Three Dimensional Geometry

11.1 Introduction

MCQ
1. Distance of the point {p, . r) from y-axis is
3 q (b) lal
Q) lal+Irl (&) Jp2+r? (2023)(0] |

2. Thelength of the perpendicular drawn from the poi nt

(4, =7, 3) on the y-axis is

(a) 3units (b} 4units

{c) 5 units (d) 7units  (2020) @
3. Thewvector equation of XY-plane is ]

(@ Fk=0 (b) Fj=0

(€ 7i=0 d) Fa=1 (2020)(Ap)
M (1mark)

11.2 Direction Cosines and Direction
Ratios of a Line

MCQ
5. Ifthedirection cosines of a line are (!‘. .1.. .I_]J:I"ten
aaa
{a} O=<ag<1 (b) a=2
(€ a>0 (d) a=+v3 (2023)

are
(a) o,-:%.:}i- (b} -12.:}.:?5
1 1 y R t
.0, " 2023) !
(@ IE&?E (d) =T [ :1'}i
M (1mari)

7. Find the direction cosines of a line which makes equal
(2019)(Ev] |
i 20. The Cartesian equationofaline ABis :
(2019)(Ev] !

angles with the coordinate axes.
8. If a line has the direction ratios - 18, 12. - 4, then
what are its direction cosines 7

9. Ifaline makes angles 90% 135° 45° with the x, y and z
axes respectively, find its direction cosines.

(NCERT, Delhi 2019 (A [_‘]

10. If a line makes angles 207 and &0° respectively with : :
the positive directions of x and y axes, find the angﬁe

which it makes with the positive direction of z-axis.
{Demizm?ﬂ_']
OR

[f aline makes angles 90° &0° and Bwith x, yand z-axis
respectively, where 6 is acute, then find 6.

(Delhi 2015) (5] |

M (2 marks)

{11 If a line makes angles o, fi, y with the positive

direction of coordinate axes, then write the value of

sinZe + sin?fl + sin?y. (Delhi 2015C) (1]

12, If a line makes an angle a, f1, vy with the coordinate
axes, then find the value of cos2a + cos2fl + cos2y.

(Term I, 2021-22) (1]

13, Find all the possible vectors of magnitude 543 which

are equally inclined to the coordinate axes. -
(TermIl, 2021-22)[ U |

11.3 Equation of a Line in Space

(1 mark)

4 Write the distance of 2 point Pla, b, ¢} from x-axis. 14, The vector eguation of a line which passes through

(2020C, Delhi 2014C)(Ev] |

the points (3,4, -7)and (1,-1,8) is

(2020) (An]

15, Aline passes through the point with position vector

2i-j+4k andisin the direction of the vector i+j-2k.
Find the equation of the line in cartesian form. -
(2019) (Ev]

16, The equationof alineare 5x -3 =15y + 7= 3 -10z.

Write the direction cosines of the line. (Al 2015) |E;_i

3=-x y+4 27=6

i 17. Ifthecartesianequationofalineis = = .
6. If a line makes angles of 907 135° and 457 with the 5
X, ¥ and 2 axes respectively, then its direction cosines |

(2 marks)

18. Theequations of alineare 5x -3 =15y + 7 =3 - 102,

7 4
write the vector equation for the line. (Al 2014) (Ev)

Write the direction cosines of the line and find the
coordinates of a point through which it passes. (2023)

| 19. Write the cartesian equation of the line PQ passing

through points P{2, 2, 1) and Q(5, 1, -2). Hence, find
the y-coordinate of the point on the line PQ whose

z-coordinate is - 2. (Term I, 2021-22) (Ev)

2x-1 y+2 2-3

12 2 3
Find the direction cosines of a line parallel to line AB.

(Term I, 2021-22) (Ev]

21. The x-coordinate of a point on the line joining
the points P(2, 2, 1) and Q(5, 1, =2} is 4. Find its

Ty

z-coordinate, (A1 2017)(Ap|

LA LB (3 marks)

22, Find the coordinates of the point where the line

through the points { 1. 1, 8) and (5, 2, 10} crosses the
ZX-plane. (Term Il, 2021-22C) (Ag)
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23. If a line makes 607 and 45° angles with the positive
directions of x-axis and z-axis respectively, then find :
the angle that it makes with the positive direction of :
y-axis. Hence, write the direction cosines of the line. i

(Term i1, 2021-22) Ev) :

(4 marks)

24. Prove that the line through A0, -1, -1) and :
B(4, 5, 1) intersects the line through C(3, 9, 4) and :
D(-4,4,4). (Foreign 2016)

25. Show that

x=2 y-4

intersection. (Deihi 2014)(Ei]
Show that lines 7=(i+j=k}+L(3i=j) and
7 =(4i=k)+p(2i +3k) intersect. Also, find their point of

(Deihi 2014) Ev]

26,

intersection.

(5/6 marks)

27. A line with direction ratios < 2, 2, 1 > intersects the :
x=7 y=5 z=3 =1 y+1 z+1

IR el R t
points P and Q respectively. Find the length and the

3 - 3 =4
equation of the intercept PQ. (2019C)

11.4 Angle between Two Lines
MCQ

Q. no. 28 is Assertion and Reason based question carrying
1 mark. Two statements are given, one labelled Assertion :

lines at the i

answer from the codes (a), (b}, [c) and (d) as given below.

28. Assertion (A) : The lines 7=dy +Aby and F=d, +pby :

are perpendicular, when b, -b, =0.

Reason (R): The angle 8 between the lines =3, + 1B, : ¢

by
1y llby |

and F=d,+pb, is given by cosf=

(a) Both A and R are true and R is the correct

(4 marics)

(b) Both A and R are true and R is not the correct a1 Findthevakis 6FA 8o that the lines

explanation of A

explanation of A
{c) AistruebutRisfalse
(d) Aisfalse but Ris true.

29. The angle between the lines 2x = 3y = -z and 6x = -y
=-dzis '
(a) o° (b) 30° () 45° (d) 90O° i
(2023) :
30. I thetwolines L, x=5-Y—=Z L, :x3 L= 2 |
L 3= =2 L =1 Z—a
are perpendicular, then the valueof ais :

2 7

G b) 3 4 d =

(a) = (b) {c) (d) =
(2020¢) (Ag)

: 32.

