Properties of Determinants

1 Mark Questions

2 7 65
1. Write thevalueof|3 8 75| Alllndia 2014C
5 9 86

(%7

7 6
8 7
9 8

Given, |

U1 o M

|
|

Sy WU

|
'8 75
= ‘ - 7‘ i i
9 86| |5 86| |5 9]
[expanding the determinant along R,]
2 (688 —675)— 7(258-375) + 65 (27 - 40)
26 +819 — 845
=845 -845=0 (1)

| 3 75;+65 3 8

2. Prove the following, using properties.of
determinants

la+b+2c a b |
\ C b+ +20 b l
| c a c+a+2b|

=2l +b+c)? - Delhi 2014



la+b+2c

LHS=’

9
C

d

|
b+c+2a b |
|

d

b

c+a+2b

On applying C, — C, + C, + C;, we get

| 2(a+ b +c) a b |
LHS=| 2(a+b+c) b+c+2a b |
| 2(a+b+c) a c+a+2b|

On taking 2(a + b + ¢) common from C,, we

get
| 1 a b |
LHS=2w+b+cﬁ1 b+c+2a b
a c+a+2b|
(1/2)

On applying R, = R, =R, and R, = R; —R,,

we get

| 1

b |

LHS=2(a+b+c)‘O b+c+a 0 |

10 0 c+a+b]|
On taking (a + b + ¢c) common from R, and R;,
we get
|1 a b]
LHszma+b+mﬂo 1
o 0 1
On expanding along R;, we get
LHS =2(a+ b +¢)’ [(1) (1-0)] (1/2)

=2{a+ b +c)y’ = RHS
3. Using properties of determinants, prove that

X% 1
Xy
XZ

Xy
y2 +1
yz

XZ

yz
7* 41

Hence proved.

=1+x*+y?+12%

Delhi 2014



x* +1 Xy XZ
| |
LHS=| xy y*+1 yz

| XZ yZ z% + 1[

On taking common factors x, v and z from
R,, R, and R;, we get

| 1
X+ — y Z
X

LHS = xyz X y + L 74

X y  Z+—

On applying R, — R2 - R, and R; - R; —R,,
we get

1
X+— y Zz
X
LHS= 3005 LU 0 (1/2)
Xy
L
x z |

On multiplying and dividing C, by x, C, by y

; 1T 1 1
and C, by z and taking common —, —, — from

Xy z
C,, G, and G5, we get
|x2+1 y2 zz|
LHS=xyz><J— -1 1 0’
Xyz
| -1 0 1|
!x + 1 y2 22|
4 1Al
[ -1 B

On expanding along R;, we get
LHS = - 1x (-Z +1[1( + 1)+ 1y~ )]
=x% +y? + z? +1=RHS Hence proved.
(1/2)



4. Write the value of the determinant.

102 18 36
1 3 4
173 6 Foreign 2012
102 18 363
let A= 1 3 4
|17 3 6|
117 3 6
:$|A}=6‘1 3 4
17 3 6
[ taking 6 common from R;]

=6 X0=0
[ two rows(R, and R;) are identical] (1)

4 a b+c
5. Whatisthevalueof|4 b c+a|?
4 c a+b
Foreign 2010



‘4 a b+c
Let A= 4 b c+a
‘4 C a+b
On applying C, = C, + C;, we get
4 a+b+c b+c

A={4 a+b+c C+a
4 a+b+c a+b

Now, taking common 4 fromC,and(a + b + ¢)
from C,, we get

1 1 b+c
A=4@+b+c)|1 1 c+a
1 1 a+b
=4(a+b+c)(0)=0 (1)
[ C, and C, are identical]
2 3 4
6. Write the value of| 5 6 8
6x . 9x 12«
Delhi 2009

2 3 4
let A=| 5 6 8
6x 9x 12x

On taking 3x common from R;, we get

2 3 4
A=3xi5 6 8
2 3 4

I
o

= A
[* R, and Ry are identical] (1)



a—b b-c c¢c-a
. Write thevalueof| b~¢c c¢-a a-b]|.
c—-a a-b b-c
Alt India 2009
a-b b-c c-a
let A=|b-c c—-a a-b
c—-a a-b b-c
On applying R, = R, + R, + R;, we get
0 0 0
A=|b-c c—-a a-b
c-a a-b b-c
— A=0 Q)
[ if a determinant has all elements zero in any

of its rows or columns, then value of
determinant is zero.]

4 Mark Questions

8. Using properties of determinants, prove that

|b+c c+a a+b| |a b cl
}q+r r+p p+q|:2‘p q ri.
ly+z z+x x+y| |x y z]

All Indla 2014, 2010C; Delhi 2012, 2010, 2009C

Q Firstly, split the determinant along thelr
* respective columns and replace determmants,
having identical column with zero and arrange‘
the remaining, to get the desired resuit.

b+c c+a a+b
Consider A=\ g+r r+p p+gq
y+z zZ4+x x+y
On splitting A along C,, we get

b c+a a+b




cC Cc+a a+b
+lr r+p p+qgl
Z Z+X X+y

Again, on splitting both above determinants
along their respective second columns, we get
b ¢ a+b b a a+b

A=|q r p+ql+|lg p p+gq

y Z X+Vy V X  X+Yy
‘c c a+b| |lc a a+b
+ir r p+qgl|+lr p p+g

zZ Z X+y Z X X+Yy
c a+b b a a+b
=|lg r p+q|+iq p p+q

y Z X+y Yy X X+Yy

c a a+b

+rop ptq

Z X X+y

cca+b i

‘lr r p+q|=0,asC,isidentical toC,
Z z x+y

_J
(1
Similarly, on splitting all above determinants
together, we get

b ¢ a bcblbaa
A=iq r pl+lqg r q|+ g p p
Y Z X yzy|yxx
b a b ¢ a a
+iq p q|t(r p p
y X Yy zZ X x|



