =1
L M ection cosines are: L 2, _2 .
or |2]|B|sin® =1 <. Direction cosines are : =, =, =7
or (ﬁ)(%)sinﬁ =1 [CBSE Marking Scheme 2016]
- d
. _ NO . 9. Fin e angle between two vectors a an
or sno- V3 Q.9. Find the angle b d b
2 having the same length V2 and their vector
0= E 1 A A
3

productis —i —j+k.
[CBSE Marking Scheme 2014]

N S\ [Outside Delhi Set I, II, IIT Comptt. 2016]
Q.6.If |2]|=8]p|=3 and |aXb|=12, find the

|~i=]+k|
- - . _
angle between aand b.. Sol. sin @ = 242
O.D. Set I, II, III Comptt. 2014 3
p ino
sin@= —
Sol. We know 2
|axb| =|al|b|sing or 0 = 60°
S or 0= E 1
. |laxb| 12 1 3
or sin O = — = == .
| ;| 15| 8x3 2 [CBSE Marking Scheme 2016]
- Q. 10. Find A and W if (i +37 +9k) X (31— ] +uk) = 0.
6= 1
6

[O.D. 2016]
[CBSE Marking Scheme 2014]

R . Sol. Getting A=-9

Q. 7. For vector g,if | g | = a, then write the value of : and w=27 1
S50 (5 A2 (5 A2 [CBSE Marking Scheme 2016]
axi| +|laxj| +|axk Detailed Solution :

(1+3]+9k)x(3i—Aj+pk) =0
[NCERT Exemplar] £
[Delhi Set I, II, IIT Comptt. 2016] !
- 4 A ~ or 1 3 9 =0
Sol. Let a = xi+yj+zk "
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2 ~ b — d
or i3 +9A) ~ j(k=27) + k(-2 =9) =0 Q.11.If a and b are two non-zero vectors such that

or 3+ 9L =0 () |Z><Z |= ;Z , then find the angle between
or =27 =0 (i)
see - _>
or -A-9=0 ) a and b - R&U[0.D. 2010] [S.Q.P. 2016]
from eqn. (ii) and (iii),
w =27 Sol. sin © = cos 6
and 7\’ =_-9 or 0 = 45° 1
[CBSE Marking Scheme 2016]
- - - 1 .- 4 - - 1 . - -
Q. 12.If vectors a and b are such that |a|= E’I b|= 5 and |axb|= 5 then find |a-a|. [O.D. Set II 2016]
SR ¥ PSS - SN -7°0°] [ S I- 941 =1
3 B G

||E.;-f._"q'1__:f_,_|_&l_|11§nﬁ_____. Q’:‘::. Hnau. peAc e tjﬁﬂﬁt&j__i}::b).

l - W -
4 = 1y & o
__ﬁ_,_l_.qe:;,ﬂﬂa PR, A T,
5m!ar:;_.§ &3_;?351
|Z%] > |&|[e]essn WY, RS- S
= -L_"_%_‘L_K/ o
E2E

= 1

[Topper’'s Answer 2016]
Q. 13. Write the angle between the vectors axb and N n A A A A A A
> o Sol. ix(j+k)+jx(k+i)+kx(i+j
bxa. [Delhi Comptt. 2017] 0 XUFRF XD +kx (i)

AA A A A A

= ixj+ixk+ jxk+xi+kxitkx

Sol. Angle between. ax'b and bxa ism. 1
[CBSE Marking Scheme 2017]

A A A A A =

k—j+i-k+j-i=0

Q.14.1If (; XZ)Z +(Z~Z)2 = 225 and | a| = 5, then write [ ;x} —k, ixk= _}', ;X]A( -4 }x;

the value of |b|. [O.D. Comptt. 2017] I 3-, k ><;' _ _Q] 1

N N [CBSE Marking Scheme 2014]
Sol. (axb)*+(a-b)* =225 —
Answering Tip
or |aP|bP (sin?6 + cos®6) = 225 e Practice of calculation of vectors should be done
properly.
or (B |b? =2250r |[b]| =3 1

Q. 16. Find the angle between a and b with magnitudes
[CBSE Marking Scheme 2017]

Q. 15. Write the value of the following,. 1 and 2 respectively, when laxb|= V3.
ix(j+k)+jx(k+i)+kx (i + ) R&U| [Delhi 2009]

[Foreign 2014] Sol. Given, |a|=1,|b|=2 and |a xb|=+/3
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= = 6-9p =0
or |a||b|sine=\/§ 7 2
=2 1
- = — — A A 3
vaxb= b|sinB.nand|n|=1
[-a |a]]b]sin.nand]n|=1] [CBSE Marking Scheme 2009]
or 1x2xsin® = 3 Alternate Method :
- - b
or sin @ = ﬁ = sinE orf = T Since a and b are parallel, o a
2 3 3 b o
Hence, the angle between 2 and b is o 1 = 3_2_.9 N P=%~
3 1 p 3 3
[CBSE Marking Scheme 2009] R

Q. 17. Write the value of p, for which a = 3i +2j+9k
and p = i+ p}' +3k are parallel vectors.

[Delhi 2009]

=

Given vectors are a

Sol. 3i +2j+9k and

b

;+p}+312

Also 7 and b are parallel vectors.