33,

: 34

! 36,

i 38.

{A) and the other labelled Reason [R). Select the correct : 29

(2023)

i 42.

| 43,

(1 mark)

31. Find the vector equation of the line which passes
through the point (3, 4, 5) and is parallel to the vector

2}+2]-3k- (Delhi 2019) (Ev]

Find the cartesian equation of the line which passes
through the point (-2, 4, =5) and is parallel to the line

(Delhi 2019) (Ev)

Find the angle between the lines
F=2i-5j+k+A(3i+2j+6k) and
F=7i—6k+uii+2j+2k). (Foreign 2014) (g
Write the equation of the straight line through the

point (e, B, y) and parallel to z-axis. (Al 2014C) (Ap]

- XM 2 marks)

35. Find the vector equation of the line passing through
the point (2. 1, 3) and perpendicular to both the lines

B Al aa (2023)

Find the vector and the cartesian equations of a line
that passes through the point A(1, 2. -1) and parallel
totheline 5x - 25= 14 - Ty = 352 {2023)

Find the value of k so that the lines x = -y = kr and
x=2=2y+1=-z+1are perpendicular toeach mhe[’.

(2020) (Ev|
Find the wector equation of the line passing
through the point A{1, 2. -1) and parallel to the line

Sx-25=14-7y=35z {’De!hiZDi?][@

37.

LT 8B (3 marks)
Find the coordinates of the foot of the

perpendicular drawn from point (3, 7, 3) to the line

x—15=y—29=z—5_ (2023)
3 8 -5

Find the coordinates of the foot of the perpendicular

drawn from the point P{0. 2, 3) to the line

I+3_}"-1_I+4 lrzﬂzs,

3r 1 5
are at right angles. Also, find whether the lines are

intersecting or not. (Dethi 2019) (Ev |
Find the vector and cartesian equations of the line
through the point (1, 2, -4) and perpendicular to the
two lines
F={8i-19] +10k)+ M3 - 16+ 7k) and
7 =(15i+29] +5k)+u(3i +8j=5k).

(Delhi 2016, Al 2015) Er]
Find the vector and cartesian equations of the line
passing through the point (2, 1, 3) and perpendicular



x=1 y=2 z=-3 Xy Z
to the lines e - am_3-2-5.
(A1 2014) (Ev) :
44, Find the value of p, so that the lines :
Iy 1-x_?1r-14_z-3 and 1y 7= ?Jt_]r-S Hh=7 are |
3 fi] 2 3p 1 5

perpendicular to each other. Also find the equation of
aline passing through a point (3, 2, -4) and parallel to :
(A12014)(Cr] :

line ly.

45, A line passes through (2, -1, 3) and is perpendicular

to the lines

P=li+j-k1+1(2-2j+k) and F=(2i-j-3k1+pi+2f+20). |

Obtain its equation in vector and cartesian form.

(Al 2014) (v

44, Find the direction cosines of the

x+2 2y=7 5=z

the line through the point A(-1, 2, 3) and parallel to the

(Delhi 2014C) @ﬂ 55. Find the shortest distance between the lines

given line.

(5/6 marks)

47, Show that the following lines do not intersect each
i 54. Find the shortest distance between the lines

other:
x=1 y+1 z-1 x+2 y-1 z+1
32 57 4 3
48, Find the angle between the lines
2x=3y=-rand x=-y=-4z

49, Find the vector and cartesian equations of a line

passingthrough(1,2,-4)and perpendicular tothetwo © o5 by the chortest distance between the following lines:

x=15 y=-29 z-5 !

5 7 3 8 -5

(Delhi 2017) (Er |

11.5 Shortest Distance between Two
Lines

(1 mark)

50. The line of shortest distance between two skew lines
(2020) (/) ;

is to both the lines.

IELNT (3 marks)

y=1 z=2
3

F=(2i+ j=k)+ali+j=k)
r'={:r:— 2}+£‘J+].Lﬁ+}-£‘]

53. Check whether the lines 151_1‘:3_5:?: and

x=4_y-1 o

5

line

. Also, find the vector equation of

=3 (2023) |

57. Find the shortest distance between the followang lines:
(2023) :

(Term I, 2021-22) (Ev] ;
52. Find the distance between the following parallel lines :

- : X (5 / 6 marks)
erm 11, 2021-22) (E1) | e
g "1 62 Find the wector

"—2—=z are skew or not? {Term I, 2021-22)(Ev) |

- Y (4 marks)

i 54. Two motorcycles 4 and B are running at the speed

morethantheallowedspeedontheroads represented
by the lines F= ?L[?fﬂ-ic} and F= [3§+3H+p[2?+j+l‘:]'
respectively.

Based on the above information, answer the following
questions.

(i) Find the shortest distance between the given lines.
(i) Find the point at which the motorcycles may
collide. (Term 11, 2021-22) (E]

F=(4i-j)+ili+2]-3k) and

F=(i—j+2k)+p(2i +4]-5Kk). (2018) (Ev)

F=li+2j+k)+ili-j+k)and

F=(2i = j=k)+p(2i+ j+2k) (Delhi 2015C) (Ap)

F=2i=5]+k+1{3i +2]+6k)and

F=7i-bk+pli+2j+2k) (Al 2015C) (Ev)

x+1 y+1 z+1 x=-3 y-=5

( Foreign 2014) (Tr |

5%. Find the shortest distance between the lines whose

vector equations are

r =E+}+l{2§—}+£}

andF=2i+j-k+p(3i-5j+2k).  (Foreign 2014) (Ev]
&0. Find the distance between the lines Iy and I; given by

I :F =i+ 2j—4k+ 020 +3] +6k)

l,:F=31+3j-5k+u(di+6j+12k).  (Foreign 2014) (Ap)

51 Fid the dictancs batwien e lnas: ks = i 61. Find the shortest distance between the two lines

whose vector equations are
F=(i+2j+3k)+ali-3j+2k)and

F=(4i+5]+6k)+1(2i+3] +k). (Delhi 2014C) (EV]

equation of a line passing
through the point (2, 3, 2) and parallel to the line

F=(-2+3))+A(2i-3j+6k). Also, find the distance
between these two lines. {A12019) (Cr)



