Inverse Trigonometric Functions

1 Mark Questions

1. Ifsin (sin‘:L —:SL— +cos ™t x] =1, then find the

value of x. Delhi 2014

Given, sin (s.in"1 % + cos™ x) =1

i

= sin” = + cos 'x=sin~'(1)

[ sin®=x=0=sin""x]

.11 —1 § _1( y ‘E) . T :
= SiN —+CO0S XxX=SIn sin— 11" sin—=1
5 2 2
. 11 .y
= s - one VR = (1/2)
5 2

. s
But we know that, sin”' x + cos ™' x = 5,

xe[-11]

.. sin —=sin"'x = );z% (1/2)

u
5



2. IFan tan“ly = -E; xy < 1, then write the

value of x + y + xy. All India 2014

Given, tan ' x+tan"'y = E, xy <1

We know that,

tan™' x + ‘fa'n_1 y = tan™’ [x+ y]’ Xy <1
1— xy

1l x+ +
.-.tan‘[ y]=E - y=tan-§-(1/2)

1-xy| 4 1—xy

=3 X+y=1-=xy ' |:'.'tan£=1]
: 4

=5 X+y+xy=1 (1/2)

3. Write the value of cos‘l(—%] +25in‘1(%].

Foreign 2014



We have, cos™ (_—1)+2 sin 1(1)
2 2
)2 ()
=|m—cos |—||+2sin”

[- cos™(=x) =t — cos™ x]

= [n ~ cos“‘(cosn)] +2 sin“’(sm ) (1/2)
3 6

I~ principal value branch of cos™ x is [ 0, 7]

and that of sin™' x is [——z_n E]]

2
=ln-Zl+2xT
3 6

_21!:+21t_41t+21!:_
3 6 -6

(1/2)

4. Write the principal value of cos*[cos(680)° ]
Delhi 2014C

f) Flrstly, wrlte 680 in the forrn of (21t 9) and
then use cos(2mt—8) =cos® and cos™ (cos 9)
__B_ :

We have, cos '[cos(680)°]
= cos [cos(2 x 360 — 40)°]

= cos ' [cos 40°] [.- cos2m — 6) = cos]
=40° [ cos™'(cos8) = 6] (1)

5. Write the principal value of ta n"l[sin(_;)].

All India 2014C



We have, tan"l:sin[— gﬂ
= tan"'[-1] [ sin(j] = --1]
; 2

- Principal value branch of tan™" is (__;_, E] ;

tan”(—ﬂ = tan'(— tan E] - tan B 1
4 : 4

= tan"[tan[:})] = :; (D) [tan"'(tan®) = 0]

6. Find the value of the following:

4 e
cot(E —2cot x@) All India 2014 C

i SO

: i"? Firstly, use the property cot ( 125_ B G] -

put cot ™ +/3 =g and simplify.

We have, cot [—215 ~2cot™ '3

.
=tan(2 cot™ \/5) |: cot(g— -9|= tane] (1/2)

J/

(
= tan{ 2 X E) rcot'3 = cot"(cot E) =
6 6) 6

\

(1
=1an ~] =3 - (1/2)

\ 3

1. Write the principal value of

s é + cos‘l(— 1) !
2 2

Delhi 2013C



We have, cos™ ? + cos"(— %)

= cos™| —‘? +[1t -~ cos“(%]]

[ cos™' (~x) =m— cos x]

—F i B n+6n-2n _Sm )
6 8 6 6 |

a+b
Delhi 2013C

_ —b
8. Write the value of tan™t (%J—tan 1(9-—}

f *b {Z [a m
tan_1(—2—) mtan_{Z; b] =tan™' i b (az++ 2]

A—-B
[ tan~' A.— tan_18= tan 1(-_————_)}

8 tanq(az +ab —ab + b?_ (1/2)
i \ab+b2+az—~ab

e

-_._"'\
I‘\.-
+
U"
|
\____./
!
i
[
-
e

= tan tan—TE) . [ tan” '(tan®) = 6] (1/2)
il A
9. Write the principal value of

an (1) + cos™ [— %) HOTS: Dethi 2013



?;f\? Firstly, we check the given angle in principalé
-+ yalue branch. If it is not so, then convert it. |
After that, use the identity

tan"(tan®) =6, cos™'(cosB) =8.

tan~' (1) + cos™" (— %)

=tan" (tan n] + cos”! (* CcOS E—) (1/2)
4 , 3
T 31 _ ( TE)
= — 4+ COS |OHS| M ——
4 [ 3

[since, principal value branch of cos™ x is
[0, ], so we convert —cosB = cos (n— 6)]

T 1 27
= — 4 COS | COS—
4 { 3 ]

_n 2m 3n+8n
4 3 12
st (1/2)
12 )
10. Write the value of tan (2 tan™? 1)
Dethi 2013
= ) -
P
; 3 ¥ = |
tan (2 tan™"' 5)= tan | tan™ ——-5—2 (1/2)
_ i (1) |
i . \53/ /]

| [ 2x
+2tan”! x= tan™" :
\1 =X )
= tan| tan " ll=tan] tan s bl s
24 A2 12

[ tan (tan™' ©) = 0] (1/2)



11. Write the value of tan™ [2 sin [2 cos > ?)jl

All India 2013
tan”' [2 sin [2 cos”| —?ﬂ

" 3
=tan"' |2 sin{cos ‘(2 S A ]H
i , 4

g cos ' x=cos ' (2x* = 1)]

i (
= tan™' |2 sin {cos’1 i — 1)}]
\ 2

/
=tan~'12 sin {Cos"‘ %)H (1/2)
\

-

=tan™'|2 sin {cos“1 ’ (cos E)H
L 3

—

=tan"'}{2 sin Iﬂ b2 cos (cos8) = 0]

L

4
=tan™' |2 l@]
. 2
—tan™' (+/3) = tan™ (tan g] = %

[~ tan”' (tan®) = 6] (1/2)
12. Write the principal value of

tan (4/3) —cot™ { - J3) All India 2013



tan”" (v/3) — cot™" (=/3)
= tan™' (W3) - {r ~ cot”' (v/3)}
-+ principal value branch of cot™'xis (0, &.)
o cot™(-x) = n — cot™' x }
=t 3 - mrcof? 3
= (tan"' v/3 + cot™ V3) -

=£—11:=—~£ -.-tan"1><+c<:)t")<=—IE (1)
2 2 2
13. Write the value of cos™ (;—) — 2sin™? (- %J

Delhi 2012

e s e S e S

,) Flrstly, we chech the gwen angle in pnncnpai
* value branch, then use the identity |

| sin"}(sin @) =@ and cos(cos ' 8) =6,
cos"(l) = D sin"‘(m— 1)
2 2
= cos™ (cos —T-c—] ~2sin” | sin (— E]
3 6

[ principal value branch of cos™'x

is [0, ] and that of sin”' is [—— EE, E]]

)

_T

3

[- cos™' (cos 0) =0 and sin™' (sin 0) =9]‘
_T 21t

3

P
33 (1)



14. Find the principal value of

tan14/3 —sec! (~2). All India 2012

g? Given expression is not standard identity, so we

separately find the value of tan™'(v3) and
sec (- 2) then sumphfy it.

e et e e s 3

We know that, the prmmpal value branch of

tan"'x is (—g,g) and that of sec™' is

T
[0Jr 'R'-] — {-2“}

~tan '3 = sec” (-2)