+|r p g

b ¢ a}l {c a b
= A=|q r pl|+|r p q

y z x| |z x vy

[ all other determinants have their two
columns identical, so their value is 0.]
On applying C, &> C; in first and C, & C, in
second determinant, we get
a ¢ b a ¢ b

A=-Ip r qi-{p T (¢
xzyxzy|

I

[ when any two columns or rows of a

determinant are interchanged, its value

becomes negative]

On applying C, <& C; in both determinants,
we get

b ¢l |a

a b «c
A=lp q rl+lp q r
X y z X ¥ 2
’a b cl
=2lp g (1)
| x y z

Here, we have shown that
b+c c¢c+a a+b

q+r r+p p+q
y+2z Z+X X+Yy

a b c
=2|p q 1
X y Z

On taking transpose both sides, we get
lb+c a+r v+zl



C+a r+p z+xt

a+b

I
]

p+q x+y |
a p x
b q vy (1)
G r 7

Hence proved.

NOTE The determinant of matrix A or its transpose
A" have same value,i.e.|A|=|A"].

9. Using properties of determinants, prove that

|1+a
!
| 1

11 |
1+b 1|=woux+m+m.
1 1l+c| All India 2014
|1+a 1 1]
Consider LHS :l 1 1+b 1 ‘
|1 1 T+c|

On dividing R, by a, R, by b and R; by c and
multiplying the determinant by abc, we get

LHS = abc

DU S l _:L,
a a

1

_ l+‘] l

b b

1 1 1

- = —+1

C C C (1)

On applying R, = R, + R, + R;, we get

LHS = abc

1+ -+ —+—
.8 b ¢© a b €

1T 1 T 1 1 1
— 4+ —+—+1

l+T

s
b b
1 1



1 1 1
et —+1
a b c
1
— §))]
b
L
C

On taking (1 + 1 + i + J—) common from R,

a b c
we get
1 1 1
1 1 1
LHS=abc(1+l+~l+-1—)B e
a b C 1 1
L 4 Jgy
C C C
(1)

On applyingC, - C, -C,,C; - C; - C,, we
get

LHS = (abc + bc +ca + ab)| --

= (abc + bc +ca + ab) [1(1- 0)]
[expanding along R ]
= abc + bc + ca+ ab =RHS Hence proved.
(1)



10. Using properties of determinants, prove that
X+y X X
Sx+4y  4x  2x|=x>
10x+8y 8x  3x
All India 2014, 2009
X+Yy X X
Toprove,| 5x+4y 4x 2x |=x
10x+8y 8x 3x
X+y X X
LHS=| 5x+4y 4x 2x
10x+8y 8x 3x

On applyingR, - R, — 2R, and R; = R; — 3R,
we get
X+y X X

LHS={3x+2y 2x O (1%)
/x+5y 5x O
On expanding along C;, we get
3x+2y 2x
/x+5y 5x

=X [5x (3x + 2y) — 2x (7x + 5y)]
= x [15x? +10xy — (14x° +10xy)] = X°
= RHS 1)
Hence proved.
11. Using properties of determinants, prove that
la+x y z |
X a+y z }=az(a+x+y+z).

| X y a+z| Foreign 2014

LHS = x (1%)




x) FIfStfy, we make (a+x+y+z) a common factor m

. anyrow or column. Now, try to make two zeroes
in that row or column and expand the
determinant along that row or column. | :

Given to prove,

la+x vy z |
x avy 2|
| x y a+z[

2(.a+><+y+z)

la+x vy z |
LHS =’ aty \ (1)
| x y a+z]

On applying C; = C; + C, + C;5, we get
la+x+y+z vy z |
LHS=’a+x+y+z a+y z ]
la+x+y+z y a+z|
Iy oz |
=m+x+y+ﬂrla+y z ‘ (1)
11Ty a+z|
[taking common (a + x + y + z) from C ]

On applying R, > R, =R, and R; - R, — R,
we get

1y z|
LHS=w+x+y+240 a 01 (1)

|OOa|
=(a+x+y+ 2)1a*-0)]

=a’(a+X+y+ z)=RHS (1
Hence proved.



12. Using properties of determinants, prove that;
| x+A  2x . 2x |
| 2x  x+A  2x ‘:(5x+k)(?&—x)2.
| 2x 2x  X+M| Foreign 2014
|x+X 2x  2x |

To prove‘ 2X X+ A 2x ‘
| 2x 2x  x+A|

=(5x+ A)A —x)?
| x+A  2x 2x |
LHS:I 2x  Xx+A  2x |
| 2x 2x  x+A|
On applying C, = C, + C, + C,, we get
| 5x+A  2x 2% |

LH&45X+A X+ A 2x| )
|5x+A  2x  x+A|
1 2x 2« l
=(5x+l)l1 X+A 2x
|1 2x x+?u.|

[taking (5x +4) common from C,] (1)
On applying R, > R, =R, and R, = R; —R,,
we get

|1 2x 2x |
Hﬁ=5x+q0 A=% O I 1)
|0 0 A =X

On expanding along C,, we get
LHS = (5x + A)[IA — x)? + 0 + 0]

=(5x+ AR —x%=RHS (1
Hence proved.

13. Prove the following, using properties of
determinants.

a? bc ac +c?
a’+ab  b? ac |=4a’b’c?.

2 2
L L Foreign 2014



a2 bc ac +c

To prove, |a? + ab b? ac
ab b? + bc c?

= 4a%b*%c?
a2 bc ac +c?
LHS = |a% + ab b? ac

ab b? + bc c?