CBSE Sample Questions

11.3 Equation of a Line in Space ¢ (0 AistruebutRisfalse. -
. (d) Aisfalse butRis true. (2022-23) (Ap)
MCQ
L Pis a point on the line joining the points A(0, 5, -2) | 11-9 Shortest Distance between Two
and B(3, =1, 2). If the x-coordinate of P is 6, then its : Lines

z-coordinate is !
{a) 10 (b) & & -6 (d) -10 - IELNTI (3 marks)
[:2022“23,1@ 5.  Find the shortest distance between the following lines:

(2 marks) F=li+j—k)+s(2i+]+k), T=(i+]+2k)+H4i+2]+2k)
I .
2 Find the direction ratio and direction cosines of a | (lerm 11, 2021-27) (Ev)
line parallel to the line whose equations are {5/6 marks)
- Le=gprRniznd (2022-23) (] 6. An insect is crawling along the line
3. Find the direction cosines of the following line; F=6i+2j+2k+(i=2j+2k) and another insect is
3-x_2y-1_z (Term Il, 2021-22) [.QE"] crawling along the line F=—4i-k+p(3i-2j-2Kk).
-1 2 4 i At what points on the lines should they reach so
: that the distance between them is shortest? Find
11'4 AnglE between TwoLines the shortest possible distance between them.
MCQ {2022-23)
4. Assertion (A) : The acute angle between the line | 7 The equation of motion of a rocket are - x = 2t, y = -4t
F=i+j+2k+ali-]) and the x-axisis . z = 4t, where the time t is given in seconds, and the
4 : coordinates of a moving point in km. What is the
Reason (R) : The acute angle 6 between the lines path of the rocket? At what distances will the rocket
F=xy 04y, j+Z. k+Ala i+b, j+c k) and be from the starting point O(0, 0, 0) and from the

following line in 10 seconds?

F=xpi+yzj+zyk+plapi+hy j+cyk) is given by F=20i-10j+40k+p(10i-20j+10k)  (2022-23) (1]

-|u1 a, +-h1-h2 +c1c2-| ’ y
cosB= . i 8. Find the shortest distance between the lines
vai +57 +cZ \Ja3 +b3 +c3 o T ey
F=3i+2j=dk+ali+2j+2k)
(a) BothAand R aretrue and Ris the correct i, T e e
explanation of A, andF=5—2j+pl3i+2j+6k).
{b) Both A and R are true but R is not the correct ! If the lines intersect, then find their point of
explanation of A, ! intersection. (2020-21) [ﬁ.;ﬂ

Detailed g{e]88)](e]\

B\  Previous Years' CBSE Board Questions _‘J" Answer Tips ( #'

£ = Distance between two points {x,, 4. z,) and {x Z)is
1. (d):Given pointis(n,q,r) PRSPl W Wim 2

The foot of perpendicular drawn from point {p. g, r) on the given by \,'Il:xz —xllz +{r2—y1}2+[12 -z; ]2
y-axis is (0, g, 0).

Now, distance between these two points is S 3. (a): Vector equation of XY-plane is 7-k=0.
\'II‘P—G]'Z""Q-QF +if-mz=\'llﬂz+"2 4. We have equation of x-axisisy=0,z=0
2. [c):Let P4,-7.3) he the given point and A be a point -, Distance of P{a, b, ¢} from x-axis

4 F‘;]E:St_gﬂdi Lo ='\Irﬂﬂ-ﬂ]2 +h 4= u'lbz +c2 units.

i 5. (d):Gi that the directi i fal
Now, PA = J{ a ﬂ:l:+ [—?-{—?]JZ - G}z i (d): Given e direction cosines of a line are

if111
= /42432 = /16+9 =25 =5units [E‘E'E)



We know that the sum of squares of the direction cosines :

is 1.
S | 3

= —+—t—=1= —=1=a2=3
2EET2

= a=+J3

. |a): Direction cosines are { cos%0° cos135% cos 45%)
1\ S e 1
={ 0, cos(90°+ 45"].—> ={ 0, —sind5%, —
( &/ Y
y I

“fo-3. L)

coso, cosfl, cosy or —coso, -cosfl, - cosy.
and cos?a + cos?f + cos?y=1
Since,u=f=y

1
COSOl =& —
v3 1 .1 1
Therefore, direction cosines are +—.+—.+—
N3 N3 3
8. Since,DR'=sare-18,12 -4
D.C‘EH'E' -1& : 12 : _
V=187 (127 #(=4) \(=18P +(12)7 +(~4F |
-1
J-187 +{12) + (-4

-18 12 4 y =® 6 =2
22 22 23 11°11°11

¥ and z axes respectively.

1 y
I=cos%0° =0, m=cos135°=-— and n=cos45°=— :
2 ¥2 |

1 1
Hence, direction cosines of the line are 0,——=, —=.
=4 Ir 10N Cosines ing E‘ E

Concept Applied (@]

= If a line makes angles o, } and y with x, ¥ and z-axes
respectively, then | = cose, m = cosfl and n = cosy are

direction cosines of line.

10. Let the line makes an angle ., B, v with the positive

direction of x, v, z axes respectively.
o= 90° fi=&0° and y= B (say)
Since, cos?a + cos?f +cos?y=1
= cos? 90" +cost 60 +costB=1

=% %+m528=1 = 1:0523:% =3 msﬂ:% = EI=E

11. Here, the direction cosines of the given line are

cos o, cos f, cos y and cos®o + cos?f+costy =1
= (1=sinfw)+(1-sinf) +(1-sin?y)=1

= sinfo+ sin?fi + siny = 2.

12. Here, the direction cosines of the given line are cosc,

cosfl, cosy and cos®o + cos?P + cos?y= 1

i Byusing cos"a=

13 1543

a  1+cosZa
2
_1+cos2f

nd soon.
5 |

cos’f

=5 %[c052u+ 1+cos2f+1+cos2y+1]=1

i = cos2u+cos2P+cos2y=-1

are two possible vectors

(5 Fiv5k)
B BTR

of magnitude 5v3, which are equally inclined to the
7. I a line makes o, f, y with positive direction of x, v, §
2 axis respectively, then direction cosines of line will be 14. Vector equation of a line passes through the points
. (3.4,-7)and (1,-1, 6) is given by

- F=(3i+4j-7k)+ Alli=+ 6k) (37 + 4]~ TK]

coordinate axes.