= tan”" (tan E) - sec'*[sec 2—13]
3 3

[ tanzt— = /3 and secz—?t ==2
3 3

.’ A% K

HE N 3
[.- tan™" (tan ©) = © and sec”' (sec ) = 0] (1)

15. Using the principal values, write the value of

cos ™t [1) + 2sint (1)
2 2 All India 2012C



We know that, the principal value branch of

i . T T
cos 'xis [0, ] and of sin™! x is{— = —]

2" 2
. cos”! (lj +2 sin”! (l
2 2

o ( TC) . _1( . TC\\

= COS cos — |+ 2 sin sin —

3 ' 6)

t 1 .1
“* Cos—=—and sin —=—
[ 51 2 6 2

T _2n

T

e + —
3 3 3
[.- cos™' (cos 8) =0 and sin”\(sin®) = 6] (1)

o 1
16. Write the value of sin [g— —sin™2 [— EH

Delhi 2011

~ ]

§> Firstly, find the principal value of sin'l(—li} then_!

solve it. |

|
e

e

[+ sin™' (—=0) = —sin”' 0]

= ._1(. e .1
=sin]—+sin"' |sin=1| | sin==—
3 6)|l” 6 2

In = .
=sin|—+ —|=sin—=1
| 3 6] 2
[ sin™ (sin ©) = 0] (1)
NOTE Please be careful that we do not write
sin”'(—sin @) =8.




3
17. Write the value of tan™® (tan —g)

HOTS; Delhi 2011

? Flrstly, we chech the gwen angle in prmCIpaI

i va!ue If it is so, then use the |dent|ty
tan (tanB) 0.

We know that, principal value branch of
T T

tan” x:s[ ,— |
2z

= Principal value of tan™' | tan 37“]

il

n (-k =«
t.. Collislacl! ﬁ _....._..._’ LS e
4 2
. I T
SO, write—as{ T — —
| -4 4

= tan™" (— tan %) [ tan(m — 6) = — tan 6]

=tan™" [tan (— %)] [ (— tan 6) = tan (—0)]

T -t N
=——c ——y 7
4 (2 2)

r
tan™ ltan -:iE] s e (1)
4 4

NOTE Please be careful, we do not write
R in 3n 3n (- &
tan™'| tan-— | =—, because—¢| —,— |.
4 4 4 2 2

7
18. Write the value of cos™ (cos Fn] .

HOTS; Delhi 2011, 2009; All india 2009



We know that, the principal value branch of

cos 'xis[0, 7] .

. ( 77.:) " { ( 5;:)]
COS | COS— |{=CO0S |COoS|{2|®m — —
6 6 ‘

—

E ¢ [0, i}, so
6

6

-

writ(—:-{;E = (21: — 5—“)

—y

-

.+ cos (2w —6) = cos O

= cos~' | cos it— 57
B 6 and ) e [0, n]

_sn
6

_1( 711) 5%

cos ' | cos — |==—

6 6

19. What is the principal value of

cos™! | cos E{-) i (sin 2_11) ?
3 3

(1

All India 2011, 2008, 2009C



We know that, the principal value branch of

cos™" xis [0, 7] and for sin™' x is | — g ;’]

]( 275] P _1( 275]
- cos | cosZ= |+ sin”' | sin —
3 3
¢ AT W [ ‘n:]
= — 4 SiNn SIN| T — —
3 [ 3
[ 2nm T T
i S W
3 [ 2 2]

. 2n [ n)
write — as |t ——
3 3

- =

=-—+sm (sm )[ sin (w —0) = sin 6]

=__+_TE=__n[ +sin”' (sin6) = 6] (1)
3 3 3

20. What is the principal value of tan™ (-1)?
Foreign 2011, 2008C

We know that, the principal value branch of

-m T
tan~' X is ,
( 22

.. tan”' (-1)'=tan™' (— tan E) [ tan L 1]
4 4
=tan™’ [tan (— %)] [ (—~tan©) = tan(—0)]

b -T T
=—.:._.e e
<(33)
n

Hence, tan ' (=1) = - 3 (1

21. Using the principal values, write the value of

sin? | - ﬁ
2 ' HOTS; All India 2011C



We know that the principal value branch of

1
~sin)

sin” X is|— —
2
= sin™’ [sin (— -g-)] [ sin (=0) = — sin6]

s
(

7
_13[
2

. sin

L [— id " E] [ sin”' (sin©) = 6]
3 i 2
Hence, sin™' [— ﬁ) S (M
2 3

22. Write the principal value of sin™ (— %)
Delhi 2011C
We know that, the principal value branch of
T T

sin”' xis{——,—
227

b
=sin”" {sin (— = jl [ sin{—6) = — sin 6]

6 )
-
e, B _E’E [+ sin” (sin 6) = 6]
6 2 2]
Hence, sin”! [— i) ... )
2 6

23. Write the principal value of sin™ (3/25]

Delhi 2010



We know that, the principal value branch of

i w e m T
SiIn X I1S|— .

2
) _
sin” [£)=9|n1 sinn) sm—ﬂi:l/—i—}
2 \ 3 i
T T
== i e
3 [ l
[.osin™ (sin®) = 6] (1)

24. What is the principal value of sec™ (=2)? |
All India 2010

We know that, the principal value branch of
sec” is [0, m] — {rn/2}.

ssec ! (-2) = sec”| (— sec g)

[here, sec” (- sec g) i

since, :33 ¢ [0, ] - {gH

= sec” ! | sec (Tl.' - 1;-)] [ sec(m —8) =— sect]

;
= sec | sec M] =l [0, ] - {E}
\ 3 3 2

[ sec” (secB) = 6]

Hence, sec ' (-2)= s (1)

3

25. What is the domain of the function sin™ x?
Foreign 2010
The domain of sin”' xis —1 < x<1. (1)



26. Using the principal values, find the value of

[ 13n)
cos 05 ———
6 All India 2010C

As the principal value branch of cos™ x is

[0, =].
cos™ (cos 1% # 1T as13Ath ¢ [0,
6 6 6

Now, cos' (cos LZE) = cos™ [cos (Zn + g)}

s cos"(cos g] [ cos(2T + 60) = cos 0]

— 3;_ e [0, ] [ cos™ (cos ) = 6]

Hence, cos” [cos—&z) i (1)
6 6

27. Iftant (v3) + cot™ x 5- ,then find the

value of x. All India 2010C

Given, tan™' V3 + cot ' x =
_ T y
= tan”! 3=5—cotlx

E _ T
= tan ' « [_ = tan” x['.'tan1x+cot1x=2]

On equating both sides, we get

x =43 1)

. g . 3
28. Write the principal value of sin™* [sm g—)

Delhi 2009



As we know that, the principal value branch of

e =1 . T T
SR "X 5]~ —,;—].
[ 272

i (]| 2 [ 2 2.1]

Now, sin™’ (sin 3?1:)

o)

(
=sin”' | sin 2—“) [+ sin(m —6) = sin 6]
\ 5
= 2k € ’_- X X -TE] [ sin™] (s;in 0) = 6]
5 | 22
Hence, sin™ (sin éﬁ] = &1 (1)
5 5