On taking common a from C, , b from C, and ¢
from C;, we get

a C a+c
LHS=abcla+ b b a (1)
b b+c C

On applying C; = C; + C, — C; we get

0 C a+c

LHS = abc 2b b a (1)
2b b+c ¢

Now, applying R, —» R, — R;, we get
0 C a+c
LHS=abc|0  -c a-c (1
2b b+c ¢
On expanding along C,, we get
LHS abc [2b{c (a—c)+cla+0c)}]
= 2(ab”c) (2ac)
= 4a’b°c? = RHS (1)
Hence proved.

NOTE In this type of questions, we only use either
row operations or column operations not both at
same time.



14. Using properties of determinants, prove that

ca k(@ —-b)(b—c){c —a)lbc +ca +ab) .

a a’ bc
b. b
c c? ab
a b c
To prove, | a®> b? ¢?
bc ca ab

Delhi 2014C, 2011C

a
orlb
C

a’ bc
b? ca
c? ab

=(a-b)(b—-c)(c—a)(ab + bc +ca)
b
b2
ca

a
LHS = a?
bc

C

2

C

ab
On multiplying columns C,,C,and C; by a, b

and c¢, respectively and dividing the
determinant by abc, we get

LHS = —
abc

1

a2

33

abc

b? c?
b c? (1)
abc abc

On taking abc common from R;, we get

LHS=—1--abc

ab

C .

a
a
1

2
3

b2
b3
1

Now, applying C, » C, - C, and
CZ - Cz—' C3, we get

a’ - b?

LHS =| a° - b3

0

(a—-b)(a+ b)

al

o e

b3

o C

0

3

C2

cl /2
1

1

(b-db+ad c?
=|(a-b)(@*+ab+ b)) b-9b*+bc+chH C

N

1



| . . '
(1
On taking(a - b) and (b — ¢) common from C,
and C,, respectively and then on expanding
along R;, we get
LHS=(a-b)(b—-c)-1
a+b b+c

1/2
al+ab+b% b2 +bc +c W)

2

On applying C, — C, — C,, we get
LHS =(a - b) (b —¢)
a+b c—a

9% sabwh’ 2=a’)+blc=a)

On taking (c — a) common from C,, we get
LHS =(a-b)(b-c)(c —a)

a+b 1
al+ab+b? c+a+b

=(a-b)(b-c)(c —a)[(a®+ab+ac+ab
+b? + bc) - (a2 + ab + b?)]

=(a—b)(b—-c)(c - a)(ab + bc +ca)
= RHS (1)
Hence proved.
15. Using properties of determinants, prove that

1 x x°
2 1 x|=@1-x3%
x x% 1

Delhi 2014C, 2013; Foreign 2009

{:') Firstly, apply C; — C; + C; + C3 and then take a
L " term common from C, and then solve it.

To prove, [x° 1 X = (1-x°)?

i



IHS=|x? 1 x

On applying C; » C,+C, + (5, we get
1+x+x7 x x°
LHS={14+x+x*> 1 «x (1/2)

1+xex* % A

On taking common (1 + x + x%) from C,, we get

1 X x?
LHS=(1+x+xA)|1 1 x| (1/2)
i a1

On applying R, - R, —R, and R; = R; —R,, we
get

1 X X
LHS=(1+x+x)0  1-x x(1=-x| (1)

0 x(x=1 1-=x2

On expanding along C,, we get
1—x X (1=x)

LHS = (1+x+x7) :
-x{1-x (1-x°)

1-x X(1-x% |
-x(1-% (1=x) (1+x)|

On taking common (1= x) from C,; and C,, we
get

= (1+ x+x°) (1/2)

1

LHS = (1 + x4 x2) (1 =x)?
-x T+x

(1/2)

= (1 +x+x2) (1 ---x)2 (1 +x+x2)
= {(1+ x+ x3) (1-x)}?
= (1-x)*= RHS

[-(@®+ b’ +ab)a-b)=a’-b’1 (D)
Hence proved.



16. Show that A = A,, where

Ax x* 1 A B (|
A=By y* 1,A,=|x y 1|
(z ¢ 1 zy IX Xy
All india 2014C
Ax X2 1
Given, A=|By y* 1
Cz z* 1

On taking common x, y and z from R,, R, and
R, respectively, we get
' A x 1/x
A=xyz|B y 1/y
C z 1z

Now, on applying C; — xyzC,, we get
A x yzi |A x yzl|

e B yv zx|=|B Y 2zx
Xyz
V C z xy| [C z «xy
A B C
Also, givenA;=| x vy z | (2)
Zy ZX Xy
A X yz ‘
A=|B y zx|
C z xy

A=A = A=A, [+]|A"]=]|A]]
2)



17. Using properties of determinants, prove that

b+c a a
b c+a b | = 4abc.
C C a+b )

All India 2014C, All India 2012

<> Firstly, apply R, — R, + R, + R; and then take a
- * term common from R, and solve it.

b+c a a
Toprove,|] b c¢c+a b |=4abc
C C a+b
b+c a a
LHS=} b c+a b

C C a+b

On applying R, = R, + R, + R;, we get
2b+2c 2a+2c 2a+2b
LHS = b - c+a b (1)
¢ C a+b

b+c a+c a+b
=2 b c+a b
e C a+b

[taking 2 common from R, ]



On applying Ry —> R, - R, and R, - R, — R;,
we get

C 0 a
IHS=2/b-c a -a (1)
‘ C c a+b

On expanding alongR,, we get
LHS=2[c (a’ + ab + ac) + a (cb — ¢c? - ac)]
=2[ca’ + abc + ac*+ ach — ac? - a%] (1)
= 2 [2abc] = 4abc = RHS (1)
Hence proved.

18. Using properties of determinants, prove that
10 a’

1 b b
1 ¢ ¢

={a-b)(b-c){c—-a)l@a+b+c)
Delhi 2013C, 2009C



‘Q Here, use row operatlons (or column:
operations) to make some factors common in’
one row or column. Then, take that factor
outside the determinant and then expand the'
determinant.