So, ;Xl_; =0
ik
or 329 =0
1 p 3
or i(6-9p)—j(9-9)+k(3p—2) = 0
or i(6—-9p)+ k(3p—2)= 0i+0 j+ 0k

On comparing the coefficients of i or k form both
sides, we get

?j Short Answer Type Questions

Q.18.If |axb[?+|a-b|* =400 and |a| = 5, then write

the value of | b | [Foreign 2016]

Sol. Try Yourself
Q. 19. Find 2, if

@i +6j+18K)X (i = 1] +7k) =0
[All India 2010]
Sol.
Q. 20. Find the value of p,

Try Yourself

i (21 +6+27k)x (i +3j+pk) = 0

[All India 2009]

Sol. Try Yourself

Commonly Made Error

e Some candidates make mistakes while calculating
dot & cross product as vectori.i = land i X i = 0 is
right method but candidates like i X i = 1 and i.i =
0 which is wrong.

(2 marks each)

- - - A A A = A A A
Q.1. Find |axb|, if a=i+2j-k, b=3i+j—k.
R&U
ik
- -
Sol. axb =11 2 -1
31 -1
= {(~241)— j(~1+3)+k(1—6)
=_i-2j-5k 1
- -
ﬂXb‘ = V1?2 +2%+57
= J1+4+25=430 1

Q. 2. Find the area of parallelogram whose adjacent

- A
sides are determined by the vector a =7 — j +2k

and p=27—j—k. R&U

oo i j k
Sol. axb 11 1 o
2 -1 -1

=il +2)—j1-4) + k(=1 +2)

=3i+5+k 1

Areaof |axb| = \[9125+1 = 35 sq. units 1

- - - - - -
Q.3. Find |axb| if | a|=10, | b|=2 and a-b=12.
R&U

b

Sol. cos 0 = av _ 12 ZE
|a||b|] 10x2 5

c059=é

5
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sin 0 = Vl—coszez /1—%:%

- >
. |axb |
sing = e,
lallb]
- > - -
or |laxb| =|al||b|sin6
- > 4
or laxb| = 10x2x-=16 1

Q. 4. Using vectors, find the area of triangle ABC, with
vertices A(1, 2, 3), B(2,-1, 4) and C(4, 5, -1).

[Foreign 2017]
Sol. AB = i-3j+k, AC = 3i+3j-4k Vit
1 = =
Area of AABC = E|AB xAC|
ik
= lmagnitude of 1 -3 1 1
2 3 3 -4
N274 .
= 5 sq. units

[CBSE Marking Scheme 2017]

?i Long Answer Type Questions-I

Answering Tip

e Learn the concept of area of triangle in terms of
vector algebra.

e e T

5
Q.5. If axb—CXd and a X ¢ = bx d , then show that

" "
(a—d) is parallel to (b- c), itis being given that

; " 2 and Z 4 ? [Foreign 2016] [Delhi 2009]

Sol. Given,
- - = = e e
axb = ¢xd and a Xxc=bxd
- oS -5 -5 - 5> o5 o
or aXb—axc = cxd-bxd
B - o o N
or aX(b—c)+(b—c)xd =0 1

[By: left and right distributive law]

e T - - - >
or ax(b—c¢)=—dx(b—c) = 0 [ axb=-bxa]

or (a—dyx(b-c) =

- - - -
or (a—d) Il (b-c) 1
[CBSE Marking Scheme 2009]

(4 marks each)

Q. 1. The two adjacent sides of a parallelogram are
2i—-4j-5k and 2i+2j+3k- Find the two unit

vectors parallel to its diagonals. Using the diagonal
vectors, find the area of the parallelogram.
[O.D. Set I, I, III 2016]

v A A A
Sol. a-= 2i-4j-5k
= A A A
and b = 2i+2j+3k
-> - A A A
a+b = 4i-2j-2k
- o A A
and b—a = 6j+8k ¥

e
Unit vector parallel to d; =a+1b is

- -

+b
:% )
|a+b|
V16 +4+4
_ 4 i 2 A. 2 p
NTSNoTel J_
2/.\ il 1
-5 5
e
Unit vector parallel to d, =b—a i
- - A A
b-—a  6j+8k
= |b-a| 6+ed
= —;+§IQ—§}+—IQ b2
10° 10 5" 5

i j ok
> -
dxd, =4 2 2
0 6 8
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= i(=16+12)— (32— 0)+ k(24— 0)

—47-327+24k

> o
|d,xd,| = V16+1024+576
— J1,616 %

... Area of parallelogram

1 - =
= 5|d1><dz| V2
1 ——

= % X 4+/101

= 24101
= 20.09 or 20.1 sq. units 1
[CBSE Marking Scheme 2016]

- A = A

Q.2 1If r —x1+y]+zk find (rXi)(rXj)+xy.
R&U [Delhi, 2015]

- A DA B K
Sol. rxi = (xi+yj+zk)xi
A AN
- = A A A A
rXj = (xi+yj+zk)xj
A A
= xk-zi 1
— A

A N A A N A
= (0i+zj-yk)(-zi+0j+xk)
=—xy 1

TN TN
s (rxi)y(rxj) +xy
=—xy+xy=0 1
[CBSE Marking Scheme 2015]

TN DAL T AN T A A
Q3. If a=2i-3j+k, b=-i+k, c=2j-k are

three vectors, find the area of the parallelogram

- - - -
having diagonals 2 + b and b+ c.

[Delhi Set I Comptt. 2014]

=—i+2] 1

=l
Area of parallelogram

- -
b+c

%(7+?)><( +

V21

= sq. units 1Y%

[CBSE Marking Scheme 2014]
Q. 4. Find the unit vector perpendicular to both the

RN - A A A
vectors g + b anda b,where a=i+j+k

A A

A A
and b=i +2j+3k.