F=3i+dj=Thk+1(-21=5j+13k)

15. The equation of line in vector from F=a+Ab.
| Here, 3=2i-j+4k and b=i+j-2k

(ay.a5.a5)=(2,-1.4)
DR's.b, by byare1,1,-2

! The equation of line in cartesian formis given by
I X=Gy y=0; Z=d3

by b, b, 1 1

16, Thegivenlineis5x-3=15y+7=3-10¢
%, Since the line makes angles 907 135" and 45° with x,

7

A== ¥Y+— Z——

A T T ]
i A & 1

5 15 10

-

|

Its direction ratiosare — —

515" 10

 ie, Its direction ratios are proportional to 6, 2, -3.

| Now, 62422 +(-3P =7

Its direction cosines are g%_é

7

17. The cartesian equationof alineis

1]

5 7 4
x=3 y={=4) z=3
ST o

i = x=3-5hy=-4+7h2z=3+2
Take ﬁ=3§—4}+3& and E=-5?+?}+2E.
. The vector equation of the line (i) is F=d+ab

= F=(3i=4]+3k)+A(=5i+7]+2k)

[~ sinfo+cos?a=1] ¢

= |If cartesianeguationofalineis —="_":-—"_"2
then its vector equation is @ by &

F={agityyj+z k) + dlayi+asj+azk)



18. Thegivenlineis5x-3=15y+7=3-102

Nel il e
I Tl )
R 1

[ts direction ratios ar ;L-, —':L-.— -:-l--
515 10

i.e., Its direction ratios are proportional to &, 2, =3,

Now, V62 +22 +(-3)2 =7

& 2 3

Its direction cosines are — S13 TS
19. We have P(2, 2, 1) and Q(5, 1, -2), then the equation :
of line PQis
x=2 y=2 z=1 - x=2 ;2 Q (i
52 1.2 -2—1 3 -1 =3 et

y—2 —2-1
Given, z = =2, then from (i), we have —=——
-1 =3

= y=1

20. The cartesian equation of line AB is
2x=1 y+2 z=3

AR 1
=3 w42

can be rearranged as _2_¥+s
So,a=6,b=2.c=3 =

= w'lﬂz +h? +c2 =wu'lll'52+22 +32=7

_z-3
T3

Required direction cosines are

Lanswer Tips ( 7]

= Distance bebween two points (x;, vy, z;) and (x5, y5. 25) is

"wllﬂ'\-
‘-JIM
-qtlu

given by \Jix,—x,)? +ly, =y P +(z, -2,

21. Given that P{2, 2, 1) and Q(5, 1, -2)
k R 1

Pi2,2.1) Q(5.1,-2)
Let the point R on the line PQ, divides the line in the ratio
k: 1. And x-coordinate of point R on the line is 4.

So, by section formula 4=5'"H2 — k=2
k+1
MNow, z-coordinate of point R, z= =2k+1_-2x2+1_
k+1 2+1

= z-coordinate of point R =-1

equations of line is bk R o S e s
541 =2-1 10-(-B)
or XH1l_y-1_z+8 (i) E
& -3 18
If the line crosses the zx-plane, then y = 0, so from (1)
x+1 1 z+8_1
& 3 18 3

x=landz=-2
The coordinates of the required point is (1.0, -2).

344 9-4 4 4-4
i= x=7u+3, y=5u+9,2=4

The coordinates of a general point on CD are

: (7u+3,5u+9,4)

If the line AB and CD intersect then they have a common
point. S0, for some values of A and p, we must have
[ Ah=Tp+3,6h-1=51+9.2h-1=4

i= 4A-Tp=3

 Substituting 1%

§ =g =—g—=rlsay)

e

23. Since, @ and [ be the angle made by x-axis and z-axis
: and o = 607 and f = 45° (given)

Let & be the angle made by the line with y-axis.

: Then, cos?60° +cos?45° + cos?8 = 1

[ cos?a+cos’P+cos’y=1]

1+%+m525=1

H -1 3 1
P = pitlmlem—— e B=— f8=a0°
P= cost@=1 e 4:>cus 2=>
Direction cosines of the line are
<cos60® cosd 5% cosb0> e, Ei :
2" a2’
24, The equation of line AB is given by
i x=0 y+1 z+1
Pe—=——=——=k
320 5+1 11 i)

i x=d) y=6h-12=20-1

The coordinates of a general point on AB are
P (dh,6h -1, 28 -1)

The equation of line CD is given by

x=3 _y=9 z-4
B ——= [say)

i)
&= 5p=10 i)

and A:; i)

intii),wegetu=1
&

Since 3 =2 and p = 1 satisfy (i), so the given lines AB and
i 2

: CDintersect.

= Equation of a line passing through points (%3, ¥y, 2;) and
(%, ¥ao 25) is given by

e S

o=y ¥om¥y Zody

=Xy

22. We have the points P(1, 1,8) and Q(5, 2, 10), then the : . 25. Any point on the line
Pox+l y+3 z+5

i)
3 5 7

{is(3r-1,5r=37r-5).

Any point on the line

x=2 -4 =5 ...‘IIJ
1 3

| is(k+2, 3k + 4,5k + 6)
For lines (i} and (i) to intersect, we must have
i 3r-1=k+25r-

3=3k+4,7r-5=5k+6



L

On solving these, we get r= % k=—x

[ ]

1 1 3
tersecti
intersection is (2 373

26. The given lines are
F=li+]=k)+A(3i= =30 +1)i+{1=2)j-k

point. S0, we must have

(3a+1)i+{1=A)j=k=(2p+4)i+0 j+{3u=1)k
= 3A+1=2u+4,1-A=0and-1=3p-1

On solving last two equations, we get A =1 and n = 0.

These values of & and u satisfy the first equation.
5o, the given lines intersect.

of intersection.

Thus, the coordinates of the point of intersection are

{4,0,-1).

x=7 y=5 z7=3
i e R

=  Anypoint P[3o+ 7, 2o + 5, o+ 3) lie on this line.

o (say)

x=1 y+1 z+1
let —=—— == sa
7 = g B (say)

= Any point Q[Zﬂ-r 1.4p-1.3p-
DR's. of line PQ are 2, 2, 1, then

1) lie on this line.