I
i
|

a3

1
Given, to prove |1 ?
1

0 o o
o

3

(@]

=(@a-b)(b-c)lc-a)(a+ b +0¢)
1 a &
LHS=1 b b3

1cc3

On applying R, - R, =R, and Ry > R, —R,,
we get

a a’
b-a b’ -2 (1)

3

LHS

Il
o0 wa

c—a c2-a

83

—

a
=(0 b-a (b-a)(b?+a’+ab)
0 c—a -ak?+a*4+ a0

foxd =y =({x— y) x* + y + xy)]
On taking (b — a) and (c — a) common from R,
and R,, respectfully, we get
1 a a’
LHS=(b-a)c-a)|0 1 b%+a’+ab| ()
10 ¥ c*+a*+ac

=(b-ac-afi{c’+a’+ac
~(b* + a* + ab)}]
[expanding along C|]

=(b—a)(¢—a)[cz—b2+lac—ab] (1)



=(b—a)(c—a)[(c—b)(c%b)+a(c——b)]
=(b-a)c —-a)c-b)c+b+a)

=(a-b)b-c)c—-a)a+b+c) (1)
= RHS Hence proved.
Alternate Method

1 1 1
IlHS=|a b ¢ [ A =] Al

i b
On applyingC,—» C,-C,andC, —» C, - G5,
we get

| 0 0 1
LHS=| a-b b-c C

83—b3 b3_C3 C3

0 - 0 1

= a-b b-c {
(@a—by(a* +ab+b)(b=9(b* + bc+ A S
(1%)

[-a®> - b® =(a-b)(a®+ab + b

On takiﬁg (@ — b) common from C; and (b - ¢)
from C,, we get

LHS=(a—-b)(b -c¢)
0 0 1
1 1 €

a’+ab+b? b*+bc+c? | (1
On applying C, — C, — C,, we get
LHS =(a—b) (b—c) | |
* 0 0 1]
0 1 c|
(@a®?=c? +(ab - bc) b? + bc +c2c3'

: 0 0 1]



=(a—b)(b—c) 0 1 C
(a=c)la+ b+ b*ibeic® ¢

- (a®=cH+ab-bc E

(a-~c)(a+.c)+b(a—-c)
=(a-c)la+b+c¢c)

o

On taking (c — a) (a + b +c¢) common from C,,
we get

LHS=(a-b)(b-c)(c—-a)(a+ b +c)
0 0 1
0 1 c (1)

-1 b’+bc+c?
={a-b)(b-c)lc - a) (a + b+c)[-1(=1)]
=(a-b)(b-c)lc-ala+b+c) (1
= RHS Hence proved.

On expanding along column C;, we get

0
=(a-b) (b-0 (c-—a)(a+b+c)(—-]>< D e

NOTE In this type of questions, we only use either
row operations or column operations not both at
same time.

19. Using properties of determinants, prove that
3x —x+4+y —Xx+2

-y 3y -y

-z Y-z 3z

> x

=3(x+y + z)(xy+yz+zx). AllIndia 2013



3x —-x+y —x+2z
To prove, | x—y 3y Z-Yy
X—~Z Yy—-2 3z
=3(x+y+2z)(xy+yz + zx)
3 —X+y —X+2Z|
LHS={x-y 3y z-y |
X—2z y-2 3z i
On applying C,— C,+C, +C;, we get
IX+y+Z ~X+y -X+Z
LHS=|x+y+2z 3y Z-y (1)
X+y+z y-z 3z
On taking common (x +y + z) from C,, we get
T x+y —x+Yy
LHS=(x+y+2z)|1T 3y Z-y (1
| 1 y-2z 3z
On applying R; = R, —R;, R3 = R; —R,, we get
1 —Xx+y —-x+2z|
LHS =(x+y+2)|0 2y+x x-Vy (1M
0 x—z 2Z+x

Now, on expanding along C,, we get

LHS=(x+y+2)-1-{Qy+x 2z + x)
—(x-y) (x—2)}

= (x+y+2){4yz + 2xz + 2yx
+x*—x? +xy + zx —yz}
=(x+y+2z)-3xy +3yz +3zx)
=3(x+y+2z)-xy+yz + zx) =RHS (1)
Hence proved.



20. Using properties of determinants, prove that
X X+y x+2y
X+2y X x+y |=9y2(x+y).

X+y x+2y X All India 2013
X X+y X+ 2y
To prove, |x+ 2y X . X+y
X+y X+ 2y X
= 9y2(x+y)
X X+y X+ Zyl
LHS = '

X+ 2y X X+y
’ X+y X+ 2y X ’
On applying R, = R, + R, + R;, we get

3x + 3y 3x+ 3y 3x+ 3y
LHS =

X A= 2y X X+ y (1)

| x+y x4+ 2y X

On taking (3x + 3y) common fromR,, we get

1 1 1|

LHS=(x+3)/x+2y  x  x+ ylm
Xty x+2y x| |

On applyingC, - C, - C,and
C; —» G35 -C;, we get

|1 0 O
LHS=3 (x + y)[x+2y -2y -y (1)
| x+y y -y
Now, expanding along R,, we get
LHS =3(x+) - 1-[(= 2y) - (=) = () - (~y)]
=3(x +y)[2y* +y1=3x +y) By (1)
=9y?(x + y) = RHS Hence proved.



21. Using properties of determinants, prove that

o B v
o By

B+y v+o o+

= (o —B)B — Yy -+ +7).
Dethi 2012C, 2010C, 2008C

o B Y

Toprove,| o? P2 v?

B+y v+a a+P
=@-PP-Ny-@+p+7y

o p Y
LHS=| a? B2  v?