[Foreign Set I, 11, 11T 2014]

- = A A N
Sol. 2+ (2i+3j+4k), 1
=l d A A
and a-b =-j-2k iz
N - - - -
Let c = (a+b)x(a-"0) 1
"
=12 3 4 173
0 -1 -2
- A A A
or ¢ = —2i+4j-2k
A1 24 14 .
o J6' " J6' " Je
[CBSE Marking Scheme 2014]
- A A A - AN A
Q.5.If a =i+ j+k and b = j-k, find a vector c,
- - -

- -
suchthat g x ¢ =p and a.c =3.
[Delhi Set II, 2013]

= A A A
Sol. Let c =xi +ty] +zk
— A A A
Given a =i+ ]+k
— /\ A
b = ]—k
According to the question,
- -
a.c =3
A A A A A A
or(j +J +k)(xi +yj +zk)=3 1
or xty+z=3 ...(i)
- — —
and a X ¢ =5»
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T

or 111 =0b=j-k 1
Xy z

orz-y)i +(x-2j] +y-x)k=Jj-k

On equating the coefficients of like terms, we get
z-y=0,ory=z ..(ii)

x-z=1 ...(1ii)
and y—-x=-1 ..(iv) 1
Solving eqns. (i), (ii), (iii) and (iv), we get
x=5/3
and y=2/3=z
2> 5aA 24 2a
Hence, C=§i+§]+§k 1

[CBSE Marking Scheme 2013]

[AI] Q. 6. Using vectors, find the area of the triangle
whose vertices are A(1, 2, 3), B(2, - 1, 4) and C(4,
5,-1). [Delhi 2017] [Delhi Set III, 2013]

OR
Using vectors find the area of triangle ABC with
vertices A(1, 2, 3) B(2, -1, 4) and C(4, 5, -1).
[Delhi 2017]

A A A
Sol. Given, OA = i+2j+3k
i A A A
OB = 2i—j+4k
= A A A
and OC = 41+5]—k
= — -
Now, AB = OB-0A
A A A A A A
= 2i=j+4k)—-(i+2j+3k)
A A A
£ j+k 1A
— —
and AC = OC —0OA

@i+5] —k)—(i+2]+3k)

A A A
= 3i+3j -4k 14
.. The area of the given triangle
1 - -
= Z|ABx AC| 1
2
S oo i Tk
Now, ABxAC =1{1 -3 1
3 3 4

S12-3)+ ] 3+4 + FG+9)

A

A A
=9i +7] + 12k 1

Therefore,

|;B ><A_>C| = J9)? +(7)? +(12)?
— JB1+49+144
= V274

Hence,

1
required area = E\/274. unit? 1

[CBSE Marking Scheme 2013]

Q.7. Find the wunit vector perpendicular to the
plane of AABC whose vertices are A (3, — 1, 2),
B(1,-1,-3)and C (4,-3,1) [S.Q.P, 2013]

Sol. A vector L, to the plane of AABC,

= A A A

OA=3i- j+2k,

- AN A A

OB .= i—j-3k,

A A A

OC = 4i-3j+k
= - — A A A
AB=0B-0A = —2i+0j-5k

—> — - A A A
BC=0C-0B = 3;-2j+4k

- —
Unit vector perpendicular to plane = %
| ABxBC |
N o &
NN 1 ) k A A A
ABxBC= |2 0 -5/=-10i+7j+4k 1
3 2 4

- o
| ABXBC| = +100+49 +16 = /165 1

- Unit vector L, to the plane

1 A AA

[CBSE Marking Scheme 2013]

- . N R - . n R
Q.8. Let ﬂ=i+4j+2k, b=3i—2j+7k and

A -
c=2i—j+4k. Find a vector p which is

- - - =
perpendiculartoboth 4 and p and p.c =18

[O.D. Set I, II, 111, 2012]

- - -
Sol. p isltoboth a and b

- - >
or p :}\,((ZXb) 11/2
A A A
ik
- —
Now, axb =|1 4 2
3 -2 7
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AA A
= 32i - j 14k 1
==
Giventhat p.c =18
A A AN A A
or M32i —j —14k)(2i — j +4k) =18 1
or AM64+1-56)=18
A=2
- A A A
p = 64i —2j —28k. 1

[CBSE Marking Scheme 2012]

- A A A d A A A
Q.9.If a=2i+j+3k and b=3i+j—-2k, then find

laxb|. [Outside Delhi Set-II, 2015]
ij ok
- -
Sol. ax b = 2 1 3
35 2
- > . A. .
axb = i(2-15)-](4-9) + f (10-3)

laxB| = J(-17) + (13 +(7)?

= V289 +169 +49
= /507
\3x169
|€l>< b| = 13\/3
[CBSE Marking Scheme 2015]

ANAN -

d AN A A
Q.10.If a=3i-j and b =2i+j-3k, then express

- - =5 - - -
b in the form of b =by + b, , where b;||a and

- -
by perpendicularto a .

[NCERT] [O.D. Set I, II, III, 2013]

- VANEIVAN
Sol. Here a =3i—]j
= AN A AN
and b =2i+j-3k
- = =
To express b = bi+b,,
- - -
where b Il g or by =) a
= oA
by = M3i-1j) Ya
Let b, = x?+y?+zk
- - - >
Now, byLa or bya %

3x—y=0 (i)
Now, Z = IZHZ

A A N A A
or  2i+j-3k = GA+x)i+(y-A)j+zk

Comparing the corresponding components

2=3\+x .. (i) Y2
1=-A+y
or A=y-1 ..(iii) Y2
-3=z ...(iv) %2
Fromeqn. (i), 2=3(@y-1) +x
or 2=3y-3+x
or x+3y=5 (V) Y2
Solving eqn. (i) & (v), x = % e %
1
.. From eqn. (iii), A= >
¢ B4 1A
bis 27 5] Va
— 1A 34 A
= —i+—j-3k
and b, 21+ o) A

[CBSE Marking Scheme 2013]

Commonly Made Error
5

e Generally students do not able to find the vector b
- - -
in the form of b +b, , instead they add vector a

—
and b which leads incorrect result.