29. Using the principal values, evaluate

tan™* (1) +sin™* (— 1—)
2 Delhi 2009C



We know that, the principal value of tan™ x is

(j, E) and that of sin™! is |-~ , A1 g
2 2 2 2

3 . 1
sotan (1) + sin (_, —~)

2
=tan™" (tan IE] + sin”! (— sin E)
4 6
1

tanE=1and sin—?-l:—:*
4 6 2

-

\
= tan™! (tan & +sin” | sin (-— E)
4 ) 6

[ sin(—B) = — sin 6]

w_ W T
4 6 12
[-tan”' (tan®) =6 and sin”' (sin®) =0] (1)

30. Find the principal value of cos™ [?)

All India 2008C
o NE] -1 ( ‘PC) n_ 3
CO8 "— =008 ' | COS— ' COS — = —
2 6 6 2

Since, ge [0, ]

{As principal value branch of cos™ x is [0, 7]}

cos™’ ﬁ L (1)
2 6

6 Mark Questions
31. Solve the following equation:
cos (tan™! x) = sin (cot‘1 %)

Foreign 2014; All India 2013;HOTS



Given, cos(tan™" x) = sin (C0t1 %]

= sin {E — fam™ x} = sin (cot“I E)
2 4
[ sin (g— - 9) — COSB} (1)

On equating both sides, we get

s tan”' x = cot™’ é (1)
2 4
= tan”' x + cot™’ P T §))
4 2
It is only possible, when x = %
[ tan”' x + cot™ x = 125 ,XE R} (1)

32. Solve following equation for x.

tan~! (1_ x) - % tan™* x
+ X

Foreign 2011C, 08C; All India 2014C, 2010, 2009C



Multiply both sides by 2 and then in LHS, use the
-1

1-x°
it.Then, equate both sides to get the vaiue of x.

¥ relation 2tan lx=tan and solve

Given, tan™’ it = L tan™' x, x>0
1+x) 2

— 2 tan™! 1;1(- =tan"' X
1+x)

i n

2(1——):)

=4 1+ x
1 2
1+ x

b e

[ 2tan” x = tan“( 2)(2]:‘
1-x%)

_ ]
= tan”' 20=X0+X |_ 01k
(1432 =f-2"

= fan =tan”' X (1%)

| 92
= tan”' [2 2X Y tan' x
4x )
[ a?—-b?=(a-b)a+ b]
.
= 12x =x = 1-x*=2xX
X
| 1
=5 =1 = x’==- = =i——— (1%)
3 V3
But given, x>0
1
XZTE (1)



33. Solve for x, 2 tan™ (cos x) = tan™* (2 cosec x).

Delhi 2014C; All India 2009
Given equation is
2 tan~" (cos ) = tan™! (2 cosec X)

¢
_1| 2 cosx ¥ 2
= tan” ———Oij— =tan' | —
\1—cos” X sin X

.+2tan ' x = tan”’ [1 2 2]} (1%)
X

2¢cosx _ 2

[+ sin? x =1— cos® §...(i)

= — T
sin“ x  SINX

= sin x- cos X — sin®x=0

= sinx(cosx—sinx) =0

= sinx =0 or cos x = sinXx

= sinx=sin0 or cotx=1= cot /4

= X-»—-OOI'% (1%)

But here at x =0, the given equation does not
: . ;
exist. Hence, x=—1s the only solution. (1)

34. Solve for x, tan™ x + 2cot™ x = 2—15

All India 2014C;Delhi 2009C

; o L - 2T
The given equation Is tan Tx+2 cot ' x= T
s 1
X
So, the given equation can be written as

i 2
tan~! x + 2 tan™' (—1-) =50
X 3

1
2 X — I

1 3

We know that, cot™ x = tan”

= tan~'x + tan”
4



Y

[ 2tan ' x= tan1[ 2x2]:|
1—x

( 2 w
3{ 2n
= tan~ x+tan =—
2 _1 3
\ x2 J
2 i’ &
= tan_ x +tan” [2x = (1%)
=1 3
X+ 2x |
= X -1 2n
— tan —|=
ol 2x 3
L =1
X |
[ tan‘1x+tan‘1y=tan'1[x yﬂ
1—xy
= x3'x+2);_=tan2—1-t— (1%)
x? —1-2x 3
X + X ( )
= = tan -
-1-x
x3+x2 ) DB
-1+ x9)

[+ tan(m—6) = — tan 6]
_— M «JE :;x_\/g (1)

= {4+x%

35. Prove that
o J1+sinx +4/1-sinx ) _ Koo (OI—TE_}
J1+sinx —J1-sinx) 2 4
Delhi 2014C, 2011; All india 2009




LHS = cot™ P\/1 +sin x # 4/1— sin x}

|1+ sinx — 1= sinx

-4 —J1+ $in X + 4/1~ sin x

= t. b ol
0 “‘,/1+sinx—1/1—sinx

J1+51nx+J1—5|nx:| )

A1+ sinx + 4/1-sin x

[multiplying and dividing by conjugate of

denominator, i.e. by v1+ sinx + v1— sinx ]

[ 1+ sinx + 41— sin x)?
= cot™! (1)
(\/1+ smx \/1 sin x)
[ (a+b)(a- )_az—bz]
- cot-1 | 1 Sinx +1— sinx + 2v1—sin’ x
1+ sinx—1+ sin x
= cot™! o+ Z.COS x] [+ 1~ sin® x = cos? x] (1)
i 2sinx
< v
F 2 COs“ —
= got™1| 1+ COSX e x] = cot™ 2
| X ¢ 2sini{-{:osE
" 2 ]
r Cos X = 2 cos? E—1amd sinx=2 sin i (:055-I |
| 2 2 2]
=cot ' |cot X=X =RHS (1
21 2

Hence proved.



36. Prove that

2tan‘1{1] +5ec™? —S—Q 2tan‘1(1] =
15 7 8 4

Delhi 2014

.LHS=2tan"1(1]+sec‘1 5—‘5 +2tant 2
) F 8

=2 {tan‘1 1 + tan™ l} + sec”! 5—-@
5 8 7

L 7
5 8
stan” x+tan"y = tan“{ i y}
T=xy|| (1)
[and sec™' x=tan™" {/x? — 1
=2 tan™" L btanl 20 1
39 V 49

o
=2 tan §+tan (i)



L + tan”!

1
- L.
7
1 - (-1)
3 B

= tan™"

)
=tan 'Z+tan'—=tan"'{ 4 7
7 3 1
1——X—
4 7
=tan (1) =tan” (tan n:) L RHS (1)
4 4

[ tan"'(tan ) = 6] Hence proved.

3. Prove that tan™ et A=l
J1+x+41*x

T
————ax x—w<x<1

L 2 .