B+y y+oa o+P



On applyingR; - R; + R,, we get

o B Y
LHS =| o? B2 72
{a+B+y a+B+y a+B+y
o B v |
=a+B+yat B2 42 (11%4)
1 1 1
On applying C;, - C,-C, and
C, - C,-C;, we get
o= B-v. 7
LHS=(@+B+7v)|a’-B% B?-y? ¥?
0 0 1
o-p p—Y ¥
=@ +B+ 7| (@-BYa+P) B-PP+n v’
0 0 1

On taking (o —p) common from C, and
(B — o) common from C,, we get

LHS =@ +B+y) o= BB -7

1 LA
a+f B+y ¥* (1%)
o o 1
On expanding along R, we get
LHS = +B+y@-BB -7y 1 1 ‘
a+P P+

=@+B+V@-PB-VPR+y-a-P

=a-BPB-vy-@+B+y (1
= RHS Hence proved.



22. Using properties of determinants, prove that
a? a’-(b-0? bc
b? b%=(c-a)* ca
¢? ¢’—@-b* ab

—(a=b) (b—0) (c —a) (@ +b+c)@® +b* +c?).
All India 2012C

a’ a’-(b-0? bc
To prove, |b? b?’-(c-a)? ca
c? c?-(a-b?® ab
=(a-b)(b-c)(c-a)
@+ b+ c)@ +b%+c?
a’ a’-(b-c)? bc
LHS = b2 bz— (c -3)2 ca
c® c’=la=b?" ab

On applying C; — C, - C,, we get
a~. — (b—¢)* bc 23
LHS=|b? -{c-a)*
c? -(a-b? ab
a2 b%+ ¢%-2bc bc
=—|p?2 ¢*+ a*-2ac ca| (M
c? .a’+ b*>-2ab ab

[taking ‘ — " common from C]

On applying C, = C, + C; + 2C5, we get
a’? al+ b%*+ ¢? bc
LHS=—|b? a®+ b%+ c? ca

c? a?+b% 4+ c? ab
a’? 1 bc
b> 1 ca

‘cz 1 ab

| =— (@’ + b2+ c?)



[’&?ﬂkihg(a2 + b?% +c?) common from C,] (1)
On applying R, — R, —R, and R, —R;—R;,

we get

LHS = —(a? + b% + ¢?)
a’-b* 0 c(b-a)
b2-c? 0 alc-b)

c? 1 ab
——(@%+ b*+ cHa-bb-0o)
a+b 0 —-c
b+c 0 —a (1
c2 1 ab

[taking (a — b) common from C,
and (b — ¢) from C5]

On applying C;— C; = G5, we get
LHS =— (a’+b*+c?) (a—b) (b—0)
a+b+c 0 —-c
a+b+c 0 -a
c?-—ab 1 ab
On expanding along C,, we get
LHS = — (a2 + b? + c?) (a - b)b —c)=1)*?
(a+ b +c)—a+c)

=(a-b)(b-c)c—ala+b+0)

@ +bP+cH(M
= RHS Hence proved.

23. Using properties of determinants, prove

that

—g? ab ac
ba —b% bc|=ba’b’c?

a@a ¢ —c?

Delhi 2011; All India 2011C



-a ab ac
To prove, |ba -b? bc |=4a*h*c?

ca cb —c?

wg? ab ac
LHS =| ba -b2  bc

ca ch —c?

On taking a, b and c common from R;, R, and
R, respectively, we get
. —-a b c
IHS=abc| a -b C (1)
a b —c
Again, on taking a, b and ¢ common from
C,, C, and C; respectively, we get
-1 1 1
LHS = a’b%c?| 1 -1 1 ()
1 1 -1
On applying C, = C, + C,, we get

0 1 1
LHS = a®b%c?|0 -1 1 (1)
2 1 =1

= a’b%c?2(1+1) [expanding along C|]
= 4a’b’c? =RHS (1)
Hence proved.

24. Using properties of determinants, prove that

x y 2
x2y? 2| =xyzlx—yMy — 20z - x).
ey P

Delhi 2011, 2010C



To prove,

X Yy z
X2y Zi=xyz(x-y(ly—-2)(z %
2y 2
X y z ‘1 1 1
LHS=[x* y* z?|=xyz| x y z
NIV 2y 7
(1/2)

ftaking x, y and z common from C,, C; and
C,, respectively]
On applying C, = C, - C, and
C,— C, - (G5, we get

0 0 1
LHS=xyz| x-y y—2 V4 (1'%%)
xz_yz yz___ 72 72

On expanding along R;, we get
X—Yy y—2z

LHS = xyz
y -y Y oz

4}

2

On taking common (x —y) from C, and (y — z)
from C,, we get

1 1
X+y y+tz

LHS = xyz (x—-y) (y — Z)

=xyz (x-YWly—-2(z-X (1
= RHS Hence proved.
25. Using properties of determinants, prove that

Xx+4  2x 2x
2x  x+4  2x |=(5x+4)(6-x%
2X 2x X+ 4
Delhi 2011, 2009



To prove,
x+4 2x 2X
2x  x+4 2x |= BGx+44-x°)
2% 2x x+4

X+ 4 2X 2x
LHS = 2x X+ 4 2%
2X 2X X+ 4
On applying R, = R, + R, + R;, we get
LHS
X+ 4+ 2X+ 2X 2X+ x+ 4+ 2x 2x+ 2x+ X+ 4
= 2X x+ 4 2x
2x 2x X+ 4
5x+4 5x+4 5x+4
=| 2% X+ 4 2x (1)
2% 2X X+ 4
1 1 1| .
=5x+4{2x x+4 2x (1/2)

2x 2x X+ 4

[ taking 5x + 4 common from Ry]
Now, on applying C, = C, — C,, we get

1 0 1
=(5x+4)|2x 4 — X 2% (1)
2% 0 4+ X

On expanding along C,, we get
1
2x 4+x
=5x+4)(4-x4+x-2x
= (5x+ 4) (4-x*=RHS (1/2)
Hence proved.