2B+1-(30+7) 4=-1-(20+5) 3f=-1-(o+3)
2 - 2 - 1
== —?2 and ﬂ-

= Pointare P(5 ] 5) nd q[_ 1. ]
33

it 2] (2T (03]

= |— =—=Sunits
3 L

The equation of intercept PQ is

377 373 %3
y 11 2 5
x-5 Y~3 3
- 100 10 5
3 3 3

2B8. la):Iflines are perpendicular, then E=g

tost= Eu-Ez —cost= !_H!.u
2 |b1|ba| 2 |balbzl

0

and7={4i-k)+(2i+ 3k)=(2u +4)i+0.j+(3u-1k i) |
If the lines (i) & (i) intersect, then they have a common |
MNow, costi=

{ equationis —=

S0, B=cos

Both Aand R are true and R is the correct explanation

of A
Lines (i) and (ii) intersect and their point nfE

29, |d}: The given equation of lines can be rewritten as
i x=0 y—'L'I z=0 - x=0 y-0 z-0
P12 1/3 1 1/6 -1 -1/4
! 1 1

% ﬂi=§.h1 =E.E1=—1

1 =1
and a2=E.b2=—1 CE=T
ay ay +b by +cyc5

\.llaf + b%-h:f -..IIH% +b%+c%

%.la,l.g 1)+(- 1].['1]

e er

18R

Putting A = 1in (i), we get the position vector of the point | = €0s8=0= 8=90°

30. [d):The given lines are perpendicular, if

aya; + bbb+t =0 ._{I]

x-5 y=0 z=-0
Here, Lj:—= o
x—E_y-CI z-0
| e s
i Here,ay, by, cyare 0,3 -, -2, and a,, by, c,are, -1, 2 -«
i respectively.
O0x0-{3-)-2(2-)=0
- .1% [from (i)]

31. We know that vector equation of a line passing
i through point @ and parallel to vector § is given by

F=d+ib

. Here §=3i+4]+5k and 5=2i+2j-3k

Required equation is
F=(3i+4j+5k)+A(2i+2]-3k)

32. Equation of the line can be written as
x+3 }'-4 z+8

3 -5 &

Direction ratios of this line are 3, =5, 6.

The required line passes through (-2, 4, =5) and its
direction ratios are proportional to 3, =5, 6. 50, its

x+2 y-4 Z+5
3

33. For F=2i-5j+k+A(3i+2j+6k), we have
E, =3i+2j+6k

Alsofor

F=7i=6k+puli+2j+2k), we have b, =i+2j+2k
Let 8 be the angle between the lines.

1| by-by |
[ by |




(3i+2j+6k)i+2]+2K) |
'4'|32+22+l|5|-2 \'[12 +22492 |

1 3+4+12 = B=Eﬂ5_l[E]
Tx3 21

=

= bB=cos

= O=cos

3. Any line parallel to z-axis has direction ratms

proportional to 0,0, 1L

The equation of a line through (o, p, v} and parallel tﬂ

Z-axis s A0 _ ]"r_ﬂ =Y
0 ] 1

35. Let the equation of line passing through (2, 1, 3) and
perpendicular to the lines

x-1 y-2 z-3 X ¥y z

O T ™ i

x-2: y-1 z-3

I m n
I'1+m-2+n-3=0and [-(-3)+m-2+n:-5=0
1 m n I m n

=¥ = = T e m——
10-6 -9-5 2+6 2 7 4
The equation of the required lingis

x-2 y-i 2-3

2 -7 4

Also its vector equation is
F=(2i+j+3k)+0(2I-Tj+4k).

x=1 y=2 z+1
a b ¢
Mow, given equation of line is,
Sx-25=14-Ty=35z
i A o Mo
x=5_y-2_z-0 i)
7 -5 1
Since (i) and (i) are parallel lines.

From (i), we get

%=£-E%=Lrl' is the cartesian equation of line.

Also, the vector equation of line is (i+2]-k)+A(7i-5]+k). :

37. The given lines are perpendicular, if
Ayt + bbb +64ca =0
The given lines are as

I; is perpendicular to l;

here, a, b, ¢, are 1, -1, 1/k and a,, b;, ¢; are 1, 1/2, 1
respectively

1{1]+{-1][%]+[% }-1}:0

: Sp, coordinates of M=(54- 3,24+ 1,34 - 4)
i Now, direction ratiosof PMare {54 - 3-0,24+1- 2,
P3a-4-3)

e, (51=-3,2h~
Since, PM is perpendicular to line {i).

i Now, Jy Li;

= T+-i-11'.'_l-ﬂl =

11
L2 ke
=T

Commonly Made Mistake {4k

= Remember twolines X251 Y% _Z7% 4
g b o

X=X ¥Y7¥2 _ I8 sreperpendicular to each
a, by ]
other if ayas + bibs + cycom 0 and

o c
parallel if —1=£=—1.
g by o3

: 3B. Vector equation of the line passing through
i (1,2,-1)and parallel to the line
i Bx-25=14-Fy=1352

iy

x=5 y=2 z=00

BT T T e

- is F=(i+2j-k)+ A7i-5] +k)
39. We have point P(5, 7, 3) and equation of line as

x-iS_y-Z?_ﬂ_
3~ 8 8 e

¢ Any point on this line is given by

QI3k + 15,8k + 29, -5k +5)

 Direction ratio of line PQ are

{3k+15-58k+29-7,-5k+5-3)

36. Let the equation of line passing through A(1, 2, -1) be | 1€ (3k+ 10,8k +22,-5k+2)

n : As, PO is perpendicular to given line
MG

= 98k+196=0 = k=-2

3(3k+10) +8(Bk + 22) - 5(-5k+ 2} =0

Foot of perpendicular drawn from given point

. P(5,7,3) on the given line s

[-6+15,-16+29,10+5) ie,(9, 13, 15}

40, Let M be the foot of the perpendicular drawn from
: point P(0, 2, 3) to the line

Any point on line (i) is (54 - 3, 24 + 1, 34 - 4)

. (i)

1,31-7)

5(5a=3)+2(2h-1)+3(31.-7)=0

= 25K-15+4A-2+9L-21=0
i=s 38.-38=0 = i=1
: So,coordinates of Mare (2, 3,-1).

41. The given lines are

=1 y=2 z=3 =1
: = = and |y ——=——=—
-3:&!? 1 =5

1) A
:-31(-— ]+?—1{I =0

7 N R 10&

?—lﬂ::ul =7



Since for A =7, given lines are at right angle.
- Lines are intersecting.