All India 2014, 2011,2014C; HOTS



Let x = cos 8, so that cos ' x =0 (1

-\/1+ cos8 — /1— cos 6
| J1+ cos @ + /1~ cos 6

Then, LHS = tan™

[ 0 0
\Ecosz-—ﬁsini-

\/Ecosg+ 2 sin--q

2

=tan

[‘.'1+ cos0=2 cos? gand1 — cos 0 = 2 sin? g]

(1)
cos.g—sing 1-—tan9
= tan™ =tan'|——2
. e
C0Ss — + sin — T+ tan —
2 2 2
[dividing numerator and denominator by
cos (6/2)] (1)
=tan™' | tan (E = E)
4 2
[ tan (x — ) = 8N X~ tan y}
1+ tan x tany
' 0 <
=——— “tan (tan©) =6
T [ (tan 6) = 6]
L. cosy [0 =cos ¥
=RHS Hence proved.

af(x-2 2 x+2 T
. + tan- = —, then
38. Iftan [x—&] [x+a) Z

find the value of x. All india 2014



Given, tan' | X= o e L
Xx—4 X+ 4 4

-1 "
= tan = —
4

[ tan 'x+tan'y = tan™' ( 3 J} 4))
T1—Xxy

((x=2) (x+ 4 +(x+2) (x= 4
iy (x— 4 (x + 4) =
P A+ A -x-2(+2) | 4
1 x—4x+4
x? —2X+4X—8+X2 —4x+2x—8
= 2
(x2-16)-(x — 4)
=t;5mE (1)
4
2x> 16
=3 - =1
-12
= 2x* —16=-12
= 2x2=-12+16
= 2xl=4 = x*=2
x=++2 (1)
Hence, 2 and —+/2 are the required values of x.
1

39. Prove that

Tl
cds’l(x)+cosl{;+ 3 23’( }:E
i" India 2014C




We have to prove

1 gl Ai-3%"] =
cos (X)) +cos s —+———¢ = —
2 2 3

_ 2y 2
LHS = cos™'(x) + cos’i{g ¥ Ll 23x -}

Let cos 'x=0o = x=cos (1)
Then, LHS=a+ cos™

n 3 ;
cosa-cos§+7 1—- cos™ o

| L8 N |
= O+ COS COSE cosal + sm; SINOL

[ sino. = v1— cos? o, sing = ?—] (1

- [{5 _a)]

[~ cos(A — B) = cos A cosB + sin A sinBj (1)

a+3‘--a=g=RHs’ 1)

1

40. Prove that cot™ 7 +cot™*8+cot™*18 =cot™3
Foreign 2014



To prove, cot ' 7+ cot™'8 + cot 118 = cot™' 3
LHS = cot™' 7+ cot '8 + cot 18
1
1

11 ’
= tan'1l+tan | e
7 8 18

[ . ]m
taﬂ X

(1,1 )
)
7 3

A+B
-~ tan” tan 'B=t (1)
[ tan A + tan an”! 1_ AB

+tan™' —

=tan

- 1f15] 1
= fan +tan
55 18
{
= tan” -3—)+ tan“-—L
11 18
(R
ctan| 1118 [ ﬂ-) (1)
an 3)){(_1_) (195
L 1) s,
i 1 E
= tan~ 6): cot 3=RHS (1)

Hence proved.
41. Prove the following:

CotT[\/l+ sinx ++/1— smle:x ;xe(O,%)

J14 sinx —1-sinx | 2
Delhi 2014, 2011; HOTS; All India 2009



| \) Use the relatlon

X
1+ sinx= c:t:ns2 E+ sin® =

X . x)z
=| cos — + sin—
( 2 2
Forxe(o,f),
4

.2 X . X
254— sin? 2 —2sinZ cos =
2

2 Z

X X
+ 2 sin— cos—
2 2

1—sinx=cos

— [co sX —sin> ) and then simplify.
2 2

2 e v e b +EAS A R4 £ RS SR et s s b

+ 4/1—sin x
LHS = cot- (J1+5|nx \/ ]

*JH: smx—\ﬁ-—smx

| ( . i X\’ ’( X . X 2]
cos — +sin—-| + ./{ cos = —sin -
2 2) Y\ 2 2)

= cot™" —t
( X . X\ )" X . x\z
COS — + SIn — — .1 cos - —sin -
i 2 2) YU 2 27
(1 ‘/z)
X X X . X
COS — + Sin - + COS - — Siri -
LHS = cot™ 2 2 2 2 1)
X X X X
COS — + SiN -~ — COS - + Sin -
2 2 2
2 Cos f .
= cot™’ - cot™ (cot —) (i/2)
e ] 2
2

- The principal value branch of cot™ ' xis (0, &t ).

cot"’(cot 5) =
Z 2



2 LHS=RHS Hence proved.
NOTE ifx e (0, %) then \/1—sin x = cos g - sin—-g-
and if x € (—g : n} then \/1-sinx = sin-;i —€O0S %

Alternate Method -
«/ﬁ- sinx ++/1— sin x
\ﬁ+sinx—\ﬁ— Sin X

p— \/14— sin X + \ﬁ— sin x
J1+ sin x — /1= sin x

LHs=cm*{

><\[TJrsim{+\,f1——sim-:
\/1+ sinx+\/r1~—sinx

[by rationalising denominator] (1)
_ cot‘1[ (14 sin X + 4/1— sin x)? J
(J? +sin x)? — (J1 — sin x)?
[(a+b)(a-b)=a’ - b7

| 1+ sin x +1— sin x + 2v1— sin® x
= cot . - .
T+sinx—1+ s x

[+ @+ b)?=a%+b?+2ab]



= cot"'(gig—cgf-i][n' COs X = \;/l ~ sin® x] (1)

2 sin x
_ 2 X
{1+ cosx 2 cos
= cot™| — 2 = cot™" . (1)
Sin x

2 sin . COSs .
2 2
* 14 cos® = 2 cos> 9 and sin@=2 sinE cosg
- 2 2 2
_J X X
= cot" fcot—|=—=RHS
|7 2] 2

[ cot™ (cot 8) = 0] (1)

42. Prove thatsin™ B +5in“1(3 =cos“1{-?i§ .
17 5 85
All India 2014C; Delhi 2012, 2010C



To prove, sin“l(

—
Jf @
b
+
-
o |
L
T,
Ul w
N re—
I
A
o
s
‘_
b, O L

Let sin”! ~8_-)=x (i)
17
wal 3 :
and sin”'| = | = (i1)
;)=
. 8 . 3
= sinx=— and siny=<= (1)
17 # 5
Now, cos? x =1-sin’ x
64 225 225
= e e T ey OGN [T
289 289 V289
= cosx:E (1
17
Also coszy—l—cinzy-—h-g—
' B 25
= cosy = '[--12 - cosy——4—- (1)
V25 5

We know that,
COS(X +y) = COSX COSY — Sinx siny

15 4 8 3
o cosix+y)=|—X—-—-| —%x=
17 & 17 5

60 24 36
= cos(x+y)=——-—"— ==
85 85 85
,4(36) ..
= X+y=cos |-— (1))
A5 .
= | sin™! E T § = cos™" §§ (1
17 85
[ from Eqs. (i), (ii) and (iii)] Hence proved.
43. Show that tan (1 sin EJ . in ﬁ
2 4 3 All India 2013
To prove, tan l sin”’ §~ = 4—\5
¢ A RIRES 2 4 3
LHS = tan 1 s 3’-) )
2 4 '

1 o A



Let —zlsin“'L-;Jzﬁ )

— sin”" E)zZG = sin26=§— (1)
4 4
' 0
— _g_t_allza_ = i 2 5in26 = _?_E‘i
1+tan“ 6 4 1+ tan’ 0
v 8tan9:3+3tan28

— 3tan’0-8tan®+3=0

Now, by Sridharacharya’s rule

+ +
o8 J64-36 _8 f o

2 w3

_8x2V7_4447 [43&{%}

6 s | 3
[otan®=0=0=tan"' 0]
So, from Eq. (ii), we get

.
L i (é) =tan™' A7 ] (1)
2 4 3 )