Answering Tip

o Read and understand the question carefully to
avoid such errors.

Q.11.Find a unit vector perpendicular to both of
the vectors 3; +2; and 3; —23, where
- A A A - A A A
a=i+j+kandb=1i+2j+3k.
[Delhi Set I, II, III, Comptt. 2016]

e - ~ A A
Sol. Here 34 +20b 5i+7j+9k

e e A ~ ~
and 3a-2b = i-j-3k 1+1

=
Let ¢ be the vector perpendicular to both

(B3a+28) & (3a—2D).

N - - - -
Then, c = Ba+2b)x(Ba-20b)

1 -1 -3

= 121 +24] 12k 2
[CBSE Marking Scheme 2016]
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Detailed Solution : S5 o oA A
and 34-2b = 1-j-3k

Given 4 = i+j+k
N n " n . N — — - —
b = i+2]+3k - ¢ =Ba+2b)x(3a-20)
37 = 3+3j+3k io] Kk
and 2b = 2i+4)+6k 1 =5 7 9
1 -1 -3

Let ¢ bethe vector perpendicular toboth (3 a+2 Z)

= i(-21+9)- j(-15-9)+i(-5-7)

- -
and (3a—-20). = 120 +24] - 12k

- d ~ ~ ~
3a+2b = 5i+7j+9k 1

Q. 12. Show that the points A, B, C with position vectors 2i - } + lAc, i- 3;’ —5k and 3i - 4}' —4k respectively, are the

vertices of a right-angled triangle, hence find the area of the triangle. [O.D. Set-1, 2017]
Sol. AB = —i-2j—-6k, BC = 2i—j+k, CA = —i+3j+5k 1
Since AB, BC,CA are not parallel vectors, and AB+BC+CA = 0 <A B, Cform a triangle 1
Also B%-Cj‘l =0 .. A, B, C form aright triangle 1
1 - - 1 .
Area of A = ElABX BC| = E\/210 [CBSE Marking Scheme 2017] 1
OR
a‘ = lr—i*‘i‘
— -~ s -~ s E—
os = ¢ —SJ =Sk )
Ge = 87-4] -4k >N R
b
_ . . R . ;
| 78 - 38 ';5_:,,__ 18] = Joox - e =J 81wt 31
= —E-QJ—G!; N\ o T M
- T
— . N R — =
\\!ﬁ‘* =8 -8 </T-gf-sk k)= [mpgf, (2 V85w
7
& =i A8 b T
AC-BE 2 243-5:0 . Hma SAC L EC Hamce LC=%0"
PR v T Ll B .
Home  hwla A4BC Lo mght avgld 2pC
ama = ) |ABxEE) v
2
B e SRR B s Je :
~ ~ ~
S A | -5“ =1 ] i(=2) o(n) +h(5‘,llf
= |l’- = 1 ' } =
- =r BT e ()T = sfRe sere=T
- b
T
o \
4
[Topper's Answer 2017]
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BIQ.13.1f 2 = 2i—j—2k and b = 7i+2j -3k then

b, La or2(7-20)-12+A) +2(3—-24) = 0
express b in the form of b = ljl+ bj, where IZ is

or A=2
S . - b, = 4i-2j-4k v
parallel to a and b, is perpendicularto a
[0.D. 2017] and b, =3i+4j+k )
Sol. b ||la orlet b = A(2i — j—2K) 1 or (7i+2j-3k) = (4i-2j—4k)+(3i +4j+k) 1
b= b-b,

[CBSE Marking Scheme 2017]

A A A A A A Answering Tip

= (7i+2j-30)-(2hi -Aj-24k) e Clarify the concept of scalar protection of vector
7 thoroughly.

= (7-20)i+(2+1)]-(B-20)k 1

- -

Q. 14. Given that vectors 4, b, c

form a triangle such that a=b+¢

Find p, g, 1, s such that area of triangle is 56
where a p1+qj+rkz=s§+3}+4£and:—3;+} Zﬂ

[O.D. Set II 2016]
Sol.  @:¥ypc . _ _ _ _ _ W_R‘P?t.ﬁkﬁ____ NG v e b4 S § S =
Vol ~
_______________ ':'E?ﬁﬁgtli;h__._.__..__-__... S E
- NE L e It 2k AN L i TS
. o SRS o ). S 5 s TR s
b - 3
______-____‘.._b.%j':'__, AN = s e
A~
- _._fu.t%_-ms*.f 51 1@“&-& EM-_\—:.U&

S 4‘;43%14;1'&« (1 J-!ra.-\-_&.h_.f N

"""———E‘wﬂhn@ L eoTpeIeNTy .

b e Ll
- A~ =

_____________________ e _k_ i

_________________ A __L;h._d-; -- = -

=SS T 5 T it
g _;_ :\jo*h:.{apt&)lf;l- 8-pk )_ E—
__’i«.;___,___..__ -__.,_.'_.'"_ ]
T S TEE @gmf).t(ls.{ai

_____ et
_________ 5onE _ AFEE AP 416 4s] —-_:k;w'é Fot Wk T L
= _ $2$t_( . Jde,. ] i
S o R e ok ke '
= - =8 S piaae - o
I[ i P 'F_F/_' - - PO
[Topper's Answer 2016]
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Q. 15. Find the area of a parallelogram ABCD whose side
AB and the diagonal DB are given by the vectors

5i+7k and 2;+2}'+31Ac respectively.