42, The given lines are

F=(8i-19]+10k)+ L(3i=16]+7k)

and 7=(15i+29]+5k)+u(3i+8]j-5k)

Equation of any line through (1, 2, -d) with d.r's |, m,nis
F=(i+2j=4k)+plli+mj+nk)
lines.

A-16m+ 7 n=0and 3+ 8m-5n=0
I m n i

= BO-56 21+15 24+48 2 3 &
From (i), the required line is

F=(i+2j-4k)+pl(2i+3]+6k)

and parallel vector is E=2i+3}+6€c .
Cartesian equation of line is given by

43. Let the equation of line passing through (2. 1, 3} and

perpendicular to the lines

I m n I m n
I e T e T — . T

10-6 -9-5 2+6 2
The equation of the required lineis

Also its vector equationis
F=(2i+j+3k)+A(21-7]+4k).
44, Thegiven lines are
x=1_y-2 z-3

V'3 Tpi7 2

L x=1 y=5 z=6

2 3p/7° 1 5

I, is perpendicular to [,

{-3){1§f- }»%-1&{-5;:0

= 1;-+$=1G:}$=10=> p=7

Mo, equation of the line passing through 3, 2, -4).and | Buti=-17 and w=-12 do not satisfy the equation (v).

It means our assumption is wrong hence the given lines
i donot intersect.

paralleltol,is
=3 y=2

-3 1 2
45, Thegiven lines are
F=li+j=k)+0{2i=2j+k) and F=(2i=j=3k)+p(i+2j+2k)

7+4

0 T a1 A

Since, the required line is perpendicular to both the given z =Lﬂ—}+3§}+ ﬂ[ﬂ+}-2El

| andSA+1=-2u-1=> 5L+ 2u=-2
i Solving equation (jii) and (iv), we get

{ Equation of any line through (2, -1, 3) with d.r's |, m, n is
F={,ﬂ-j+3i}+p{ﬁ+m}+ni}

Since, the required line is perpendicular to both the given
i lines.

i)

A=-Z2m+n=0andl+2m+2n=0

I m n I m n

From (i), the required line is

| 46. Thegiven line s feesiioem

7
x+2 Y73 z=5

2 3 ]

i)

= .. . isdrPsare2 3,-6
Here, the position vector of passing point is d=i+2j-4k

P 224324 (=62 =7

232 &

- ltsdcsare -
77 7

Equation of a fine through (-1, 2, 3) and parallel to (i} is

Vector equation of a line passing through (-1, 2, 3)

and parallel to (i) is given by

(i) F={—]:+2}+3-lu“c}+u2}+3}-6ﬂj
| )

Answer Tips ( =)
= |fa, b,caredr!sof aline, then d.c's of the line are
a b &

\;'It:llz-rt.r2+:|:.'2 "\lrnz+h2+cii \.|'l-::|2+t:|l2 +c? :

47. The given lines are
Pa=1 y+l Ll SN () x+2_y=1_z+1_

i)

3 2 & A 3 =2

Let P be the general paint on line (i), then

x=3a+1l y=2n-landz=54+1

Lo P=(3A+1,2h-154+1)
i Let Q be the general point on line (i), then

x=4n-2 y=3u+landz=-2u-1
O=(4u-2.3u+1,-2u-1)

Let the given lines intersects.
i 30 Pand Q coincide for some particular values of 4 and .

B+ 1=dp-2 = 3h-4p=-3
2h-1=3u+1= 2h-3u=2

-[fif)
i)
o\

A=s=1Tandpu=-12

| 48. Given line, 2x = 3y = -z can be written as

X ¥y oz

1/2 1/3 -1 -0



The direction ratios of line (i) are -:%, %.—1 =

and the line, &x = -y = -4z can be written as
Sl SN A i)
1/6 -1 -1/4
1

The direction ratios of line (i) are < %,—1.-2:-

equal to 0.
— .1 1 1 1Y i =
Product of direction ratios = —w_ + Zx(=1)+(-1)x|-=] |
2 4 3 4/ i
B
127372

50, angle between the lines is 70°

49, Let the equation of line passing through (1. 2, -4) and

perpendicular to the lines

x-8 y+19 =z-10 x=15 y-29 E
3 -8 7 M3 & ik
b X1 _yed mad

1(3) + m{-18) + n(7) = 0 and I{3) + m(8) + n{-5} =0
P W B

= B0-56 21+15 24+48
d_m_n I _m_n
= 24 3 72 2 3 &

The equation of the required lingis

=1 y=-2 z+4

and its vector equation is

F=(i+2j-4K)+M2i+3j+6k)

50. The line of shortest distance between two skew lines :

is perpendicular to both the lines.

55 Forthegiven lines, Lalay M 2 4.1 3.4
I, 1 my, 2 n, 3
Since, !1=ﬂl=-'31~, therefore the given lines are parallel.
b my m
Let x=T1-%=hfsaﬂ

Any point on this lineis PlA, 24+ 1, 34+ 2)
If it is the foot of the perpendicular on the line, then
WA+ 2(2A+ 1)+ 3(34+2) =0

=3 .'|'|.=-&
7

Any point on thislineis Qlu - 1, 2u - 2, 3p+ 1).
= Uu-1)+2{2u-2)+3(3u+1)=0

= i.[.= —
7 12 10

é
1,2u-2,3u+1 (-—-——
Qu-12p-23u+1) = A

It is known that if two lines are perpendicular then the Ristance hetmeenhunghien lies =

dot product of the direction ratios of the two lines is

i) |

| andF=(3i+3])+n(2i+]+k)

units

|
ra=\(7+3)

(-12 3) (‘lﬂ 2] 3

52. Comparing the gives lines with F=ﬁ+5b.F=E+ﬂ-;r
iy =2i+j-k : b=i+j-k ; Ez=}—2}+l:

beiﬂz'ﬂﬂl
|
i

1 1 -

1 =3 2

=

|i+i-keii-3j+20)] 1
| Ji+1+1 | - 3

42 1 iy ‘:_ "- =i ‘:_":_ ¥
-EFE 3+ j-2+ 1) +k{-3+1)| H-i-2

W1+1+4 .
= =+ 2 units
V3

53. Forthe given lines,
Paol y=2 223 x-4 y-1
:2-3-4and5_2-
4-1 1-2 0-3| |3 -1 =3
2 3 4|2 3 4
i 5 2 1]1|5 2 1
i A= = = —_
o Jao [T Jaro |
- Y5 +{182 + (112 = 270 ]
. [33-81+12-20)- _3(4-15)]
V470
A -15-18+33
Ja70
PA=0
Since, A =0, therefore, the gives lines are not skew lines.
X conceot Aovicd (O]