Taking (~)ve sign, we get

% sin”! G) = tan™' (%ﬁ}

On taking tan both sides, we get

s =
tan J— sin”! i): tan {tan™ i_‘_ﬁ_
\ 2 4 3

& 3] O
= tan|—sin  —|=
\ 2 +4 3
[ tan(tan™' 0) = 0] (1)
= RHS Hence proved.
44. Prove that sin‘li +sint CY tan™?
17 5 36

Delhi 2013C



. 18 13 o
To prove, sin o S S=tanT —
17 3 36
Let Sin_1—8~—:xand sin” 1_31 =y
12 5
8 3
= sinx= — and sin = (1
17 Y=s3
Now, cos’ x=1—sin’ x=1- 64 _ 225
289 289
225 15
= COS X = .| s
V289 17
9 16
Also, cosly=1-sin‘y=1——=—
d e 25 25
2 cosy = /1 6/25 = 4/5 (1)

We know that,
cos(x + y) = Cosx Cosy — sinxsiny
_15_4 8 3 _60 24 36

175175858585

( )
X+y=cCos
85

— sin“[—{i) ¥ sin'l[i) = cos"[i@) (D)
17 5 85

Again, let COS*¥(§E) =7 = COSZ = E
85 85

then, tanz = i §))

L4177

— z =tan™" 2 ] o tan
36 36

On putting this value in Eq. (i), we get
: 4(531 . q[3) 4(77)
sin | — |+sinT | = |=tan | —
1# 5 36 (1
Hence proved.

45. Solve for x, tan™!3x+tan 2x = i

Delhi 2013C, 2009 ; All India 2009C, 2008



. . F y T
Given equation is tan™* 3x +tan™' 2x = 5

= tan”( it )——TE (1)
1-3xx2x) 4

stan 'A +tan'B= tan“(A 2 B)
1- AB

=>tan"’1( 2% ):35:; IX =tan%

1—6x° 4 1— 6x>
[ tan™' (6) = ¢ = 0 = tan ¢}
5x
= — =1
1-6x
=5 5x=1- 6x* (1)
= 6x> +5x—1=0
SN 6x> +6x—x—-1=0
— 6x(x+1N-1x+1=0 (1)
= Gx-N(x+1)=0
=5 6x—1=0orx+1=0
= x=1/6 orx=-1 (D

But x = — 1does not satisfy the given equation.

. .
Hence, required value of x is =

46. Find the value of the following:

2
tan = |sin? | -2 > | +cos™ 1=y |l
2 1+x 1+ y?

if [x]<1,y>0andxy<1 Delhi 2013




Q Firstly, use the relation

2
startx=aiir —Z_Jeeos Y 1% |es
1+ x2 1+ x?

convert into tan™’, then use identity relation
tan(tan '0) =6,

1 . -1 2x 1 - 1—}/2
fan {— sin 2 +— 008 2
2 14+ x 2 T+y

= tan E 2 tan”' x) + % 2 tan™ y)] (2)

2
-+ 2 tan” x = sin”™ 2x2 =cos"1"I xz
1+ x 1+ x

1

=tan(tan”' x + tan™'y)

= tan [tan‘1 [ i ]]
T—=xy

~tan”' x+tan"'y = tan"' | 2
1— xy

Xty

- [~ tan(tan™'0) = 6] (2)
1- xy

4'1. Prove that

tan™! 1)+ tan? E +tan (}—)zﬁ.
2 5 8 4

Delhi 2013; All India 2011, 2008C



To prove,

tan™" (1) + tan™! (l] + tan™" (l) o
3 5 8) 4
/
LHS = tan™ l) + tan™ (1) + tan™! (1)
\ 2 5 8

(11
o, .+.

1
=tan"'| 22 |+tan|-| (%
an 1 + tan 8 (1'%)

. 10

Fotan”' x+tan”'y = tan™ [Tij):/J ,xy<1]

= tan™" [ )+ tan™" (—)
.1
-119 8

T
72

[ tan”' x+tan”'y = tan™" (X *¥ ) , Xy < 1]

B L tan™! (_E_’_S_)
72 -7 65

=tan"' (1) = tan™" (tan —2—)

= tan (1%)

il

=RHS (1)

Hence proved.

48. Prove that

Delhi 2012;HOTS



ke ' . X .ouX
: 3) Firstly, use the relation cos@ = cos? 2 —sin? Zand
-[ . pa e .

sinx= 25|n5 cosi. After that use the relation:

and simplify it.

_l
.E tan(A —B) = tanA - tanB
| 1+ tanA tanB

§
LHS = tan | 222
1+ sinx

/
X . X
cos’ = —sin? =
= | 2

X .2 X X X
cos’ = +sin? = +2 s.m2 COS -~
\

i 2 X i Xq
T COSX =005 ——SsInT —
2 2

4);

i . X X
and sinx =2 SmECOSE

X . X X . X
cos— —sin— || cos= + sin =
1 ( 2 2]( 2 2)

x . x)
COS — + sin -
(g esm)

[-a%-b%=(a-b)(a+b)and

(a+ b)? =a%+2ab+ b7

=tan

COS . Sin s

—tan”’ § i ¢}
COS - + sin —
2 2

On dividing the numerator and denominator
by cos x/2 , we get

( X . ox)
CcoSs sin
- 2
X X X
cos - COSs 1—tan
LHS = tan™ 2 2 | tan! V4
X o R
COS — sin - 1+ tan
2., 2
X
Cos COS -
\ 2)




s X
tan— — tan—

= tan™! - = Zx (1)
1+ tan— - tan-
4 2

i 7]
1= tanE and
4

X T X
1-tan — = tan— - tan —
2 4

- tan” [tan %- zﬂ

tan A — tanB — tan(A —Bj
1+ tanAtanB
- B
4 2
-»tan”' (tan©) =0; x € (—- E, E]
2 2
= RHS (1) Hence proved.

49. Prove that

cos | =|+cos|—=|=cos | —|
5 13 65

All India 2012: Delhi 2010C. 2009



To prove, cos™' (i) + cos"{EJ = cosTE)
5 13 65

Let COSH1(~:—) = X “.(i)
and cos“{li) =y i)
= cosx=iand (:osyz15 (1)
5 i
We know that,
5in2x=1—coszx=1_l§=3v
25 25
. 9 3
=5 sinx=.—==
\/25 5
and Siﬂ2y=14c052y:1-144 _
169 169
. | 25 5
slhy = ,|— —= =— (1)
"“\169 13 |

Now, we know that,
cos(x +y) = COsSx cosy — sinxsiny

4 12 3 5
" cos(x + ):[—X——)—(—X——)
5 13 5 13

48 15
A
33
— cos(x +y) = — 4))
d 65
43
= X+Yy=C0S —
65

< 33
5 S

65
[From Eqs. (i), (ii) and (iii)] (1) Hence proved.