[Foreign 2017]
Sol.  AD = AB-DB = 3i-2j+4k 1
Area = |XB><A7)|
P! C
A B

ijok
= magnitudeof 5 0 7 1

3 2 4
= 147 + j—10k]| 1
= /297 sq. units or 34/33 sq. units 1

Q. 16. Find the area of a parallelogram ABCD whose side
AB and the diagonal AC are given by the vectors

3i+ } +4k and 4i +5k respectively.

[Foreign 2017]
Sol. BC = AC-AB = i~j%k 1
Area = |XB><B_&|
D C
A B

ijok
= magnitudeof 3 1 4| 1

1 -1 1
= |51A'+;'—412| 1
= V&2 sq. units 1

[CBSE Marking Scheme 2017]

Q.17.

Sol.

Q.18.

Sol.
Q.19.

Sol.
Q. 20.

Sol.
Q.21.

Sol.
Q.22.

Sol.

A

If a = 2;+j—k, b= 4i—7}'+lAc, find a vector
¢ suchthat aXxc=b and a'c =6.

[Foreign 2017]

A A - -

Let ¢ = sz'+yj+zk; ac =6or2x +y-z==6

Now, axc =b
ik

or 2 1 -1 = 4i-7j+k 1%
Xy z

or ;(z+y)—}'(22+x)+12(2y—x) = 4?—7;’+12
orz+y=42z+x=72y-x=1 1
Solving and gettingx =3,y =2,z =2

¢ =3i+2j+2k 1%

[CBSE Marking Scheme 2017]

Ma=i+2j+k, b=2i+jandc = 3i-4j5k,
then find a unit vector perpendicular to both of the
vectors (; - Z) and (3 - Z). [All India 2015]
Try Yourself

Find a unit vector perpendicular to both of the
vectors a+b and a —b where, a = ;+;'+I; and
b=i+2j+3k. [Foreign 2014]
Try Yourself

Find a unit vector perpendicular to each of the
vectors ;+E and ;—Z, where ; = 3;+2}'+21Ac
and b=i+2j-2k. [Delhi 2011]
Try Yourself

Using vectors, find the area of triangle with
vertices A(1, 1, 2), B(2, 3, 5) and C(1, 5, 5).

[All India 2011]
Try Yourself

Using vectors, find the area of triangle with
vertices A(2, 3,5), B(3, 5, 8) and C(2, 7, 8).

[Delhi 2010C]
Try Yourself
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TOPIC-4
Scalar Triple Product

Revision Notes

1. Scalar Triple Product

- = - - = -
If 4, and ¢ are any three vectors, then the scalar product of g x b with c is called scalar triple product of

- - N
a,b and c.

-

- -
a,b and c .

Thus, (Z xb ). ¢ is called the scalar triple product of
NN - . >
e Notation for scalar triple product : The scalar triple product of a, b and ¢ 18 denoted by [a b c] ie,
- -5 > - - >
(axb).c=[a b c].
¢ Properties/Observations of Scalar Triple Product

- o

- - - -
2 (axb).c=a.bxc). ie, the position of dot and cross can be interchanged without change in the

value of the scalar triple product (provided their cyclic order remains the same).

- - -
S [abcl=[bca]l=[cab], ie, the value of scalar triple product doesn’t change when cyclic order

of the vectors is maintained.

-S> e e i -
Also, [abc]=—{bac];[bca]l=-[bac]. ie, the value of scalar triple product remains the same in
magnitude but changes the sign when cyclic order of the vectors is altered.

- 5 - - -5 - = >
o For any three vectors a, b, ¢ andscalar A, we have [Aa b c]=A[a b c].

o The value of scalar triple product is zero if any two of the three vectors are identical. That is,
- - > i - = >
[aacl=0=[abb]l=[ab a] etc.

S Value of scalar triple product is zero if any two of the three vectors are parallel or collinear.

2 Scalar triple product of zA', 3 and ]2 is 1 (unity) .e., [? ; IQ] =1

- = > - - -
o If [a b ¢]=0, then the non-parallel and non-zero vectors 4, b and ¢ are coplanar.

Know the Formulae
Volume of Parallelepiped

o If ;, b and ¢ represent the three co-terminus edges of a parallelepiped, then its volume can be obtained by :
- > > - 5 -
[a b cl=(axDb).c.ie,
- o5 -
(ax b).c = Base area of Parallelepiped X Height of Parallelepiped on this base
Note :
- > - -
o Ifforany three vectors a, b and ¢ wehave [a b c]=0, then volume of parallelepiped with

- - - - g
the co-terminus edges as a ,band c ,is zero. This is possible only if the vectors a, b and ¢
are co-planar.
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?i Very Short Answer Type Questions (1 mark each)

- = -
le .bX ,'f = = = AN A A A A A
Q.1. Find a.(bXc),i a.(bxc) = (2i+j+3k).(3i+5j-7k)

a=2§+}'+3l§,b=—2+2§'+fc and —6+5-21=-10 1
S A A A [CBSE Marking Scheme 2014]
c=3i+j+2k. [O.D. SetI, 11, III, 2014] Q. 2. Find A, if the vectors
N AN AN D A NANAN
AAA u—1+3]+kb 2i-j—k and
- - i j ok
Sol. bxc =|-1 2 1 - A A .
3 1 2 ¢ =\ j+3k are coplanar. [Delhi, 2015]
1 3 1
A A AN — =1l =
_ fa-1)-j2-3)+k-1-6) 5o 3 ,} 31 0 ”
A A N N
= 3i+5j-7k or A7)7 , v
[CBSE Marking Scheme 2015]
7 Short Answer Type Questions (2 marks each)
i