= Shortest distance between two lines

=Xy =Y-jI’1 =Z—2'1 e KX=Xa =F-jlr2 =Z—Zz i
iy by % o by 2
gives by
2=Xy Ya=¥1 ZTo—Z3
oy by S
A a3 by €3

by, =byc; P +(c,0, ~co0, P +layb, ~a;b, P

54. (i) We have, F=i(i+2j=k) i)

i)

' Here, &, =0i+0j+0k, 8 =3i+3] ;
¢ By=i+2j-k and B, =2i+j+k

EE _E‘l =3{?1—3}



i 7k
b xB,=|1 2 =1l=i{2+1)=j{1+2)+k{1-4) =3i-3j-3k
2 4 1

Now, (G, =8y )-(by xby)=(3i +3])(3-3j-3k) =9-9=0
Hence, shortest distance between the given lines is 0.
(i) Equationofline(i):x=A y=287==2
Equationof line (i) : x=3+2un,y=3+p.z=pn
So,A=3+2u

2h=3+un

Substitute u = =i is (i), we get

A=3-=24

= 3i=3

= Ai=1

= p=-1

So, the two lines intersect at point (1, 2. - 1).

Since, the point (1, 2, -1) satisfies both the equation of lines, On comparing we get

Gy =2i-5]+k,By =31 +2j+6k ; &,=7i-6k b, =1+2]j+2k

therefore point of intersection of given lines is (1. 2, -1).
So, the motorcycles may collide at point (1. 2, -1).
55. We have, F=(4i-j)+A{i+2j-3k)
F=(imj+2Kk)+p(2i+4j=5k)

Comparing with lines 7=a, + b, and 7=a,+ b, ,we get
dy=(4i-j); by =i+2j-3k

d,=i-]+2k;: by=2i+4j-5k

ij ok

Mow, By xB,=[1 2 =3| =i{-10+12)=j(-5+6)}+k(4—4) =2i-] _I5(-8)-7(4)|_ 68 _17V5

2 4 -5

and By xbs = (27% +(1)% =+/5
52-61=-3}+2E

: By xb.,)-(@, =4, )

Shortest distance, d = |12/ 02 =01

= | [By By | ‘

(2i=j).(=3i+2K)| _|-6+0+

J5 |71 5

56, The given lines are

o6
G

F=(i+2j+k)+Ali-j+k) and
F=(2i-j=k)+p(2i+j+2k)
On comparing, we get
El=?+2}'+i'.51=?-}+i - d, =23-j-£.52=2'i+}+2§
. Big =0y =i=3]-2k

P ]k
byxby=[1 =1 1

21 2

=i[=2=1)=j(2=2)+k(1+2)==3i+0. ] + 3k

= |B, b, |=+(-37+3% =32

i) |
i)
“h=u v
| F=2i-5j+k+A(3i+2]+6k) and

| F=Ti-bk+pli+2]+2k)

S.D.between the lines 7 =4, + b, and 7 =&, +pb, isgivenby

A
i) |

T d=|:5F+5}

§:>d=

= (@-yhB; xBy) = 1(-3) -3(0) -2(3) = -9.

-9

3./2]

3 3 &
u_'E:EE units

Concept Applied

= 5D. between the lines 7=a, +Aby, and 7=, +ub; is

(a, -IE L[gi I>¢§3]|

57. The given lines are

givenby d=

d=‘iﬁz—5ﬂ-'[§1><5z?
|byxby|

-, @iy =iy =5i+5]-7k

ik

2 &|=il4=12)=jl6=6)+kl6=2)==8i+ 4k
1 2.2

= 1By %B, |=/(~8)2 +4% =4./5

~7k)-{~8i + 4k)|

| 4.5 |

units

a5 45 5

BE, ey 2al yel el

. 4
x=(=1) _y=(=1) z-(-1) x=3_y=5_z-7
=5 -1 MMk =5
Vector equation of lines are

| Pamimj—k+A(7i-6]+k) and F=31+5]+ 7k +puli-2]j+k)
We get 51 =—}—}—E,Ei =?E-6‘}+E
| and 3, =3i+5]+7k By =i=2]+k

| So, dy=dy =(3i+5]+ Tk)={-i-j=K) =4+ 6]+ 8k

- - -

i i k

| And, Byxb,=[7 -6 1|=-4i-6j-8k

1 -2 1

Shortest distance between two skew lines is,

d=‘(51x52H52'51]1
by xbs |

(—4i-6]-8Bk)L(4i+6+8k)|
Y42 +(-6F +(-8P |
=16=35=-54

= d= = d=2./29 units
Beir



59. Wehave, F=i+j+A{2i-j+k)
51=E+ ;-E'l =2?—_"i+12'
Also, F=2i+j=k+u(3i-5]+2k)
o Gy =2i+ =k, by =3i=5]+2k
S0, @,~d, =i~k
i j ok
And, b, xb, =
3 =5 2
Shortest distance between two skew lines is,
by % by )-(d; —3y)
1B, % b, |
o] G |
|32 +(-172 +(-7P|
60, Given lines are
Iy :F=i+2j=4k+1(2i+3]+6k);

d=

3+7

o units.
59| J59

I, :F =3i+3]=5k+u(4i +6]+12k)

We have &, =i+2j-4k,b, =2i+3j+6k
and G, =3i+3j-5k by =4i+6j+12k
S0, 8y =8, = 2i+ j=k
Also, by =4i+6]+12k=2b, = by ||b,
Hence |, and [; are parallel lines.