1 4 412
= €0S —+Ccos — =CO LI
5 13



50. Prove that sin”! [E) =sin ™t (—g +EGS™ (E)
65 13 5
Foreign 2012

., To prove,
S| 63] ; _](5] _,][3]
sin”' | —l=sin"" | —|+cos |-
65 13 5
RHS =sin™ (—SJ + cos | (—%J
13 5

. 1D .
Let sin 1—§=x = SINX=

sll]

2
13
2 (i) ()
5

and cos ™ % =y = COSYy=
J1-sin® x

\/1_35_ [144 12
169 169 13

and  siny=4/1-cos’y
=y ——-_\/19_5 (1)
5

We know that,
sin (x +y) = sin X Cosy + COs X Siny

5 3 12 4 15 48 63
=2+ ===

Also, cosx=

= XZ4+-—Xx—=
13 5 13 5 65 65 65

= x+y=sin" (g-i:;] .. (i)

[-sin@=0=0=sin"'¢]

= sin’' (-—5—] + cos™' (g) = sin”" (931) (1)
13 5 65

[ from Egs. (i), (ii) and (iii)]

Hence proved.

51. Solve for x,
2tan Y(sin x) = tan (2 sec X) , x # g

Foreign 2012



To solve, 2 tan™" (sin x) = tan™' (2 sec x)

= tan” | 250X =tan’[ - ] (%)
1-sin® x COoS X

:
.- 2tan”'x =tan™ 2x2
1—x

1

L cos X

On comparing, we get
2sinx 2

= 5 (1
COS” X COS X
— tan x =1 (1/2)
3
= x=tan" (1)=t::m"(tanE — (1)
4) 4

\
52. Find the value of tan™ [E —tan? (u-]
Y ) X+y

Delhi 2011



~

1) Use the relation

tan'x—tan”! y=tan'| 2= |
1+ xy

We have, tan™ (E] ~ tan™ (x ~ YJ
y Xty

(x_x-y )

= tan™' ”xii:/ (1%)
P 2 e

. Y XtYy)

[ tan 'O —tan”' ¢ =tan”’ [ chaal. ]]
1+0-0

_ tan™! X (x +) —-y(x—y)}

yX+y)+x(x—-vy

/
= tan™"

2 _ 2
X +x;2/ x§+y) (11)
(XY +y° + X = Xxy

& 2
y 4 "
= tan™’ xz y2)_ tan”'(1)
Ly? + x

{'.'principal value branch oftan™ x is (;—n, g]

= tan‘(tan E] - )
4) 4

53. Prove that

a(1 % 1) 1 (31}
= |=tant[Z2
2 tan (2}+tan (7 17

All India 2011; Delhi 2009C, 2008C



<

() Use the relation, 2tan™* x=tan™ ( - . }

and then tan™'x+tan™! y= tan‘l[ it ]
1—

uas:ztmf“(l)+taf4[l)
2 7

g1 [ 25 ) + tan o
1-(1/2)? 7
-1 -1 2%
- 2tan” x=tan 5 (1'%2)
1—x
'S
=tan'| —— | + tan™’ [lj
et 7
\ 4
{5y
= tan — |+ tan —
\ /4 F

1
X
7
{ tan”' x + tan™" = tan”! (x 1y ):|
1— Xy
28 +3
| 91 4 31
=r L ———-———2] — 1-—-~=
an 714 tan = RHS (1)
21

Hence proved.
9t 9 . 4 1) % . {28
4. P that == —=sin" | =|==sin" | —|.
5 rove =0 [3 . -
Foreign 2011



Method |
Let sin~’ (1) = x and sin”" & =y
3 3
Then, we get
. 1 : 2+/2
sinx=—and siny ="——
3 3

2)(:1—-]—:§

9 9
= COS X = \E:& (m

3

Now, cos® x =1~ sin

Similarly, cos’y=1-sin’y=1- g =%

— Cosy = \/g=% (1

Now, sin(x+y)=sinxcosy+ cosxsiny

:—9—:] (1)
9

=> siﬂ(x+y)=1=5in£E

[ principal value branch of sin™' x is



X+y=

o i (1) — 2\/5 1
= sin == | = G —_— =
3 3 2

e )

9 . (1Y 9 . _(242) 9n
= =sin 5 +Esm —— ==

3 8
[multiplying both sides by 9/4]

= 9 (1) 2m [&] M
4 3

Hence proved.

Nla

Method 1l
To prove that

on 9 .4(1) 9 . (22
——=sin |=|==sin"" | ——
8 4 3) 4 3

\
LHS=9—n—25| = (l
3)
) (1) (1)
4 | 3 i
_2 cos”! (1]] [ cos 19 == —sin” B]
4 I 3

[- cos™ x = sin™"vV1— x*1 (1)

=25m4(J§] (1)
4 9

= RHS Hence proved. |



11 42 1 1 b
; hat tan* = +tan* Z==tan " —.
55. Prove tha 7 55 3

All India 2011C

To prove,

tan™" (1) + tan™" [2) [1) tan™" [4] (1)
4 bt 2 3

Above equation may be rewritten as

[ () ()



=2 tan~

= tan”"

tan™

1

1.2 %
4’9
1
T (1)
‘|_ e N
4 9/

» tan”' x + tan”'y = tan™ [ it ]]
| : 1—xy
(9+8

36|22 (V)
36-2 |7 (34J
\ 36
2% ;
-~ (1
0
L. 2 -
[ 2tan” 'x =tan” 1( H?EEH
l—x
1 = tan™ (iJ = RH5 (1%)
1 3
'I_
4
Hence proved.

56. Solve for x, cos{2sin™* x) = % x> 0.

All India 2011C; HOTS



Given equation is

cos (2 sin™!

1 :
X)=-—,x>0 )
9
Put sin'x=y = x=siny (1/2)
Then, Eq. (i) becomes, cos2y =%
[ siny=x]

1
= 1-2siny=—
4 9

[- cos28=1-2 sin* 6] (1)

= 2sin2y=1—l=§ (1/2)
9 9
Lo A .
= sSiNy=— = X" =— rsiny = x|
=z 5 [ siny
= X = i% [taking square root] (1)
But it is given that, x>0
x=% (1)
3
Alternate Method

Given equation is cos (2 sin”' x) = %, x>0
= cos (sin”' 2x ﬂ) =%

[ 2sin” ' x= sin"‘(Zxﬂ)] (1)
= COs [cos E J1 —(2x m)zj -

9

[ sin™ x = cos™ ' 41— x%](1)

= - ad-x) = % [+ cos (cos™ 6) = 6]

On squaring both sides, we get
81(1— 4x* + 4x%) =1



= 324x* - 324x* +80 =0
81x* -81x* +20=0

* [dividing both sides by 4]
= 81" -45x>-36x*+20=0

|

= 9x2©9x*-5)-409x2-5)=0

= 9x? -5)9x2 -4 =0

——] ><‘7'=-J'L-;—orf'~::'.sxzil@ori3

9 9 3

But x>0

5 2
X=+-— 0or — (1)

3 3

5
3

But here, x = does not satisfy the given

equation,
x =2 /3 is the only solution. (1)

NOTE while solving an equation, please be careful
on squaring the equation. Sometimes, it may
give extra value, which do not satisfy the
given equation.

5%. Prove that2 tan™! 3. tan™? A7 =L
4 31 4
Delhi 2011C

1%

evaluate 2 tan™ (-})and then apply

tan”! x—tan”! y=tan'| 272 |and get
1+ xy

To prove that 2 tan™ (%) —tan™! [1_2) = %

52 Firstly, apply 2tan“lx=tan'1[ & ] to

g the desired result.