Q.1. Ifthevectorsg—;'+lAc,3§+;'+21Ac and;+k;'—3fc Q. 2. If the vectors a = ;+3;'+1Ac b = k;+73'+3;c

1 fi lue of A. - ALAA
are coplanar, then find the value of A and ¢ = 2i-j—k are coplanar, then find the
R&U [O.D. Comptt, 2017
R&U[ P I value of A. [O.D. Comptt, 2017]
Sol. For three vectors to be coplanar
1 -1 1 I 3 1
3 1 2l =0 1 Sol. For coplanarity of vectors |2 -1 1| =0 1
1 A -3 A7 3
or A =15 1 4-18+3A+14+A =0
[CBSE Marking Scheme 2017] Solving to getA = 0 1

[CBSE Marking Scheme 2017]

‘o;i Long Answer Type Questions-| (4 marks each)

Q.1. Prove that

- - 5 o = = = - 5 >
a-{(b+c)x(a +2b+3c)i=[a b c]. =3a b cl-2[a b c]
- > >
[S.Q.P. 2016-17] =[a b c] 1
o 2 T 7 CBSE Marking Scheme 2016
Sol. LHS= g.(bxa+2bxb+3bxc+cxa+2c [ arking scheme ]

= = = Commonly Made Error
eSS CEs ) e Many candidates make errors while simplifying the
- > - > o o o scalar triple product.
= a-(bx u)+3u(b>< c)+a(cxa)
NN Answering Tip
+2a-(cxb) e Scalar triple product and its applications need to be
oy oy oy e practiced with the help of practical examples.
as = =
e exe v 1 Q. 2. Show that the four points A(4, 5, 1), B(0, - 1, - 1),
_ 3[; Py ;)] . 2[;’ < ;] 1 C(3,9,4) and D(- 4, 4, 4) are coplanar.

[CBSE Outside Delhi, 2016]
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- N - 5 o
Sol. AB =-4i—-6j-2k, AB, AC, AD are coplanar and these three
- PPN vectors are co-initial vectors. So, points A, B, C, D
AC = —i+4j+3k, are coplanar. 1
- PP .3.
nd AD = —8i-7+3k 1% Q. 3. Prove that
52 S oo S oo
For 4 points to be coplanar, [a b+ c d]=[a b d]+[a c d].
|AB AC AD| =0 [O.D. Set I, 1I, III Comptt. 2015]
-4 -6 -2 . Db o xd
e, |1 4 3| =0 1 Sol. Taking LHS = a{(b+c)xd} 1+1
-8 -1 3 e
= a{(bxd)+(cxd)} 1
=—4(12 + 3) + 6(- 3 + 24) - 2(1 + 32) N N
. . - —
= —60 + 126 — 66 = 0, which is true = a(bxd)+a(cxd) 1
Hence, points are coplanar. 1
[CBSE Marking Scheme 2016] > - - > >

Alternative Method :
If four points A, B, C, D are coplanar, then vector

- = -
AB, AC and AD will be coplanar and so

- 5 >
| ABAC AD|=0
A=(4,51)
B=(0,-1,-1)
C=(3094)
D=(-4,4,4)
By considering O = (0, 0, 0) as initial point
4 A A ~
OA = 4i+5]+k
- PN
OB = —j—k,
- n A A
OC = 3i+9j+4k
e A A ~
and OD = —4i+4j+4k %
- S -
AB.= OB-0A
= —j-k-4i+5]+k)
= —4i-6]-2k Ya
- — —
AC = OC-0A
= 31+9]+4k—(4i+5]+k)
= —i+4]+3k A
— 4 4
and AD = OD -0A
= —4i+4]+4k—(4i+5]+k)
= -8i-7+3k Y
Now,
e -4 -6 -2
|AB AC AD| =|-1 4 3
-8 -1 3

=—4(12+3) + 6(-3 + 24) + (-2)(1 + 32)
=-60 + 126 — 66
=0 1

[a b d]l+[a c d]
[CBSE Marking Scheme 2015]

- -

5
Q. 4. If the vectors a,band ¢ are coplanar, prove

e - >
that the vectors a+b,b+c and c +a are also

[Delhi Set I Comptt. 2014]
[Delhi Set III Comptt. 2013]
[Foreign Set I, I, III, 2014] [Delhi Set I, II, I1I, 2016]

coplanar.

B s T N
Sol. Here, (a+b),(b+c), (c+a) arecoplanar, 1
- o - o - o 1
o (a+ b)'{(b+ c)x(c+u)} =0
e e T e T T T S
or (a+b)(bxc+bxa+cxc+cxa) =0
1

e e e e T T e T

or g«(bxc)+a(bxa)ta(cxa)

e e e S e S

+a(cxc)+b(bxc)+b(bxa)

+b(cxc)+b(cxa) =0%

- 5 >

or Z{a'(ch)} =0
- 5 o

a(bxc) =0

b3

. a, b, c are coplanar.

Similarly converse part can also be proved.
[CBSE Marking Scheme 2014]

Q. 5. Find the value of 2, if the points with position
A AN A A A A AN A A
vectors 3i-2j-k,2i+3j-4k,—i+j+2k and

A A

A
4i+5j+ Ak are coplanar. [S.Q.P. 2013]

Let the pointsbe A (3,-2,-1),B(2,3,-4),C(-1,1,2)
and D (4,5, )

Sol.
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-
AB = (Position vector of B)
— (Position vector of A)
- A A A
AB = —i+5j-3k,
Similarly
Ed A A A
AC = -4i+3j+3k
4 A AN N
and AD = i+7j+(A+1)k 1
- = -
A, B, C, D are coplanar if [AB AC AD]=0 b
- - - -1 5 -3
[ABACAD] = |-4 3 3 |=0 "
1 7 A+l

21154 9) -7 (=3-12) + A+ 1)(-3+20)=0 1
24+ 105+ 174 + 17 =0

146
or = -—— b2

17
Commonly Made Error

e Some candidates fail to apply condition of
coplanarity.