=(5x+4(4-Xx (1)




26. Using properties of determinants, solve the
following for x.

x—2 2x -3 3x—-4
x—4 2x—9 3x-16|=0
x—8 2x—27 3x—-64

Wi, O :
() Firstly, apply some operations and use|
* properties, so that when we expand the|

| determinant, it is easy to simplify. *

Given determinant
X—2 2x-3 3x-4
XxX—4 2x—-9 3x-16(=0
x—8 2x—-27 3x-—64
On applying R, — R, —R, and R, = R, —R;,
we get
2 6 12

4 18 48 =0 (%)
x—8 2x-27 3x-64
On taking common 2 from R, and R;, we get
1 3 6
22| 2 9 24 |=0 (1/2)
x—8 2x-27 3x-64
On applying R, = R, — 2R,, we get
1 3 6
41 0 3 12 |=0 (1)
x—8 2x-27 3x-64
On expanding along C,;, we get
4[3(3x —64) 12 (2x - 27)

; +(x-8(3x12-3%6)]=0
:»4[9)(-—192—24x+324+18(x—8)}=0
= - 4[3x-121=0
= " 3x=12

x=4 (1)



2'1. Using properties of determinants, solve the
following for x.

la+x a-x a-x
' t
la—-x a+x a-x|=0
i !

a=x  a=xX  O+X|  Alindia2011
The given determinant equation is
a+x a-Xx a-—x
a-x a+x a-x|=0
a-x a-x a+x
On applying C, — C, + C, + C;, we get
3a—-x a-—-x a-—x
3a—x a+x a-x{=0 4}
3a—x a-—-x a+x |
On taking (3a — x) common from C,, we get
1 a-x a-—xXx
Ba-x{1 a+x a-x(=0 (1/2)
1T a-x a+X
On applying R, = R, =Ry and Ry = Ry — R;,

we get
1 a-—x a—x

Ba-x)|0 2X 0 =0 (1%)
0 0 2x

On expanding along C,, we get

TR L L

2X
= B3a—-x)-2x-2x=0
st 4x2Ba-x) =0

x=0,3a (1)



28. Using properties of determinants, solve the
following for x.

ix+a X x |
X X+a X !:0
| % ¢ x+a|  Alindia2011
The given determinant is
X+ a X X
X X+ a x |=0
X X X+ a

On applying C, = C,; + C, + (5, we get

3x+ a X X
3x+ a X+ a x =0 (@)
3x+ a X X+ a

On taking common (3x + a) from C,, we get

1 X X
Bx+a)ll X+ a x |=0 (1/2)
' 1 X X+ a

Now, on applying R,—R,—-R; and
R; — R; — R,, we get

1 X X
3x+a)|0 a 0|=0 (1%)
0 0 a

On expanding along C,, we get
Bx+a@-a-a=0
= a’(3x+a=0

i (1)
=73



29. Prove, using properties of determinants

Ly +k y y o
Y y +k y |=£..'""(3y+k)'
Ly y o y+k

Foreign 2011

(:j Firétly, a};EIy R, — Ri +R, + Ry anmd then tomtahel

. * common fromR; and then solve it. |

FES §

y+k y vy
Toprove,| v y+k vy =k?’ 3y + Kk
y y y+Kk |
y +k y y
LHS =| vy y + k y
y y y +k

On applying R, = R, + R, + R;, we get

3y+k 3y+k 3y+k

LHS=| vy y +k y (1
y y y +k

On taking 3y + k) common from R,, we get
1 1 1

LHS=Qy+Kk|y y+k y (/2
y y y +k

Now, on applying C; = C, - C, and

0 0 1
LHS =@y + Kk |-k k y (1%)
0 -k y+k

On expanding along R;, we get
LHS = 3y + k) [1k2)] -
=k* By + k) =RHS M)

Hence proved.



30. Prove, using properties of determinants

‘u—b~—c 2a 20 ‘
- 2b b-c—a 2b i:(a+b+c)
l 2C 2C c—a-bi
To prove,
a-b-c 2a 2a
2b ° b-c-a 2b
1 e 2c c—-a-b
= (a+b+cy
a-b-c 2a 2a
LHS = 2b b-¢c—a 2b
2c 2c c—-a-b

On applying R, = R; + R, + R;, we get
~ |a+b+c a+b+c a+b+c
LHS = 2b b-c-a 2b
2c 2c c—-a-b

(1

On taking (a + b +¢) common from R;, we get
1 1 1
LHS =(a+b+c)[2b b-c-a 2b
2c 2c c—-a-b

(1/2)

3

Foreign 2011



Now, on applying C,— C,-C, and

0 0 1
=(a+b+9|/b+c+a-(a+b+c) 2b
0 c+a+b c-a-b
(1%)

On taking (a + b + ¢) common from C;and C,,
both, we get

0 O 1
LHS=(a+b+c)|1 -1 2b
0O 1 c-a-b
On expanding along R,, we get
LHS =(a+ b + )’ [1(1)]
=(a+b +c)’=RHS §)

Hence proved.

31. Prove, using properties of determinants

| x+y+2z2 X y |
l z y + 2+ 2x y
t Z X z+x+2yi

=2(x+y+2>

Foreign 2011; All India 2009C, 2008



X+y+2z X _y |

To prove, z y+ 2z +2x y
Z X Z+X+2y
=2(x+y+2z)
X+y+2z X y
LHS = z y + z + 2x 1%
Z X Z+X+2y

On applying C, —» C, + C, + C5, we get
2X+2y+2z X y
LHS =|2x+2y+2z y+z+2X y
2x+2y+2z2 X Z+Xx+2y
| (1

On taking 2(x +y + z) common from C,, we
get

LHS =2 (x+y + 2)

1 X y
1 y+2z+2x y (1/2)
1 X Z+XxX+2y

On applyingR, = R, — R;andR; = Ry— R, we
get
1 X y

LHS =2(x+y+2)}){0 y+Z+X 0
0 0 Z+X+Y

(1%)



On taking common (x + y + z) from R, and R,,
both, we get

T x vy
LHS=2(x+y+2°|0 1 0
0 0 1

On expanding along C, , we get
LHS=2(x+y+ 2’ [11-0) -0 + 0]

=2 (x+y+ z)’ =RHS (1)

Hence proved.