LHS =2 tan™ (é) — tan™" (E)
4 31

3
22X = 17
= tan™" 4 1 _tan™! (H-) (1)
-9 31
16

»2tan” x=tan™’ 2x2
1—-x

.
— ) ) — tan™’ (E)
31

/
= tan™" E] — tan™’ (E]
|7 31

=tan~'| —Z 31 (1)

\ 73f

[ tan™' x — tan”'y = tan™" (x I H
1+ xy

1(24%x31-17x7
= tan
\7X31+24x17
1 744-119 o (625)
= tan — | =tan —
(217 + 408 625
=tan~' (1)
=tan~'| tan E) 1-—-tanE
4 4
=£=RHS
4

[ principal value branch of

tan™" x :s(-gg)] )



58. Solve for x,

2
tan™ X ) ot Ll = E,
1—x* 2x 3

~f<x<l

Delhi 2011C; HOTS

"if’i) Firstly, write cot™? 1-x — tan~} 2x by
4 ox -2 )’;

applying formula cot*lxztan—ll and then_é
X

|

Given equation is

2
tan™’ s + cot™ sl =E,—1< X<
1= x? 2x 3

1

We know that, cot™ x = tan™' —, so by using

> | —

this result, we may write

2
cot™ (1 ;: ]: tan~" (1 ax 2) (1/2)
- X

Then, given equation becomes

2x (2x Y\ =
tan”’ ~ |+ tan” == (1/2)
( \
= 2 tan™ 2x2 = (1/2)
=X
( \
= tan-l —gi"z'— =E
Shet & 6
- 2X ~tan£—i
=% 6 \6
= 23 =1— x2 (1)
—_ x2 +23x=1=0

23+ fiz54



== X = .
2

[ we know that, x = where,

b+D
d

D = b? — 4ac]
~2f3t4 4-243 -~4-2.3
= or (1)
2 2 2
= x=2—+/3 or=(2 ++/3)
But it is given that —-1< x<1, sox=—-(2 + V3)
is rejected.Hence, x =2 — V3 (1/2)

=X =

59. Prove that

tanr e = 1cos~1 [1 "x) ,x€(0,1)
2 1+X) pelhi 2010;HOTS

) Putvx =tan® = @=tan™" Vx

2
and then use cos 20 = Lﬂ;’
1+ tan“ 6

=

To prove, tan X = ;— cos™ ———), xe (0,1

I 2
RHS=%COS_1 ﬂ] (1)




On substituting Jx = tan 0, we get
1— tan’ (-}]

REIS == gt 5 (1)
2 1+ tan“ 0

— % cos ™' (cos 20) (1)

2
L—tEIE—A = COS2A
1+ tan“ A

2 % 20=0 [ cos ' (cos) = 6]
=tan" Vx [-8=tan"' \/;] (n
= LHS Hence proved.

Alternate Method

r 1 ~f1-
To prove , tan 1Jx =ECOS 1(J

), xe (0,1)

1+ x

LS s tadee %(z o il

1 1= Wx?
= — 008 | — e (2)
2 [1 + (\/E)z]

e
-2tan'x = cos” ___x_2
T+ x

= cos"'(]_—x) = RHS Q)
1+ x

Hence proved.
60. Prove that

cos“l(lg) + sin_l(i) = sin*i(l‘:’i) thi 2010
13 5 T R



5 i‘j) Use the relation sin®x+ cos’x=1L Find the
.+ value of sinx, cosx,siny and cosy, then use
relatlon 51n(x+ y)-—smxcos_y+ cosxsiny

Let cos™' 12 = x and sin”’ i =
13 5

y
2 (1)
5

12 .
= cosx=1—§andsmy:

sin? x =1- cos” x

2
=1- Ci) [ sin’@ + cos’ 8 =1]

_q_144_25 inx=. )22 =3
169 169 169 13
2
and (:os‘?y:1—sin2yzl—(E L
5 25 25
16 4
= COSy=. —=~—
25 5 | (1

Now, sin(x+y)=sinx cosy + cos xsiny

=>sin(x+y)=(5><4) 1t i)
13 5 1375

_ 20 36 56
65 65 65

= 5in(x+y):%§i = X+y=sin"' (%)

13 _
[ X = cos™ G—%J and y = sin” [;):I (1)

Hence proved.



61. Prove that

2x a(3x-x°
1 -1 1

Ft = tan

tan™ x + tan ( 2] [ 3 2}

All India 2010
=30=3tan"' x [2D= tan™" x] (1)
=tan"' x+ 2 tan"' x |
=tan™ x + tan™" 2k 5 1)
1—x

|:'.'2 tan”' x = tan™" (1 2x2H= LHS
- X

Hence proved.

’1 + x*
62. Prove that cos [tan™* {sin (cot™ x)}] = ==

All India 2010
. ] 1+ X2
To prove cos[tan™' {sin(cot™ x)}] = :
| 2 + x
LHS = cos[tan™" {sin(cot™ x)}]
let cot™'x=0 = x=cot0 (1/2)

Then, LHS = cos[tan™' (sin )]

=cos[tan“( ] )] (1/2)
cosec9

[ cosecH = —-1—]
sino

= cos | tan™ 1
1+ cot’ 0

[* cosec? @ =1+ cot? 0]

= cos | tan™ ] — Iy cot= X
1+ x?

{1\



where, tan™' -——1—_-; :q)ortanq)_ 1
«,H+x" '|+x
1
= | “* secH =
sec ¢ cosB
1
= [~ tan®8 + 1= sec’ §
\/1+tan2¢)
= L tan ¢ = 1 (1)
{1__*_, 1 1I1+x2
1+ x? ;
1 1+ x?
= = |—X = RHS (1)
h_ii_ +1 2+x
V o1+x?

Hence proved.
63. Solve for x, cos™ x +sin ™ G) = —g—
All India 2010C

. » 1 (x) ®
Given, cos™' x + sin ’(—)zg

2
e L o« X
= COS X=—=5SIn  —
6 2
wq
= X=0C08}——5§iN -~
(6 )
)" g il
= = 05— L0815 " —
6 | 2

+sin = sin (siﬂ‘1 i) (1)

6 2
[ cos(x —y) = cos x cosy + sin x siny]}
1

3 - x) X
= X=-—cos|sin” —|+—:=
2 2 2 2



[+ sin (sin”' §) = 0]

‘\/-3: ] x2 X
=% X = —Cos | cos 1— — |+ —
2 41 4
[ sin~'0= cos™' /1 —82-]
301 &) »
=5 X=—|\1-—1+=
2|V a4 4
x_V3[[ )
= X—=—=—/1-—
4 2 \/ 4
s Sl o (1)
4 2 4)

On squaring both sides, we get
9x? 3 { XZJ 3 5 X
=—|l1l=-—] =2 —x"=1-—

16 4 4 4 4
3 2 X2 4X2
= il gl L [ R
4 4 4
i X>=1 = x==+1 (1)

But x = — 1, do not satisfy the given equation.
Hence, x =1. , (1

11 11 =n
" that2tan™® =+ tan™* = = —
64. Prove 3 ==7

All India 2010C
To prove 2 tan™ (J-) + tan™! (l) = N
3 7) " 4
11 11 X
LHS = 2 tan (-) + tan (—) : sk}
3 7

We know that, 2 tan™' x = tan™ [ 2x2]
1-Xx



Using this identity, we can write
L o -

2 X e
2 tan™" G) =tan”" 3 _|=tan™' 213

7
-1 L= ;
L \3 -
{
= 2tan” (1) = tan™" é] (1%)
' 3 \ 4

On putting the value of 2 tan“{%] in Eq.(i),

we get
LHS =tan™ ()+tan ()
3 .1 21+ 4
4l 27 1| 28
—t _— =
an 77 tan™ | &8
I-—-x-1 |—
4 7 28
tan™' x + tan'y = tan~' | 22X
1—xy
25
=tan”’ %‘2‘ =tan""' (1) (11%%)
28

-+ The principal value branch of tan™'x is

7

9°9.)