Answering Tip

e Scalar triple product and its applications need to.be
practiced with the help of practical examples.

AN = A A A

- A A
Q.6. If a=2i-3j+4k,b=i+2j-3k and

Ed A A A
¢ =3i+4j-k,then find

- > > - - -
a.(bxXc)and (axb).c.Is,
> > o > o5 o
a.(bxc)=(axb).c? R&U
2 -3 4
- - 9
Sol. a(bxc) =11 2 -3 14
3 4 -1

= 2(2+12)+3(-1+9)+4(4-6)

=20+24-8
=36 1
- o - - 5 o
and (axb).c = c.(axb)
3 4 -1
=12 -3 4 173
1 2 -3

— 3(9-8)—4(-6-4)—1(4+3)
=3+40-7=36 1

- 5 o e

a.(bxc) = (axb).c. 1

[CBSE Marking Scheme 2013]

Q.7.If p=i+j+k and g=i—-2j+k, find a vector of

magnitude 5.3 units perpendicular to the vector

q and coplanar with vectors p and 4.

(SQP 2018-19)

Sol. Let r=ai+bj+ck be the required vector.

Since, r 1 q
therefore, 1a—2b + 1c = 0 (D1
Also, p, 9 and ? are coplanar.
7
1 1 1
1. 2 1=0=a-c=0 .21
ab c
Solving equation (1) and (2)
g _ b @
2-0 1+1 0+2
a b ¢
= Z = 21==
2 Z 2
. a b
ie., - ===
1 1
;= 1i+1j+1k
F1= 3
- Unitvector; = L:i+j+k 1
¥
.. Required vector = 5V3r = 5[2+;’+IA<] 1

[CBSE Marking Scheme 2018-19]
Q. 8. Find x such that the four points A(4, 1, 2), B(5, x, 6),
C(5,1,-1) and D(7, 4, 0) are coplanar.
[Outside Delhi Set-II, 2015]

> 5 >
Sol. Here, AB, BC,CD are coplanar

So XB.(BE ch) =0 1
triple product is 0.
AB = 1?+(x—l);'+ 4k

BC = 0i+(1-x)j-7k

21A'+3}'+1Ac 1%

(@)
]
I
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- - = Lox-l 4 i.e., —1+i+L 71 =0
AB.(BCxCD) = |0 1-x -7 =0 1-a 1-b 1-c¢

2 3 1 I S S
expanding by R, l1-a 1-b 1-c

I1-x+21)-(x-1)14 + 4Q2(x -1)=0
22-x-14x+ 14+ 8x-8=0
—7x =-28
x=4 172
[CBSE Marking Scheme 2015]

A A A

[AI] Q. 9. If the vector p=ai+j+k, q=i+bj+k and

Ed A A A

r =i+ j+ck are coplanar, then fora, b, c #1, then

show that.
1 1 1
1-a 1-b 1-c¢
[Outside Delhi Set I, II, III, Comptt. 2016]
[SQP Dec. 2016-17]

- - -
Sol. Since the vector p, 4 and r are coplanar,

- 5 -5

p, g, r1=0 1
a 11
1 b 1 =g
11 ¢
R, —> R,-R,;
Ry > R;-Ry; 1
a 1 1
or 1-a b—-1 0| =0
1-a.-0  c-1
Orab-1)c-1)-11=a)e-1)-11-a)b-1)=0
ie,al-b)(1-¢)+T=a)l-c)+1-a)(1-b)=0
1
Dividing both the sides by (1 —a)(1 - b)(1 - c), we
get

ie.,

and

a

1-a

=0

1 1
+—t—
1-b 1-c¢

[CBSE Marking Scheme 2016]

Commonly Made Error

e Some candidates do mistake while doing scalar
triple product.

e The right product is [a b C] = u~[bx C:|

e but student do mistake [abc] = [a .b] X Z or

[;zz] _ [;xz]xz

Q.10.If a, b, c are three vectors such that a+b+c¢=0

- -

then prove that aXb = bXc = ¢ Xa, and hence

showthat[a b ¢] =0.  R&U [SQP 2017-18]
Sol. ax(@a+b+c) = ax0 1
or axb+axc =0 P

or ;xg = Zx; Y2
EX(;+E+Z) = bx0 V2

or Exz = ;xz b3
;xg = ExZ = Zx; Y

[@ b c] =a(bxc)=c(axb)=0

[As the scalar triple product of three vectors
is zero if any two of them are equal.] %2
[CBSE Marking Scheme 2017-18]

Q. 11. Find the value of ), if four points with position vectors 37 +6 j +9k, i +2j+3k,2i +3j+k and 4i+6j+ Ak

are coplanar.