32. Prove, using properties of determinants

at+1 ab ac
ab  b*+1 b |=1+a?+bi+ct
ca cb ¢:2+1i

All India 2011C; Foreign 2009



To prove,

a’+1 ab ac
ab  b%+1 bc |=1+a’+b?+c?
ca cb ci+1
a’+1 ab ac
LHS=| ab b?+1  bc
ca cb c?+1

On applying R, — 1 R, R, = %R2 and
a

R; — 1 Ry, we get
e

el p
a 1
LHS=abc| a b+— ¢ (1
. pPesd
C
On applying C,— aC, C,—bC, and
C; — cCy , we get
: a’+1 b? &
LH5=9—6£ a2 bl (1)
e P b2  c?+1

On applyingC,— C; +
1+aZ+b%+c?
1+ a? + b? + ¢
1+ a%+b* +c?

LHS =

= fa*+ bh* ¢

[taking (1+ a® + b* +

C, + (5, we get
bZ 2

C
b g1 &F
b* ?#1
h? g*
b #1  ¢? (1)
b2 c?+1

¢?) common from C;]



On applying R, - R, =R, and R; -5 R; —R,,
we get

1 b%* c¢?
LHS=(1+a’+b%+c?H|0 1 0 | (1/2)
0 0 1

On expanding along C,, we get
LHS=(1+a° + b +c*) [1(1-0)]

=1+a’+b?+c’ (1/2)
= RHS Hence proved.

33. Prove that

i(b £} a? a’
1 h? (¢ +a)’ b’ | =2abcla +b+c)’.
} & E* (@ + b)?

Delhi 2010; All India 2010C



To prove,| b? (c +a)? b?

LHS

(b +c¢)? a* a’

c? cZ (a+b)?

=2abc (a+ b +c)’

v
—

(b+c)? a° a’
b® (a+c)* b?
¢’ c?  (a+b)?

On applyingC, - C,-C,and C; = C; - C,,
we get

LHS

Il

b+c)? al—(b+c)? al-(b+c)?
b2 (a+c)®-b? 0
c? 0 (it P> —¢°

b+¢)2 a+b+c)la~b—-c)
b? (@a+c+b)la+c—-b)
c? 0

(@a+b+c)la-b-c)
0 (1%)
(a+b+c)a+b-0)

[ x? — y2 =(x—y) (x+y)]

On taking(a + b + ¢) common from C, and C;,
we get

LHS = (a + b + ¢)?

w+cf.a-b—c a-b-c
b2 a+c—-b>b 0
ok 0 a+b-c




On applying R, = R, — (R, + R;), we get
LHS =(a+ b +¢)*

2bc -2C -2b
b® a+c-b 0 (1/2)
c? 0 a+b-c

On applying C2' —>C,+ %C“

C;—=>C+ —1—C1, we get
C

2bc 0 0
LHS=(a+b+c)?| b2 a+c  b*/c |1
¢c? «*b a+bh

On expanding along R,, we get |
LHS = (a + b +¢)?*[2bc(a® + ab

+ ac+ bc—- bc)]
=(a+ b +c)?2bc (a* + ab + ac)]
=(a+b+c)*-2abc(a+b +c)
=2abc (a+ b +¢)* =RHS (1)

Hence proved.

34. Using properties of determinants. prove that

1+ 1 1 |

1 1+y 1 [=xyz+ Xy +yz+ 2x
| |
|
|

1 i 1+2z| All India 2009, 2008



T+x 1 1
Toprove,| 1 1+y 1

1 1 1+z
= XyZ + Xy + Yz + zx
1+ x 1 1
LHS=| 1 T+y 1
1T 1 1+ z

On dividing R, by x, R, by y and R; by z and
multiplying the determinant by xyz, we get

1 1 1
—-—+1 - —
X X X
1 1 1
LHS =xyz| - —-+1 - (1
Yy ¥ y
U A
Z Z 2
On applying R, = R, + R, + R;, we get
1T 1 1 1. Y. 1 T 1 1
+—+—+—1+—+—-+—14+—-+—-+—
x ¥ 2 Xy z Xy Z
1 1 1
= XyZ - —+1 =
y y 4
l _1_ l+‘]
z z z

)



On taking (1 + L + 1 + l) common from R,
% ¥ |z

ARl flLidh)| Th)
we get LHS =xyz [1+ -+ —+ —
X ||¥F 2

1 1 1
1/y /ly)+1 1/y (1/2)
1/ 2 1/ 2z 1/ z)+1

On applyingC, > C, -C,and C; - C; - C,,
we get

1
LHS = (xyz +yz + zx+xy)| 1y

1z

[ o SIS S o

0
ol (M
1

=(xyz + Xy +yz + zx) [1(1-0)]
[ expanding along R, ]
= XyZ + Xy +yz + zx =RHS (1/2)
' Hence proved.