- LHS = tan—"( tan ) == P 1
4) 4

Hence proved.
65. Solve for x,

tan? % +tant = i;_ 6 > x> 0. Dethi 2010C



Given,tan”£+tan_1£:£_.\/g>x>0
2 1 4
s
..... _+._.
==b tan™' g Jlal
w2
I e —
k|||
[ tan”' x+ tan'y = tan”' [x A yﬂ (1%)
1—-xy
3X + 2x
= 6 =tan£=> 28 =1 tanE=1
6 — x* T PO 4
6 |
— 5x=6—-x> =x*+5x—-6=0
= X +6x—-x~-6=0
=5 X(x+6)-1x+6)=0
=5 x-1N(x+6)=0
= x=1 or -6 (1%)

But it is given that, J6>x>0=x>0

~.x=—6isrejected. Hence, x=1 (1)
66. Solve for x,

8
tant(x +2) +tan (x — 2) = tan™" [ﬁ],m(}.

Delhi 2010C



1-xy
of given equation and then proceed further to:
obtain the desired result.

Q Apply tan™" x+ tan ' y =tan" (ﬁl) in LHS

Given equation is

tan” ' (x + 2) + tan”' (x —2) = tan™" [%] ™ b

= tan”' S e ] = tan™’ (—8—) (1%)
_1—(x+2)(x—2) 79

i i x%
o tan” x+ tan"'y =tan"' | XY
1 1— xy

- X e 1/2)
1-(x*=4| 79

[+(a+b)a~b)=a’- b7
2x 8 X 4
— — = e =
5 -x% 79 5_-x2 79
79x =20 — 4x°

4x% + 79x-20=0

4x% +80x-x—-20=0

4x (x +20) —1(x +20) =0

4x -1 (x+20)=0

X= «1 or-20 (1)
4

L 4144

But it is given that, x>0

kS x =—-20 is rejected.
Hence, x=1/4 (1)



67.

Prove that

sin ™~ — [+Si J—|+sih | —]|~ =
5 13 65

Delhi 2009

1
5
LHS = sin™! (i) +sin! i] +sin”"! 15
5 13 65

- il4 25 5 16 . 4(16
=sin | —J1l——+— J1=— | +5sIn | —
5 169 13 25 65

[-sin” x4 sin Ty =sinT (x y 1= y?+y 1 x%)]

(

. 1| 4 144 5 l9 ._4(16

= SIn — X |— 4+ — X | — |+ 51N —_—
5 V169 13 25 65

1)



._4"(4 12] (5 3] __1[16
= sin — X — |+ ]| — X =]+ sIN ——
\5 13/ 13 5 65
. 1(48 15) . _![16)
=sin |—+—|+sIn |—
(65 65 65
: ,f63] 16)
= sin +sin”
: ’ 16 / 63
= sm
65 65
Fosin™ x+ sin” 'y =sin" (x {1 y? +y (1= x)]
[4225 256 _J4225 3969
4225 4225
’396 f256
4225 4225
(“ ]
=sin~ X — + >(
65 65 65 65

__1(3969 + 256 4225 _ .
= SIn —_———— = Sln e ﬂ)
4225 4225

> The principal value branch of sin'x is

&%

;.LHszsm*(gnE)=35=RHs (1)
2} 2

Hence proved.
Alternate Method Given equation,

sin'1(i) + sin” 1(3) $ sin"(]—?—): LA )
5 13 65 =
. =1 4) i _][5) 11 _1(16)
= sin" I =|+sin|=]|==-sin"[—
(5 13) 2 65

= sin” ‘(ﬁ] i@ sin‘{i) = cos™ ' (E) .. (i)

2 13 65
[ g— sin'0=c 9] 1

Hence, Eqgs. (i) and (ii) are equivalent. Now,
we have to prove Eq. (ii).
Now do same as Que 42.



68. Prove that

a(3 af3 —1[8 )_“
b — | —tan —]=—
tan (Z‘)+tan (5) a 19 L

All India 2009C
To prove, tan™ e +tan"“(§_ —tan~! _8_)_“
B v 5 19) 4
a3 .1 B
LHS = tan“i+tan Yo =™
4 5) 19
(3,3
=tan”'| 42 _tan-hs_
1— 9_ 19
\ 20,

tan” x+ tan”'y = tan”t | XY V)
i 1~xy

/
27120 s
1 J tan™" L]

=tan | —— |-
\11/20

/
= tan™’ EZJ — tan™’ (i) (1/2)
\ 11 19

(27 8

=1 11 19
—~——-——27 3 W)

1+
\11 19

4 209 425 209
e 209

20§
=tan"' (1)

= tan

-+ The principal value branch of tan'x is

2'2)
LHS = tan™" [tan (E]] = & (1)
4)| 4

=RHS Hence proved.



69. Prove that
(1
tan? [%)+tan_1 (%] +tan > (%) +tan™? (g)

All India 2009C; Delhi 2008, 2008C

L
"

.....

upAppwthe,denmw, .

i

tan”' x+ tan™ y=tan’! (;+ y] in first two
=4y :

_ terms and the last two terms of LHS and then
apply the same identity again to the get the RHS.

To prove tan™! (1) + tan™’ (1) + tan™ (lJ
3 5 7
+ tan™ (1] L
8 4
-1 1 | 1
LHS ={ tan (~)+tan (—]
i 5
)= G)
+|tan | — |+ tan —
o (3]

On applying the identity

tan™' x + tan™ y= tan”" (: L% 4 ), we get
| ~ Xy




LHS=tan"'| 33 | + tan™ 8 (1%4)

* \ 7 11 77
65/77]

=tan"'| ———|=tan~' (1 1
65/77 L L
1

" The principal value branch of tan™ ' x is

33

H1HS = tan‘1[tan (2]] = % = RHS (1/2)

"70. Solve for x,

tan? (X s 1) +tan! [x i 1) ik
X2 Xx+2 ) 4 pelhi 2009C

Do same as Que 38. [Ans. +1/2]
71. Solve for x,

tan * (1+ x)= i + tan™t x,0<x<1
1-x) 4 Delhi 2008C




The given equation is

a1+ x y|9 -
tan 1(1—)=:l~-i-tan ' x
- ¥

1—x

1+ x
T—_X
= tan™’ X -
1+ x
1+ ——1-%

- -

[ tan™' x — tan"'y = tan™’ ( . ”ﬂ (1%)
1+ xy

= tan™! (H—XJ —tan' x = % (1/2)

HA

2
— ¥4
= Ix X xz--tanzt_ §))
T—-XxX+x+x 4
2
= 1+X2=1=~1=1 [-.—tan3‘-=1
1+ x -4

Hence, the given equation has many
solutions. (1)
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