[O.D. Set 12017]

Sol. Given points, A, B, C, D are coplanar, if the vectors /TB, /TC and A?.) are coplanar, i.e.,

AB=-2i —4} —6IA<, AC=—i —3;’ —812, AD=i +(A-9) k are coplanar 1Y%
-2 4 -6
ie., -1 -3 -8|=0
1 0 A-9
or “2[-3\+27] + 4~ L+ 17]-6(3) = 0 1+1
or A=2. [CBSE Marking Scheme 2017] Y2
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OR
_oa=38l4ejeak
5?'1 ta '2"\+ 3 =
6= 2i+8f+E
= 47+ 6]+ ALK - .
AB = OB -o0a = -27 -4j —6C s _——
Aa = od-oa. -7 -] ek -z
Aip= os-6a: [+0i+(9t =2
}cu.l.nx h_f_l"" P'rz;:l...u.l- [a B c_]:a 2.0, 7 on caplanax
i o W | L =
N T
! o A

€A -5y<4p *+62 -12 =0-

A = 54 +ie-¢2 NN
2= F2o-62= B ) i
A =9Q e 4
[Topper’s Answer 2017]
Q. 12. Find the value of x such that the points A(3, 2, 1), L Lo
B(4, x, 5), C(4, 2, -2) and D(6, 5, -1) are coplanar. s a,b,c arecoplanar [a b ] =0orc;=21
R&U [0.D. 2017] (i)c,=-1,c;= 1
Sol. Pomts A, B, C and D are coplanar, then the vectors D =D 2
[a b c] =¢g-c3=-2%#0
AB AC and AD must be coplanar. L
or No value of ¢; can make a, b, ¢ coplanar 1

AB=i+(x—2)j+4k; AC=i 3k

AD=3i+3] -2k 1%
1 x-2 4

ie., 1 0 -=3=0 1
3/3 -2

or 19) - (x-2) (7) + 4(3) = 0orx = 5. 1%

[CBSE Marking Scheme 2017]
Q.13. Let Z=2+;’+1Ac,3=; and z=c12+c2;’+c3fc, then

(i) Letc, =1andc, = 2, find c; which makes a, b and

5
¢ coplanar.

(ii) If ¢, = -1 and ¢; = 1, show that no value of ¢, €an
make a4, b and Z coplanar. [Delhi 2017]
1 1 1
Sol. [a b c]=[1 0 0 =c¢y—c3 1
G @ G
@Deg=1c=2
[a b c] =2-¢c4 1

[CBSE Marking Scheme 2017]
Q.14.If four points A, B, C and D with position

vectors 4i+3j+3k,5i+xj+7k,5i+3j and

7i+ 6}' +k respectively are coplanar, then find
[Delhi Comptt. 2017]

the value of x.

Sol. AB = i+(x—-3)]+4k
AC = i-3k
AD = 3i+3j-2k 1%
As A, B, C and D are coplanar
AB(ACx AD) =0
1 x-3 4
ie., 1 0 -3 =0 1%
3 3 =2
9-(x-3)(7)+12=0
which gives
X =6 1

[CBSE Marking Scheme 2017]
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‘?i Long Answer Type Question-I|

Q.1.

Sol.

(6 marks each)

- 5 -
If a,b,c are unit vectors
e i - -

a-b =a-c =0 and the angle between b and c

is *, then prove that :
6

- - -
(i) a==x2(bxc)

R s Y
(ii)) [a+ b b+ ¢ c+a]l==1. [A][S.Q.P 2015-16]
(i) As given

- - -

- =
a:b=0,a-c=0 = a lboth b and ¢

- - -
(as a , b, c arenon-zero vectors) 1
- — -
or a || (b x ¢)
- N -
Let a =NMp X c)
- - >
then | a| =IrI](bxc)l
ﬁ
or laL = |A]
[(bx c)]
or | = =2
. T
sin—
6
A =%2
- - =
a =22(bxc)
Hence proved. 2
b e e
(ii) Now [a+b b+ c c+a]
e e
= [(a+b)x(b+c)](c+a)
e
= (axb)c +(bxc)a 1
(As the scalar triple product = 0, if any two vectors
are equal)
Hence,
e e T S Y e e e
a(bxc)+(axb)c = a(bxc)+c(bxc)
- - -
zzﬂ(bXC) 1+1/2
- -
=2a ilaJ
2
=+1 A

Hence proved.
[CBSE Marking Scheme 2015]

such that Q.2. If :1 and i; are unit vectors inclined an angle 6,

a-b
then prove that tan L Q .
|a+b]|
Sol. Given |;| = |Z|:1 & 0 is angle between 2 and b

i)

0
cos —
2

tan 9
2

Q.3. If with reference

e e e
a.a—b.a—a.b+b.b

laf —2ab+|bf
=1-2a.0+1 1
=2-24.b
=2-2|a||b| cosb

= 2(1 - cosh) zz(ZSinzg) 1

0
_ 2 —
= 4sec 2
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=a.a+a.b+b.a+b.b

- - - -
|a>+2.a.b+|b|

= 1+2.;.E+1 1

242|a||b|cosd

= 2(1+cosB)
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Hence Proved. 2

to right handed system of

AN

mutually perpendicular unit vectors i, j and j

5
and o =

3i-j,, B = 2i+j-3k, then express in

the form 6 = B,+B,, where B, is parallel to o

and B, is perpendicularto o .
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Sol. Given B, || to o B0t =[(2-3N)i+ (1+21)-3k.[3i—j] =0
- . 32-30)-(1+21) =0
Pr = %o 5-10A =0
2 A 1
Bl = x[?)l*]j 2 A= E
> > > 1 . .= 17235 »
B, isLto o B, =E(3l—])&ﬁZ =3 z+£]—3k 2
BZ-& =0 Commonly Made Errors

A

S s s S A R e Some students do dot product first then cross
Given B = B,+B,=8, = [2i+j—3kj - x(3i7]j

product which is wrong.
2 ® The right method is to do the cross product first
then dot product in scalar triple product.

-

B, = (23N i+ (1+2) i-3k

f,@i OSWAAL LEARNING TOOLS
For Suggested Online Videos

Visit : https://qrgo.page.link/7¢JLR Visit : https://qrgo.page.link/amYe3

(=] =] i [m]

.'3 Or Scan the Code

O] e, 4

Or Scan the Code