1 1+p 1+p+q |
35. Provethat;Z 3+2p 1+3p+2g|=1
'3 6+3p 1+6p+3q]
All India 2009



1 1+p 1+p+q
Toprove, {2 3+2p 1+3p+2q |=1
3 6+3p 1+6p+3ql
1 1+p 1+p+q
LHS =|2 3+2p 1+3p+2q
3 6+3p 1+6p+3q
On applying R, = R, — 2R, Ry = Ry — 3R;, we
get
1 1+p 1-Fp+q
LHS =0 1 p-1 (1%)
0 3 3p-2| |

Now, on 2xpanding along C,, we get

1 p-1
LHS =1x
3 3p-2
=1[Bp -2)-GBp -3 (1%)
=3p-2-3p+3=1 (1
= RHS Hence proved.
36. Using properties of determinants, prove that
1+a?-b%  2ab ~2b |
.~ 2ab 1-a’+b° 20
2b 20 1-g°-b%
=(1+a’ +b%°> Delhi 2009, 2008
To prove,
1+ —h* 2ab -2b
2ab 1-a% + b’ 2a
2b -2a 1-a%?-p?

=1+ a’+ b?»?



1+ a2 - b? 2ab -2b
LHS = 2ab  1-a’+b*? 2a
2b %5 P b?

On applying C; = C; — bC; and
C, - C, + aCj, we get

1+ a’ + b? 0
LHS = 0 1+ a® + b?
b(+a2+b? -a@+a’+b?d
—2b
2a (1%)
Jid” il

On taking (1+ a? + b*) common from C, and
C,, we get
1 0 -2b
LHS=(+a’+b)*|0 1 2a (1)
b -a 1-a’-b’
On expanding along R,, we get
LHS = (1+ a2+ b2 x[1(1—a® - b? +2a°)
-2b(©-b)]
—(1+a?+bH2(+a’+bH
=(1+a’+b?*’ =RHS (1%)

Hence proved.

. a b c |
37. Provethatla-b b-c¢ c¢c—-a
b+c¢ c+a a+bI

=a’+b> +¢> —3abc.  pelhi 2009



a b C
Toprove,la—-b b-c c-—a
b+c c+a a+b
=a’+ b’ +c> - 3abc
a b C
LHS={a-b b-c c-a
b+c <c+a a+b

On applying C, - C, + C, + (5, we get

a+b+c b C
LHS = | 0 b-c c—a
2(a+b +c0) c+a a+b

1 b C
=(a+b+0c)|0 b-c c—-al| (@M
2 c+a a+b

[ taking (a + b + ¢) common from C]



On applying R; = R; — 2R,, we get
LHS=(a+ b +c)
1 b C
0 b-c c—a
0 c+a-2b a+b-2
On expanding along C,, we get
b-c c—a |
c+a-2b a+b*2c‘
(1%2)

LHS=(a+ b+¢)-1

On applying R, = R, + 2R,, we get

LES=adb g oy | 2% €—@
a-c b=a

=(@a+b+c)l(b-c)b-a—-(a—c)(c - a)
=(a+b +c)[(b® - ab - bc + ac)
+{a® + c®= 2cad))
={a+b +¢) (a*+b*+¢* - ab - bc —¢a)
=2a% + b® +c3 - 3abc =RHS (11%4)
Hence proved.

38. Showthat, if x # y # z and
3

X X 1+x i
y* 1+y3;:0,then1+xyz:0.
PR

Delhi 2008C; HOTS



1§ ) Firstly, apply properties of determlnants in LHSa
| and reduce it into simplest form. Then, equate the
lowest term to zero and use the given fact that
x# y#zto get the desired result. | -

X X
Given,|y y? 1+y’ |=0andx#y#z
#z Z

The given determinant can be written as
ol CAE R S
vy v Tl#¥y v ¥y [=0(1{2)
@Sl 2 e

z
%= | 1% |2

= v ¥ ezt v ¥ [=0
- Y < (-

[taking x, y and z common from R, R, and R;,
respectively in second determinant] (1/2)

On applying C, < C; in first determinant,
we get

X 1 x? 1 x x?
—ly 1. yPlexyz!1 y y?|=0 (1/2)
Z 1 7 1 2z 2°

On applying C, & C, in first determinant, we
get

1T x x? 1 2

X X
(=) =) vy y2 +xyz{1 vy yz =0
1 F & 1"z Zz?




0 x-y x‘-y?

0 y—-2 y2—22
- 2

1+ xyz)=0
1 z z

0 x-y X=yx+y)
= (1+xyz)|0 y—-z {y—-2)ly+2)|=0

1 Z 22

On taking (x — y) common from R, and (y — z)
from R,, we get

0 T x+Yy
I+xyz2)(x—wily—2)|0 1 y+z|=0
1 z 72

(1%)
On expanding along C,, we get
I+ xyz)(x—w(y—2)[Ix(y+2z)-(x+y]=0
= (I+xyz2)(x-yly-2)(z-x=0
= Either 1+ xyz =0
or X—y=y—z=z-x=0
= x=y=2
But this is contradiction as given that
XEY#Z
1+xyz=0 (1)
Hence proved.

39. Using properties of determinants, prove that
|y y-z-x 2y |
| 2z 27 z—x—y‘:(x+y+z)3.
|x—-y-2z 2 2x |



| 2y y—2Z—x 2y |
LHSz‘ 2z 2 z*x—y’
| x-y-z 2x 2x |
On applying R, = R, + R, + R;, we get
|x+y+2z x+y+z x+y+z

LHS=I 22 2z Z—-XxX-Y
Ix—-y—-z . 2x 2x |
On taking (x + y + z) common from R,, we get
|1 1 (I
LHS:(x+y+z)} 2z 22 z—x—yl
| Xx~-y—-2z 2x 2x |

(1
On applyingC, - C, -C,,C; > C; - C,, we
get

i 0
LHS=(x+y+2)| 2z B
h—y—z X+y+2z
i
- {x+y+2)1(1)
X¥EYEZ

On taking (x + y + z) common from C, and C,,
both, we get

Bl 0 O]
LHS=(x+y+z)3| 2z 0 -1| )
| =2z 1 1]
=(x+y+ 2> 10 +1)] .
=(x+y+z) =RHS (1)
Hence proved.
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