Shortest distance between two parallel lines is,

d=5=tiﬁz-51]|
|b]
_, go|@i+sitek)x@iti-k)| _ . |-9i+14j-4k
~."I2"'f+32+£|.2 | 7
B 2 293
B 9]F+1; +{-4F =~.2?93 _—

&1, Here, the lines are

F=(i+2j+3k)+ili-3j+2k) and

F=(4i+5]+6k)+pu(2i+3)+k)

Here, &, =i+2j+3k by =i-3j+2k and

Gy =4i+5]j+6k,by =2i+3j+k

The shortest distance between the lines is given by

(@, -, ]'-{Er, :@ }
|byxb,|

gy —dy = 3i+3j+3k

d=

i J ok
B, xb,=|1 -3 2|=il-3-8)-j{1-4)+k{3+8)=-9i+3]+%k
2 3 1

Thus, direction cosines are |

= [By xBy = I-92+32 +9 =319

- Also, (@, =, B, xB,) =(31+3j+3k)~9i+ 3]+ 9k)
=3x(-9)+3x3+3Ix9=9

9

3
nod= =——unit.
39| Jio

62. Wector equation of a line passing through (2, 3, 2) and
i parallel to the line

-1 1|=il~2+5)=j(4=3)+k{-10+3)=3i- j-Tk F=(-2i+3)+a2{-3]+6k) is given by
| F=(2i+3)r20)+n(2i -37 +6K)
- Now, 3, =-2{+3], b=2{-3]+6k

fand d,=21+3]+2k
Distance between given parallel lines

b, -, ) =I:25_3?+5E1x{4?+u}+2in|
Ib] | [V4+9+36] |

=;|ﬁ[—a]+zo}+12£|

=;J1-aa+{zﬂ:-‘=‘+m}2 = ‘Eﬁ units

9\  CBSESample Questions A3

1. (b): The line through the points (0, 5,-2) and (3, -1, 2) is

X _y=5_z+2
3-0 -1-5 2+2
or 2urS 242
; 3 % 4
i Any point on the line is P(3k, -6k + 5, 4k - 2), where kis an
¢ arbitrary scalar.
P 3k=6
= k=2

The z-coordinate of the point Pwillbe 42 2-2=6. (1)
2.  Theequations of the lineare éx - 12=3y+ =22~ 2,
which, when written in standard symmetric form, will be
x-2=r-{-3}=z-1 (1/2)
i 1fe 1/3 1/2

. Since, lines are parallel, we have 9_b _c (1/2)
gy by o
: Hence, the required direction ratios are
Pr111

E-.E.E]Dl'ﬂ..z.?r] (1/2)
and the required direction cosines are { 1 _i, 3 ]
z 414 14

(1/2)

5 r 1
: 3. Thegiven line can be written as I_;3.=_12=§ (1)

Direction ratios of the given lineare<1, 1. 4> (1/2)

1 1 4
: 2
NN AN Y wa



4. (a):The equation of the x-axis may be written as |

F=ti. Hence, the acute angle 8 between the given line
: 7. Eliminating t between the equations, we obtain the

and the x-axis is given by
[1x1+(=1)=0+0=x0]| 1

3 —— = =
12 (=172 +0% x V12402 +07 2

"
cosfB= A=—
4

explanation of A {1) i
5. Letd =i+]-k, iy =i+j+2kandb=2i+]+k
Here, the lines are parallel.
Shortest distance between lines = w
_(3k)x(2i+]+k) (1%) |
4+1+1

i j ok

MNow, (3k)x(2i+j+k)=|0 0 3f=-3i+éj {1) i

2 1
= |(3k)x(2i+j+R)=9+36 =35

possible distance between the insects = AB
The position vector of A lving on the line

F=6i+2]j+2k+ali-2]+2k)

is (6+0)i+[2=20)j+(2+20)k for some A.

The position vector of B lying on the line
F==4i-k+p(3i-2j-2k)

is {~4+3p)i+(-2p)j+(-1-2u)k for some .
AB=(=10+3u=L)i+(=21=2+20) j+(-3=2u -2k

Since, AB is perpendicular to both the lines
(-10+3u-A) +{-2u-2+23) (-2)+ (-3-2u-21)2=0, (1) i
ie.n-3h=4 i)

andl(-10+ -3+ (-20-2+ Z0)-2)+ (-3-20u-2))(-2)=0
;1; Solving (iand (ii)we get u=-2 and & = -4.

! These values satisfy equation {iii) also.

2 _ Mow, substituting the value of p in equation of line, we get
be so that the distance between them is the shortest, are

ie,17u-34=20
Sobving (i) and (i} for A and p, wegetp=1,A=-1
The position vector of the points, at which they should

Si+4]jand -i-2j-3k
AB=—6i-b] -3k

 seconds = 1207 + 402 + 407 km=20x3km=60km

{ The distance of the point (20, =40, 40) from the given line
f _|[52-61ij|_|-3&]x{10?-20}+1{]f{}|m

¢ |=300i+300k|
© |10i-20+10k|

M _af_af

 And (By xB,)(d,~d)=16-16=0

(1)} hetween the linesisD.

The shortest distance = |AB|=v62+62+3 =9 (1)

¥

equations of the path L . which are the equations

2 -4 4

: ofthe li ssingth h the origin having directi tios
Hence, both A and R are true and R is the correct : “ nepasligTiiigh Meorghnavmg directionrass

i 2 -4,4 > This line is the path of the rocket.

(1)

When t = 10 seconds, the rocket will be at the point
¢ (20, -40,40).

(1)

Hence, the required distance from the origin at 10

(1)

. : - (1)
|| |10i-20;+10k]|
30042

m-mkm=lﬂuﬁkm {1}

Hence, the required shortest distance =%'I-'§-unii5 . (/2 8. Wehave, a; =3i+2j-4k , by =i+2j+2k
_ o V6 . i By=5i-2], by=3i+2]+6k

6. The given lines are non-parallel lines. There is a :
unigue line-segment AB. A lying on one and B on the :
other, which is at right angles to both the lines, AB is the
shortest distance between the lines. Hence, the shortest |

- Byxby=

(1)

d,-8,=2i-4]+4k

=il12=4)= jl6=6)+k(2-6) (1)
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The lines are intersecting and the shortest distance

MNow for point of intersection, consider

3i+2j-ak+ali+2]+26)=51 -2} +n(37+2j+6k)

i= 3+i=5+3p o 1]
2+ 2h=-2+2y - (i)
-4+ 20 =6 i) (1)

F=51=2]+(=2)(31+2] + 6k)=—i-6]-12k

Point of intersectionis (-1, -4, -12). (1)




